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Abstract

We study distributed inference, learning and optimization in scenarios which involve networked entities in
time-varying and random networks, which are ad-hoc in nature. In this thesis, we propose distributed re-
cursive algorithms where the networked entities simultaneously incorporate locally sensed information and
information obtained from the neighborhood. The class of distributed algorithms proposed in this thesis
encompasses distributed estimation, distributed composite hypothesis testing and distributed optimization.
The central theme of the scenarios considered involve systems constrained by limited on board batteries
and hence constrained by limited sensing, computation and extremely limited communication resources.
A typical example of such resource constrained scenarios being distributed data-parallel machine learning

systems, in which the individual entities are commodity devices such as cellphones.

Due to the inherent ad-hoc nature of the aforementioned setups, in conjunction with random environments
render these setups central coordinator-less. Keeping in mind the resource constrained nature of such se-
tups, we propose distributed inference and optimization algorithms which characterize the interplay between
communication, computation and optimality, while allowing for heterogeneity among clients in terms of ob-

jectives, data collection and statistical dependencies.

With massive data, models for learning and optimization have been getting more and more complex to the
extent of being almost analytically intractable. In such models, obtaining gradients for the associated loss
function is very expensive and potentially intractable due to the lack of a closed form for the loss function.
A major thrust of this thesis is gradient free zeroth order optimization which encompasses distributed se-
tups which exhibit data parallelism and also potentially analytically intractable loss functions. On top of
gradient free optimization, in this thesis we also study projection free zeroth order methods for constrained

optimization.

The techniques developed in this thesis are generic and are of independent interest in classical fields such as

stochastic approximation, statistical decision theory and optimization.
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Chapter 1

Introduction

1.1 Motivation

Distributed data processing techniques have been increasingly employed to solve problems pertaining to
optimization and statistical inference. With massive computing resources that are available at scale, and
ever growing sizes of data sets, it becomes highly desirable, if not necessary, to distribute the task among
multiple machines or multiple cores. The benefits of splitting the task into smaller subtasks are multi-
pronged, namely, it makes the problem at hand, scalable, parallelized and fast. In the context of distribution
stochastic optimization, several methods (see, for example Zhang et al. (2013b,a); Heinze et al. (2016); Ma
et al. (2015); Recht et al. (2011)) have been proposed which exhibit impressive performance in platforms
such as Mapreduce and Spark. The aforementioned methods, though highly scalable, are designed for
master-worker or similar types of architectures. That is, they require the presence of a master node, i.e., a
central coordinator which is tasked with splitting the dataset by data points (batches) or by features among
worker nodes and enabling the read/write operations of the iterates of the worker nodes so as to ensure
information fusion across the worker nodes. However, with several emerging applications, master-worker
type architectures may not be feasible or desirable due to physical constraints.

In this thesis, we are interested in systems and applications where the entire data is not available at
a central/master node, is sensed in a streaming fashion and is intrinsically distributed across the worker
nodes’. Such scenarios arise, e.g., in systems which involve Internet of Things (IoT). For example, a smart
campus with sensors of various kinds, a smart building or monitoring a large scale industrial plant. Therein,
a network of large number of heterogeneous entities (usually, geographically spread) connected in a arbitrary
network structure individually perform sensing for data arriving in a streaming fashion. The sensing devices
have limited communication capabilities owing to on board power constraints and harsh environments. A
typical IoT framework is characterized by a heterogeneous network of entities without a central coordinator,
where entities have localized knowledge and can exchange information among each other through an arbitrary
pre-specified communication graph. Furthermore, the data samples arrive in a streaming fashion. The ad-
hoc nature of the IoT framework necessitates the information exchange in a crafted manner.

The goal of the thesis is to study learning, inference and optimization in the context of aforementioned ad-
hoc networked systems deployed in random environments with the networked entities being heterogeneous
in nature and have limited resources in terms of communication, computation and sensing. We start by

highlighting the key aspects of the inference and optimization algorithms studied in this thesis.

1We use worker nodes, agents, entities and nodes interchangeably through out this thesis.
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Figure 1.1: A typical Internet of Things setup
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Figure 1.2: Distributed Architecture without a central node

Distributed Information Processing A major focus of this thesis is to develop and characterize algo-
rithms for distributed information processing in architectures involving entities which are inter connected
without a central coordinator. Figure 1.2 illustrates the main characteristics of the distributed setup that
we consider in this thesis. In particular, our setup allows for both stored data and streaming data at the
networked entities. The information exchange in the distributed setup as depicted in figure 1.2 is restricted
to neighborhoods of the networked entities. In addition to the local neighborhood constrained information
exchange, the information exchanged is limited to a sufficient statistic of the data and raw data is never

exchanged.
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Heterogeneous Entities The algorithms that we develop and characterize in this thesis are built around
distributed information processing setups which involve entities that depict varying levels of heterogeneity.
A setup, i.e., Internet of Things where heterogeneity is exhibited in almost all instances of its deployment is
depicted in Figure 1.1. A common trait in terms of heterogeneity which ties all our algorithms is accounting
for different ways in which the entities collect their data, i.e., the sensing models and the associated statistical
characteristics. In addition to the heterogeneous sensing models, the distributed algorithms developed in
this thesis provide for heterogeneous objectives and therein, heterogeneous local communication schemes,

i.e., allowance for messages of different dimension exchanged among the entities.

Recursive Algorithms The ad-hoc nature of the distributed architecture in addition to the decentralized
data configuration considered in this thesis necessitates collaborations among the entities so as to accomplish
a task for the network as a whole. In light of the collaboration among the agents on top of the streaming
data setting, the algorithms developed in this thesis are recursive in nature. At the heart of the distributed
algorithms developed in this thesis, lies the interplay of the information obtained by each entity through its
local data collection and the information obtained from its neighborhood and a carefully tuned mixing of
the sensed information and the information obtained from the neighborhood. The global behavior emerging
from such mixing leads to non-trivial analytical characterization. The techniques developed in this thesis to
characterize the arising global behavior provides intuition and understanding towards tuning of local entity

level interactions to accomplish a global objective.

1.2 Contributions

In the following, we first highlight the key thematic contributions of this thesis.

e Ad-hoc Deployment and Communication In most applications of interest, the first challenge
comes from the ad-hoc nature of the networked entities. By ad-hoc in terms of deployment we mean,
the sudden inclusion of an entity into the network or the sudden shut down of an entity in the net-
work. By ad-hoc communication, we mean the uncertainty in the availability of communication links
in the network. Moreover, the quality of a communication link connecting two entities is contingent
on the available on board battery power of the sending entity. It is well known that the connectiv-
ity of a network is crucial to guarantee any reasonable performance of a distributed algorithm. In
order to encapsulate the ad-hoc nature of the networked setup and the successive degradation of un-
reliable communication links over epochs, the communication protocols around which our proposed
algorithms are built allow for non-identically distributed communication graphs. Technically speaking,
the communication protocols employed in this work goes beyond typical independent and identically
distributed (i.i.d.) construction of communication topologies. The protocols employed in this thesis
not only incorporate epoch wise degradation of communication links but also allow for the communi-
cation graphs to be disconnected at all times with the requirement that they are connected only on

average.

e Communication Efficiency Distributed algorithms for statistical inference and optimization in the
resource constrained networked frameworks are characterized by a central coordinator-less recursive
procedures, where each entity in the network maintains its own estimate or optimizer for the prob-
lem at hand. Resource constrained networked frameworks such as IoT, involve entities which sense

information, perform on board computation and send/receive information from neighboring entities.
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It is noteworthy that the battery power required for communication is a couple of orders higher than
the power required for computation and sensing. Over the course of a particular distributed task, the
quality of communication also degrades over iterations. Thus, so as to replicate real life systems, the
communication protocol employed in any distributed scheme should be able to reflect the degrading
quality of communication. Hence, it is of particular interest to construct distributed schemes which
are frugal in terms of communication without compromising on the performance of the associated
algorithm. However, distributed recursive algorithms are plagued by the need to communicate at each
time and requiring apriori knowledge of the dimensions of the parameter. In this thesis, we focus on
communication efficiency while keeping optimality in mind. In other words, we explore the paradigm
as to how much of redundancy can be removed as far as the messages exchanged are concerned without

losing in terms of the associated performance metrics.

e Black Box Optimization A distributed architecture when deployed out of a data center is character-
ized by entities which depict plug and play behavior. Technically speaking, entities join and leave the
networked setup at unaccounted times. With the aforementioned plug and play behavior of entities,
it is resource wise prohibitive to communicate global model information among the entities, which in
conjunction with cold starts for a new entity in the network makes model based optimization practi-
cally difficult to implement. Hence, schemes which require minimal knowledge of the model ,i.e., black
box schemes where only evaluations of the model are available are particularly attractive avenues in
such setting. In this thesis, we study and develop distributed zeroth order optimization schemes which
takes into account computation and communication efficiency. In particular, we establish convergence
rates of such stochastic optimization algorithms through non-asymptotic analysis and thus explicitly

characterizing the performance through the algorithm parameters.

The contributions of this thesis can be further categorized into three technical areas, namely, distributed
detection, distributed estimation distributed optimization. We now summarize contributions from the afore-

mentioned technical areas.

Sequential Testing In most applications built around networked setups involving resource constrained
entities, it is of particular interest to tune the algorithm so as to achieve reasonable performance using
minimal resources. Thus, it is of particular interest to develop algorithms which are sample efficient. For
example, classical fixed sample size simple hypothesis testing uses 50% more number of samples than a
testing scheme where the number of samples are not decided apriori. Hence, extending sequential testing
schemes to networked setups is of particular interest for sample efficiency. In this thesis, we developed and
analyzed distributed sequential detection algorithms for which we characterized the algorithm parameters
and the associated stopping time distribution. In that, we characterized the performance of the proposed

algorithm in terms of the connectivity of the graph induced by the inter-agent communication topology.

Recursive Composite Hypothesis Testing In the problem of testing a set of hypotheses involving
composite hypothesis in a networked setup the onus is on achieving reasonable detection performance by
utilizing as fewer resources as possible, which includes data samples, communication and sensing energy.
The major challenge in composite testing is to balance the search for the approximate parameterization of
the hypothesis which is in force, while at the same time deciding as to which hypothesis is true. Given
the resource constrained nature of setups considered in this thesis, classical composite hypothesis testing

procedures which first exploit the samples to find the approximate parameterization of the hypothesis in
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force followed by framing a detection procedure are prohibitive. The resource constraints pose a challenging
question in the lines of whether a detection procedure can be formulated which estimates the underlying
parameter while deciding as to which hypothesis is in force parallely. In this thesis, we answer this question
positively by developing an online recursive detection procedure for which we characterize the algorithm
parameters for which exponentially decaying probabilities of errors can be obtained in the large sample

limit.

Communication Efficient Inference and Optimization In resource constrained networked frame-
works characterized by a lack of central coordinator, distributed algorithms tend to be recursive. In such
recursive schemes typically each entity in the network maintains its own estimate, decision statistic or opti-
mizer depending on the problem at hand. Given the resource constraints in terms of sensing, computation
and communication, it is of particular interest to develop distributed schemes which are frugal in terms of
communication without suffering a loss in terms of performance. However, distributed recursive algorithms
are plagued by the need to communicate at each time and requiring apriori knowledge of the dimensions of
the parameter and thus trying to maintain an estimate of the size of a possibly high-dimensional parameter.
In one hand, we develop and analyze the performance of an algorithm which caters to the problem where
the entities have no knowledge about the dimension of the parameter and have heterogeneous objectives
in terms of reconstructing only a few entries of the parameter. We specifically design an algorithm, where
agents exchange lower dimensional messages and characterize the performance of the algorithm in terms of
the interest sets of the entities. On the other hand, we explore a paradigm for estimation and optimization
where we construct a communication scheme which continually sparsifies message exchanges between the

agents while still achieving the optimal error performance.

Finite Sample Characterization In resource constrained networked setups, the entities involved have
limited capacity so as to process sensed information. Moreover, the number of samples processed for ac-
complishing any distributed inference and optimization task is essentially finite. While asymptotic charac-
terization in terms of samples highlights the limits of performance of an algorithm, finite sample guarantees
takes into account the transient behavior of the evolution of the algorithm and hence providing for better
tuning for the algorithm parameters. Especially in the context of optimization, typical assumptions involve
knowledge of parameters characterizing smoothness and landscape of the loss function which is unfortu-
nately available when dealing with a real-life problem. Hence, asymptotic rates emanating from an analysis
involving aforementioned assumptions are potentially violated when employed for real data sets. Thus,
non-asymptotic finite sample characterization of such schemes in terms of convergence rates provides the
much needed understanding regarding the contribution of the different algorithm parameters which then
allows for simplistic debugging. In the context of distributed optimization, we study non-asymptotic rates
for optimization schemes which focus on communication efficiency and optimality. In particular, we provide
intuition as to how the averaged connectivity of the network and the nature of the stochastic oracle being

queried affects the convergence rate.

Gradient Free Optimization With the usage of machine learning algorithms in different research areas,
stochastic optimization has become ubiquitous. In settings based around datacenters, where the computa-
tion and communication resources are abundant, first order stochastic schemes (Stochastic Gradient Descent
type schemes), i.e., algorithms involving direct computation of gradients are ideal candidates. However, in

many engineering applications, where the closed form of loss functions are not available or not analytic, gra-
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dient computations are no longer feasible. On top of non-analytic loss functions, in the context of resource
constrained networked setups, complicated gradient computations are prohibitive. Hence, a potentially at-
tractive alternate is to employ gradient free optimization schemes, i.e., zeroth order optimization. Unlike
Bayesian optimization which is extremely sample efficient but are extremely expensive to implements for di-
mensions beyond 10, zeroth order optimization is applicable to high-dimensional optimization. In this thesis,
we study and develop distributed zeroth order optimization schemes which takes into account computation
and communication efficiency. In particular, we establish convergence rates of such stochastic optimization
algorithms through non-asymptotic analysis and thus explicitly characterizing the performance through the
algorithm parameters for general classes of convex functions.

We summarize by detailing the organization of the thesis and list the contributions of each chapter broadly.

Distributed Detection Technical contributions pertaining to distributed detection in this thesis can
be summarized in terms of development and analysis of detection schemes addressing sequential testing,
recursive composite hypothesis testing and communication efficient simple hypothesis testing. For detailed

exposition and concise statements, we refer the reader to the introductory sections of the chapters 2-4.

e Chapter 2: Under rather generic assumptions on the agent observation models, it is well-known that
in a (hypothetical) centralized scenario or one in which inter-agent communication is all-to-all corre-
sponding to a complete communication graph, the sequential probability ratio test (SPRT) (Wald et al.
(1945)) turns out to be the optimal procedure for sequential testing of binary hypotheses; specifically,
the SPRT minimizes the expected detection time (and hence the number of agent observation samples
that need to be processed) while achieving requisite error performance in terms of specified probability
of false alarm («) and probability of miss (53) tolerances. The SPRT and its variants have been applied
in various contexts, see, for example, spectrum sensing in cognitive radio networks (Choi et al. (2009);
Jayaprakasam and Sharma (2009); Chaudhari et al. (2009)), target tracking Blostein and Richardson
(1994), to name a few. However, the key ingredient of the SPRT algorithm, the thresholds of the
algorithm do not extend to the ad-hoc networked setups. In this thesis, we developed and analyzed a
distributed sequential detection algorithms for which we characterized the algorithm parameters and
the associated stopping time distribution. In that, we characterized the performance of the proposed

algorithm in terms of the connectivity of the graph induced by the inter-agent communication topology.

e Chapter 3: The problem of composite hypothesis testing is relevant to many practical applications,
including cooperative spectrum sensing Zarrin and Lim (2009); Font-Segura and Wang (2010); Zou et al.
(2010) and MIMO radars Tajer et al. (2010), where the onus is also on achieving reasonable detection
performance by utilizing as fewer resources as possible, which includes data samples, communication
and sensing energy. In classical composite hypothesis testing procedures such as the Generalized
Likelihood Ratio Test (GLRT) Zeitouni et al. (1992), the detection procedure which uses the underlying
parameter estimate based on all the collected samples as a plug-in estimate may not be initiated
until a reasonably accurate parameter estimate, typically the maximum likelihood estimate of the
underlying parameter (state) is obtained. Usually in setups which employ the classical (centralized)
generalized likelihood ratio tests, the data collection phase precedes the parameter estimation and
detection statistic update phase which makes the procedure essentially an offline batch procedure. In
contrast to the fully centralized setup, we focus on a fully distributed setup where the communication
between the agents is restricted to a pre-assigned possibly sparse communication graph and propose two
algorithms namely, consensus + innovations GLRT Non-Linear (CZGLRT — NL) and consensus +
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innovations GLRT Linear (CZGLRT — L), which are of the consensus + innovations form and are
based on fully distributed setups. in spite of being a recursive algorithm and hence suboptimal, the
proposed algorithms guarantee asymptotically decaying probabilities of false alarm and miss under

minimal conditions of global observability and connectivity of the inter-agent communication graph.

Chapter 4: In this chapter, we derive the large deviation rate for convergence in probability of
products of independent but not identically distributed stochastic matrices arising in time-varying
distributed consensus-type networks. More precisely, we consider the model in which there exists a
baseline topology that describes all possible communications and nodes are activated sparsely. At any
given time, a node is active with a certain time-dependent probability, and any two nodes communicate
if they are both active at that time. Under this model, we compute the exact rate for exponential
decay of probabilities that the matrix products stay bounded away from their limiting matrix. We
show that the rate is given by the minimal vertex cut of the baseline topology, where the node costs are
defined by their limiting activation probabilities. The computed rate has many potential applications
in distributed inference with intermittent communications. We provide an application in the context of
consensus+innovations distributed detection. Therein, we show that optimal error exponent is achiev-
able under a very general model of sparsified activations, thus effectively constructing asymptotically

optimal detectors with significant communications savings.

Distributed Estimation Technical contributions pertaining to distributed estimation in this thesis can be

summarized in terms of development and analysis of communication efficient distributed estimation in terms

of frugal communication cost. The frugality in terms of the communication cost is explored both in terms

of low-dimensional messages and low communication cost for general heterogeneous sensing models. For

detailed exposition and concise statements, we refer the reader to the introductory sections of the chapters

5-7.

Chapter 5: In this chapter, we explore a paradigm where we construct a communication scheme
which continually sparsifies message exchanges between the agents while still achieving the optimal
error performance. We propose Communication efficient REcursive Distributed estimatiOn algorithm,
CREDO for networked multi-worker setups without a central master node. CREDQO is designed for
scenarios in which the worker nodes aim to collaboratively estimate a vector parameter of interest using
distributed online sampled data at the individual worker nodes. The individual worker nodes at each
iteration, update their estimate of the parameter by assimilating their latest sensed information and
estimates from their time-varying neighborhood worker nodes over a (possibly sparse) communication
graph. The underlying inter-worker communication protocol is randomized and makes communications
be increasingly (probabilistically) sparse. Under minimal conditions on the inter-worker information
exchange network and the sensing models, almost sure convergence of the estimate sequence to the true
parameter is established. Further, we characterize the performance of CREDO in terms of asymptotic
covariance of the estimate sequences and specifically establishes the achievability of optimal asymptotic
covariance. The analysis reveals an interesting interplay between the algorithm’s communication cost C;
and the asymptotic covariance. Most notably, it is shown that CREDO may be designed to achieve
a o (C; 2+C) decay of the mean square error (¢ > 0, arbitrarily small) at each worker node, which
significantly improves over the existing © (C{ 1) rates. On real datasets CREDO requires on an average
up to 3x less communications to obtain reasonable mean square error as compared to benchmark

schemes.
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e Chapter 6: In this chapter we address the design and analysis of communication efficient distributed
algorithms for solving weighted non-linear least squares problems in multi-agent networks. Commu-
nication efficiency is highly relevant in modern applications like cyber-physical systems and internet
of things, where a significant portion of the involved devices have energy constraints in terms of
limited battery power. Furthermore, non-linear models arise frequently in such systems, like, e.g.,
with power grid state estimation. We first propose a distributed recursive estimator of the consen-
sus+innovations type, namely CZWN LS, in which the agents update their parameter estimates at
each observation sampling epoch in a collaborative way by simultaneously processing the latest lo-
cally sensed information (innovations) and the parameter estimates from other agents (consensus)
in the local neighborhood conforming to a pre-specified inter-agent communication topology. Under
rather weak conditions on the connectivity of the inter-agent communication and a global observ-
ability criterion, it is shown that, at every network agent, CZWN LS leads to consistent parameter
estimates. Furthermore, we develop and analyze a non-linear communication efficient distributed algo-
rithm dubbed CREDO — N L (non-linear CREDO). CREDO — N L generalizes the recently proposed
linear method CREDO to non-linear models. We establish for a broad class of non-linear least squares
problems and generic underlying multi-agent network topologies CREDO — N L’s strong consistency.
Furthermore, we demonstrate communication efficiency of the method, both theoretically and by sim-
ulation examples. For the former, we rigorously prove that CREDO — N L achieves significantly faster
mean squared error rates in terms of the elapsed communication cost over existing alternatives. For
the latter, the considered simulation experiments show communication savings by at least an order of

magnitude.

e Chapter 7: In this chapter, we present a communication efficient distributed algorithm, CZRFE of
the consensus—+innovations type, to estimate a high-dimensional parameter in a multi-agent network,
in which each agent is interested in reconstructing only a few components of the parameter. This
problem arises for example when monitoring the high-dimensional distributed state of a large-scale
infrastructure with a network of limited capability sensors and where each sensor is tasked with es-
timating some local components of the state. This chapter explores the paradigm of communication
efficiency which involves reduction in the dimension of messages exchanged among agents. Under
minimal conditions on the inter-agent communication network and the sensing models, almost sure
convergence of the estimate sequence at each agent to the components of the true parameter in its
interest set is established. Furthermore, the chapter establishes the performance of CZRFE in terms
of asymptotic covariance of the estimate sequences and specifically characterizes the dependencies of
the component wise asymptotic covariance in terms of the number of agents tasked with estimating it.

Finally, simulation experiments demonstrate the efficacy of CZRFE.

Distributed Optimization Technical contributions pertaining to distributed optimization in this thesis
can be summarized in terms of development and analysis of communication efficient distributed optimization
in terms of frugal communication cost. The frugality in terms of the communication cost is studied in
conjunction with exploration of stochastic oracles for optimization, while keeping the resource constrained
setups in mind. Furthermore, a gradient free and projection free approach for stochastic optimization is also
explored. For detailed exposition and concise statements, we refer the reader to the introductory sections of
the chapters 8-10.

e Chapter 8: In this chapter, we establish the O(%) convergence rate for distributed stochastic gradient
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methods that operate over strongly convex costs and random networks. The considered class of methods
is standard each node performs a weighted average of its own and its neighbors solution estimates
(consensus), and takes a negative step with respect to a noisy version of its local functions gradient
(innovation). The underlying communication network is modeled through a sequence of temporally
independent identically distributed (i.i.d.) Laplacian matrices connected on average, while the local
gradient noises are also i.i.d. in time, have finite second moment, and possibly unbounded support. We
show that, after a careful setting of the consensus and innovations potentials (weights), the distributed
stochastic gradient method achieves a (order-optimal) O(%) convergence rate in the mean square
distance from the solution. This is the first order-optimal convergence rate result on distributed
strongly convex stochastic optimization when the network is random and/or the gradient noises have
unbounded support. Furthermore, we examine fundamental tradeoffs in distributed SGD in multi-
agent networks in terms of communication cost (number of per-node transmissions) and computational
cost, measured by the number of per-node noisy function evaluations with zeroth order methods. Under
standard assumptions on the cost functions and the noise statistics, we establish with the proposed
method the O(1/(Ceomm)*/?~¢) mean square error convergence rate, for distributed SGD, where Ceomm
is the expected number of network communications and ¢ > 0 is arbitrarily small. The method is shown
to achieve order-optimal convergence rates in terms of computational cost Coomp, O(1/(Ceomp)) While
achieving the order-optimal convergence rates in terms of iterations. Experiments on real-life datasets
illustrate the efficacy of the proposed algorithms.

e Chapter 9: In the context of distributed optimization in resource constrained networked setups, due
to computational bottlenecks the networked entities in harsher environments, the access is limited
to stochastic zeroth order oracles. In conjunction with the inherent randomness in the network, it
makes the optimization problem at hand challenging and poses the question as to how close is the
performance of the distributed algorithm with respect to its centralized counterpart. For the described
random networks based optimization setting with access to a stochastic zeroth order oracle, we develop
a distributed stochastic approximation method of the Kiefer-Wolfowitz type. Furthermore, under stan-
dard smoothness and strong convexity assumptions on the local costs, we establish the O(1/t'/2) (in
terms of iteration ¢) mean square convergence rate for the method — the rate that matches that of the
method’s centralized counterpart under equivalent conditions. Furthermore, we examine fundamental
tradeoffs in iterative distributed zeroth order stochastic optimization in multi-agent networks in terms
of communication cost (number of per-node transmissions) and computational cost, measured by the
number of per-node noisy function evaluations with zeroth order methods. Specifically, we develop
novel distributed stochastic optimization methods for zeroth order strongly convex optimization by
utilizing a probabilistic inter-agent communication protocol that increasingly sparsifies communica-
tions among agents as time progresses. Under standard assumptions on the cost functions and the
noise statistics, we establish with the proposed method the O(1/(Ceomm)®?~¢) mean square error
convergence rate, for zeroth order optimization, where Ceomm, is the expected number of network com-
munications and ¢ > 0 is arbitrarily small. The method is shown to achieve order-optimal convergence
rates in terms of computational cost Ceomp, O(1/ (Ccomp)z/ 3) while achieving the order-optimal con-
vergence rates in terms of iterations. Experiments on real-life datasets illustrate the efficacy of the

proposed algorithms.

e Chapter 10: In this chapter, we focus on the problem of constrained stochastic optimization. A

zeroth order Frank-Wolfe algorithm is proposed, which in addition to the projection-free nature of the
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vanilla Frank-Wolfe algorithm makes it gradient free. Under convexity and smoothness assumption,
we show that the proposed algorithm converges to the optimal objective function at a rate O (1 / TY 3),
where T denotes the iteration count. In particular, the primal sub-optimality gap is shown to have a
dimension dependence of O (dl/ 3), which is the best known dimension dependence among all zeroth
order optimization algorithms with one directional derivative per iteration. For non-convex functions,
we obtain the Frank-Wolfe gap to be O (dl/gT*1/4). The proposed algorithm does not depend on hard
to estimates like Lipschitz constants and thus is easy to deploy in practice. Experiments on black-box

optimization setups demonstrate the efficacy of the proposed algorithm.
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Distributed Detection
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Chapter 2

Distributed Sequential Detection

2.1 Introduction

The motivation behind studying sequential as opposed to fixed sample size testing is that in most practical
agent networking scenarios, especially in applications that are time-sensitive and/or resource constrained,
the priority is to achieve inference as quickly as possible by expending the minimal amount of resources
(data samples, sensing energy and communication). By sequential we mean, instead of considering fixed
sample size hypothesis tests in which the objective is to minimize the probabilities of decision error (the
false alarm and the miss) based on a given deterministic number of samples or observation data collected by
the network agents, we are interested in the design of testing procedures that in the quickest time or using
the minimal amount of sensed data samples at the agents can distinguish between the two hypotheses with
guaranteed accuracy given in terms of pre-specified tolerances on false alarm and miss probabilities. We
focus on distributed application environments which are devoid of fusion centers and in which inter-agent

collaboration or information exchange is limited to a pre-assigned, possibly sparse, communication structure.

The focus of this chapter is on sequential simple hypothesis testing in multi-agent networks in which the
goal is to detect the (binary) state of the environment based on observations at the agents. By sequential
we mean, instead of considering fixed sample size hypothesis tests in which the objective is to minimize
the probabilities of decision error (the false alarm and the miss) based on a given deterministic number
of samples or observation data collected by the network agents, we are interested in the design of testing
procedures that in the quickest time or using the minimal amount of sensed data samples at the agents can
distinguish between the two hypotheses with guaranteed accuracy given in terms of pre-specified tolerances
on false alarm and miss probabilities. The motivation behind studying sequential as opposed to fixed sample
size testing is that in most practical agent networking scenarios, especially in applications that are time-
sensitive and/or resource constrained, the priority is to achieve inference as quickly as possible by expending
the minimal amount of resources (data samples, sensing energy and communication). Furthermore, we fo-
cus on distributed application environments which are devoid of fusion centers' and in which inter-agent

collaboration or information exchange is limited to a pre-assigned, possibly sparse, communication structure.

Under rather generic assumptions on the agent observation models, it is well-known that in a (hypothetical)

centralized scenario or one in which inter-agent communication is all-to-all corresponding to a complete

1By fusion center or center, we mean a hypothetical decision-making architecture in which a (central) entity has access to
all agent observations at all times and/or is responsible for decision-making on behalf of the agents.

12
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communication graph, the sequential probability ratio test (SPRT) (Wald et al. (1945)) turns out to be the
optimal procedure for sequential testing of binary hypotheses; specifically, the SPRT minimizes the expected
detection time (and hence the number of agent observation samples that need to be processed) while achiev-
ing requisite error performance in terms of specified probability of false alarm («) and probability of miss
(B) tolerances. The SPRT and its variants have been applied in various contexts, see, for example, spectrum
sensing in cognitive radio networks (Choi et al. (2009); Jayaprakasam and Sharma (2009); Chaudhari et al.
(2009)), target tracking Blostein and Richardson (1994), to name a few. However, the SPRT, in the current
multi-agent context, would require computing a (centralized) decision statistic at all times, which, in turn,
would either require all-to-all communication among the agents or access to the entire network data at all
times at a fusion center. In contrast, restricted by a pre-assigned possibly sparse collaboration structure
among the agents, in this paper we present and characterize a distributed sequential detection algorithm,
the CZSPRT, based on the consensus+innovations approach (see, for example Kar and Moura (2008b); Kar
et al. (2012)). Specifically, focusing on a setting in which the agent observations over time are conditionally
Gaussian and independent and identically distributed (i.i.d.), we study the CZSPRT sequential detection
procedure in which each network agent maintains a local (scalar) test statistic which is updated over time by
simultaneously assimilating the test statistics of neighboring agents at the previous time instant (a consensus
potential) and the most recent observations (innovations) obtained by the agent and its neighbors. Also, sim-
ilar in spirit to the (centralized) SPRT, each agent chooses two (local) threshold parameters (design choices)
and the test termination at an agent (and subsequent agent decision on the hypotheses) is determined by
whether the local test statistic at the agent lies in the interval defined by the thresholds or not. This justifies
the nomenclature that the CZSPRT is a distributed SPRT type algorithm of the consensus+innovations

form.

2.2 Related Work

Detection schemes in multi-agent networks which involve fusion centers, where all agents in the network
transmit their local measurements, local decisions or local likelihood ratios to a fusion agent which sub-
sequently makes the final decision (see, for example, Chamberland and Veeravalli (2003); Tsitsiklis et al.
(1993); Blum et al. (1997); Veeravalli et al. (1993)) have been well studied. Consensus-based approaches for
fully distributed but single snapshot processing, i.e., in which the agents first collect their observations possi-
bly over a long time horizon and then deploy a consensus-type protocol Jadbabaie et al. (2003); Olfati-Saber
et al. (2007); Dimakis et al. (2010) to obtain distributed information fusion and decision-making have also
been explored, see, for instance, Kar et al. (2008); Kar and Moura (2007). Generalizations and variants of
this framework have been developed, see for instance Zhang and Blum (2014) which proposes truncated ver-
sions of optimal testing procedures to facilitate efficient distributed computation using consensus; scenarios
involving distributed information processing where some of the agents might be faulty or there is imperfect
model information (see, for example, Zhou et al. (2011, 2012)) have also been studied. More relevant to the
current context are distributed detection techniques that like the CZSPRT procedure perform simultane-
ous assimilation of neighborhood decision-statistics and local agent observations in the same time step, see,
in particular, the running consensus approach Braca et al. (2008, 2010), the diffusion approach Cattivelli
and Sayed (2009a,b, 2011b) and the consensus+innovations approach Bajovic et al. (2011); Jakovetic et al.
(2012); Kar et al. (2011). These works address important questions in fixed (but possibly large) sample size
distributed hypothesis testing, including asymptotic characterization of detection errors Braca et al. (2010);

Cattivelli and Sayed (2011b), fundamental performance limits as characterized by large deviations decay of
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detection error probabilities in generic nonlinear observation models and random networks Bajovic et al.
(2011); Jakovetic et al. (2012), and detection with noisy communication links Kar et al. (2011).

2.3 Problem Formulation

2.3.1 System Model

The N agents deployed in the network decide on either of the two hypothesis Hy and H;. Each agent i at

(discrete) time ¢ makes a scalar observation y;(t) of the form
Under Hy:y;(t) = po +ni(t), 6=0,1. (2.1)

For the rest of the chapter we consider p; = p and pg = —p, and assume that, the agent observation noise
processes are independent and identically distributed (i.i.d.) Gaussian processes under both hypotheses

formalized as follows:

Assumption 2.3.1. For each agent i the noise sequence {n;(t)} is i.i.d. Gaussian with mean zero and
variance o under both Hy and Hy. The noise sequences are also spatially uncorrelated, i.e., Eg[n;(t)n;(t)] =
0 for alli+# j and 6 € {0,1}.

Collect the y;(t)’s, i = 1,2,--- N into the N x 1 vector y(t) = (y1(¢), - ,yn(t))" and the n;(t)’s, i =
1,2,--- N into the N x 1 vector n(t) = (ni(t),--- ,nn(t))".

The log-likelihood ratio at the i-th sensor at time index ¢ is calculated as follows:-

Filyi(t) _ 2uy(t) (2.2)

mi(t) = fo(yi(t)) o

where fo(+) and f1(-) denote the probability distribution functions (p.d.f.s) of y;(¢) under Hy and H; respec-
tively.
We note that,

N(m,2m), H=H

e} ~ N(—m,2m), H = Hy, 23)

where N (-) denotes the Gaussian p.d.f. and m = i—“j The Kullback-Leibler divergence at each agent is
given by

KL=m. (2.4)

2.3.2 Sequential Hypothesis Testing — Centralized or All-To-All Communication

Scenario

In a fully connected network scenario, each agent behaves like a (hypothetical) center and the information
available at any agent n at time t is the sum-total of network observations till ¢, formalized by the o-
algebra Jacod and Shiryaev (1987)

G.(t) =0c{yi(s), Vi=1,2,--- N and V1 < s < t}. (2.5)
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An admissible test D, consists of a stopping criteria, where at each time ¢ the decision to stop or continue
taking observations is adapted to G.(t). Denote by Tp, the termination time of D., a random time taking
values in Z4 U{oco}. Let IP’?;‘ and IP’ADf denote the associated probabilities of false alarm and miss respectively,
ie.,

PRy =Po (Hp, =1) and PY; =Py (fp, =0). (2.6)

Now, denoting by D. the class of all such (centralized) admissible tests, the goal in sequential hypothesis
testing is to obtain a test in D, that minimizes the expected stopping time subject to attaining specified
error constraints. It turns out that Wald’s SPRT Wald et al. (1948) can be designed to minimize each of

the above criteria. Hence, without loss of generality, we adopt E;[Tp,] as our test design objective.

min E;[Tp ],

<€D,

s.t. PRy < o, PP < 3, (2.7)

for specified o and . Before proceeding further, we make the following assumption:
Assumption 2.3.2. The pre-specified error metrics, i.e., « and 3, satisfy o, 5 € (0,1/2).

Noting that the (centralized) Kullback-Leibler divergence, i.e., the divergence between the probability dis-
tributions induced on the joint observation space y(t) by the hypotheses H; and Hy, is Nm where m is
defined in (2.3), we obtain (see Wald et al. (1948)) for each D, € D, that attains P24 < a and PYe < 3,

E1[Tp.] > M(e, B), (2.8)

where the universal lower bound M(«, 8) is given by

Mo, gy = L DNBUE) ¢ PlonlsZe) 29

Formally, the stopping time of the SPRT is defined as follows: Denote by S.(t) (the centralized) test statistic

T

=> %n (2.10)

s=1

where 7(s) denotes the vector of log-likelihood ratios 7;(s)’s at the agents and the stopping time is given by,

T. = inf{t | S.(t) ¢ [y, 721} (2.11)
At T, the following decision rule is followed:

Ho, Se(T.) <Al
= Mo ST =7 (2.12)
Hl, S(»(Tc) Z ’Yh.

c

The optimality of the SPRT w.r.t. the formulation (2.7) is well-studied; in particular, in Wald et al.
(1948) it was shown that, for any specified o and f3, there exist choices of thresholds (v,~") such that the
SPRT (2.11)-(2.12) achieves the minimum in (2.7) among all possible admissible tests D, in D.. For given

« and B, exact analytical expressions of the optimal thresholds are intractable in general. A commonly used
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choice of thresholds, see Wald et al. (1945), is given by

h 1-5
v, = log (T)
7. = log (%), (2.13)

which, although not strictly optimal in general, ensures that P%, < a and P§, < 5. The SPRT with
thresholds given by (2.13) guarantees that (see Chernoff (1972))

lim B, [Te]
e—0 M(e, €)

=1, (2.14)

where M(+) is defined in (2.9). In the sequel, given a testing procedure D. € D, and assuming o = 5 = e,

we will study the quantity limsup,_,, (E1[Tp.]/M(e,€)) as a measure of its efficiency.

2.3.3 Subclass of Distributed Tests

The SPRT (2.11)-(2.12) requires computation of the statistic S.(¢) (see (2.10)) at all times, which, in turn,
requires access to all agent observations at all times. Given a graph G = (V, E), possibly sparse, modeling
inter-agent communication, we consider scenarios in which inter-agent cooperation is limited to a single
round of message exchanges among neighboring agents per observation sampling epoch. The information set
Ga.i(t) includes the observations sampled by agent ¢ and the messages received from its neighbors till time

t, and is formally given by the o-algebra
Ga,i(t) = o {yi(s),mi (s), V1 <s<tVje}. (2.15)

The quantity m; j(s) denotes the message received by ¢ from its neighbor j € €; at time s. Based on the
information content Gg ;(t) at time ¢, an agent decides on whether to continue taking observations or to stop
in the case of which, it decides on one of the hypothesis Hy or H;. Intuitively, and formally by (2.15), we
have

Ga,i(t) C Ge(t) Vi,t. (2.16)

Formally, this implies that the class of distributed tests Dy is a subset of the class of centralized or all-possible
tests D.. We are interested in characterizing the distributed test that conforms to the communication

restrictions above and is optimal in the following sense:

min ~ max Ei[Tp, ],
D4€Dg i=1,2, N

s.t. PR < a, PP < B Vi=1,2,--- ,N. (2.17)
In the above, Tp, ; denotes the termination (stopping) time at an agent ¢ and ]P’gj;i, ]I”]]\Dj’i, the respective
false alarm and miss probabilities at . Rather than solving (2.17), we propose a distributed testing procedure
of the consensus+innovations type which is efficiently implementable and analyze its performance w.r.t. the
optimal centralized testing procedure. Our results clearly demonstrate the benefits of collaboration (even
over a sparse communication network) as, in contrast, in the non-collaboration case (i.e., each agent relies
on its own observations only) each agent would require N times the expected number of observations to

achieve prescribed a and § as compared to the optimal centralized scenario.
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2.4 CISPRT: A Distributed Sequential Detector

We propose a distributed sequential detection scheme where network communication is restricted to a more
localized agent-to-agent interaction scenario. Before discussing the details of our algorithm, we state an

assumption on the inter-agent communication graph.

Assumption 2.4.1. The inter-agent communication graph is connected, i.e. Ao(L) > 0, where L denotes

the associated graph Laplacian matriz.

Decision Statistic Update. In the proposed distributed algorithm, each agent ¢ maintains a test statistic

P, ;(t), which is updated recursively in a distributed fashion as follows :

Pai(t+1) = 1 wii Py i(t) + Z wij Fa ;(t)
JEQ;
b (t+1)+ ) (t+1) (2.18)
f+1 Wi Wi 515 5 .

JEQ

where ); denotes the communication neighborhood of agent ¢ and the w;;’s denote appropriately chosen
combination weights (to be specified later).

Now we state some design assumptions on the weight matrix W.

Assumption 2.4.2. We design the weights w;;’s in (2.18) such that the matriz W is non-negative, sym-

metric, irreducible and stochastic, i.e., each row of W sums to one.
Note that, by the stochasticity of W, the quantity r satisfies

r=|[W=1J. (2.19)

For connected graphs, a simple way to design W is to assign equal combination weights, in which case we

have,
W =1-/L, (2.20)

where 0 is a suitably chosen constant. The smallest value of r is obtained by setting § to be equal to
2/(A2(L) 4 An (L))

Stopping Criterion for the Decision Update. Let Sy ;(t) denote the quantity ¢Py;(t), and let ’yfiﬁi and
’yfm be thresholds at an agent ¢ (to be determined later) such that agent ¢ stops and makes a decision only

when,

Sai(t) & [va,ir Vi) (2.21)

for the first time. The stopping time for reaching a decision at an agent 7 is then defined as,

Tai = inf{t |Sai(t) & [ vail} (2.22)
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and the following decision rule is adopted at Ty ; :

- Hy Sq:(Ta:) <7,
Hy Saqi(Tai) >~

!
i (2.23)
We refer to this distributed scheme (2.18), (2.22) and (2.23) as the consensus+innovations SPRT (CZSPRT)

hence forth.

Remark 2.4.1. [t is to be noted that the decision statistic update rule is distributed and recursive, in that, to
realize (2.18) each agent needs to communicate its current statistic and a scalar function of its latest sensed
observation to its neighbors only; furthermore, the local update rule (2.18) is a combination of a consensus
term reflecting the weighted combination of neighbors’ statistics and a local innovation term reflecting the new
sensed information of itself and its neighbors. Note that the stopping times Ty ;’s are random and generally
take different values for different agents. It is to be noted that the Ty;’s are in fact stopping times with
respect to the respective agent information filtrations Gq;(t)’s as defined in (2.15). For subsequent analysis

we refer to the stopping time of an agent as the stopping time for reaching a decision at an agent.
We end this section by providing some elementary properties of the distributed test statistics.

Proposition 2.4.2. Let the Assumptions 2.3.1, 2.4.1 and 2.4.2 hold. For each t and i, the statistic Sq;(t),
defined in (C.53)-(C.44), is Gaussian under both Hy and Hy. In particular, we have

Eo[Sdﬂ‘(t)] =—-mt and El [Sdﬂ‘(t)} = mt, (224)
and
Eo [(Sai(t) + mt)?] = Ex [(Saa(t) — mt)?] < % + w (2.95)

2.5 Main Results

We formally state the main results in this section. Most of the proofs pertaining to the main results are

relegated to Appendix B.

2.5.1 Thresholds for the CZSPRT

In this section we derive thresholds for the CZSPRT, see (C.53)-(C.44), in order to ensure that the procedure
terminates in finite time a.s. at each agent and the agents achieve specified error probability requirements.
For the proposed CZSPRT, we intend to derive thresholds which guarantee the error performance in terms
of the error probability requirements « and f, i.e., such that P%fq < «aand IP’?\}; <pB, Vi=1,2,...,N, where
]P’?;Z and IP’?\’Z represent the probability of false alarm and the probability of miss for the ith agent defined as

PEy = Po(Sa,i(Tas) > 7h,)
Pﬁl\’f =P1(Sq,:(Tas) < %l“), (2.26)

with Ty ; as defined in (C.43).
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Theorem 2.5.1. Let the Assumptions 2.3.1-2./.2 hold.
1) Then, for each « and B there exist 'yg)i and 'Yllm': Vi=1,2,---,N, such that }P’f,’i‘ < a and P‘Ji\}; < pB and

the test concludes in finite time a.s. i.e.

Py(Ty; <o0)=1,¥i=1,2,--- N, (2.27)

where T, ; is the stopping time for reaching a decision at agent i.

2) In particular, for given a and 3, any choice of thresholds 'yg’i and ’Yfm satisfying

8(k+1) 2 —Nm_ .0

h_ > _ _ — (k+1) — ’ .

Vi = N <log (a) log(1 — e®®+1 )) Y3 (2.28)
k+1 —Nm

< 2D (1og (/j) +log(1 - <>) _—0 (2.29)

where m is defined in (2.4) and k is defined by
Nr? =k, (2.30)

with r as in (2.19), achieves a.s. finite stopping at an agent i while ensuring that IE”CIl,’f4 <« and Pi’j < B.

Proof. Let A =e"i and B = €74 where 7372- and 7271 € R are thresholds (to be designed) for the CZSPRT.
In the following derivation, for a given random variable z and an event A, we use the notation E[z; A] to

denote the expectation E[2I4]. Let T denote the random time which can take values in Z given by

T = inf {#|S4,(t) ¢ [’Y(li,ia 75,1’]} . (2.31)
First, we show that for any fyg’i and ’yé’i eR,

Po(T < o0) =P (T < 0) =1, (2.32)
i.e., the random time T defined in (2.31) is a.s. finite under both the hypotheses. Indeed, we have,

_’ydz +mt

2mt 2mr2(1—r2t)
\/ N + 12

= lim P (T >t)=0
t—o0

P (T>t)<Q

=P (T<ox)=1. (2.33)

The proof for Hy follows in a similar way.

Now, since (2.32) holds, the quantity Sgq;(T) is well-defined a.s. under Hy. Now, noting that, under Hy, for

2 2t
any t, the quantity Sq;(t) is Gaussian with mean —mt and variance upper bounded by 22t + %
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(see Proposition 2.4.2), we have,

P% = Po(Sai(T) > log B) = ZPO =t,84(t) > log B)

< i Po(Sa,i(t) > log B)

- log B + mt

< Z (== o ). (2.34)
— \/th + 2mr2(1—r2t)

- N 1z

To obtain a condition for v}, in the CZSPRT such that P%, < a, let’s define k > 0 such that k = Nr2.
Now, note that k thus defined satisfies

2mr?(1 — r2t) < 2mkt

. 2.
1— 72 - N’ vi (2.35)

Then we have, by (2.34)-(2.35),

7(w5,i)27m2t272wd .mt

; > log B+mt s log B+mt 1 & EET (a0
<3 ol S RC LR P 3
F““;Q \/2mt+w ‘;Q \/M 32

— o — (k

1—72 t=1

_ Nd [zmlj h 2 2,2 L’Y(“J h y2 2,2

e 2(k+D) —N(vg )" —Nm~t m —N(vg )" —Nm~t

— 7( e AmiID 4 Z e AmIETD
2 t=1 R

t=| o2l |41

,N(-yg,i)Qme%"’ o 71\/(75,1.)271\1',73# )

+ E e 4amt(k+1) + E e 4mt(k+1)
~h 2vh
t= I. d, 1J+1 t:L#JJ’_l

291
=)

h
N’y(}i‘7 Vd,i Vd,i
e 2D Ny Laa ] — Nmt Nyi s L] — Nmt
< (e 2®FD E eTR+D) fe~ ARFD E e IR+
- 2
t=1 ~h
~ _ d,
t=| 5 141

&)
(2)

T R o0 .

+e ~ BRI § edR+D § e1(k+1) )
d'L ’Yd7

t=| )41 t=l =]+

(3 (4)

h
N~
d,i h

h
e 2:+D) ( N, Nvd,i N7, N, Nvd,i Nvd i
e

e 2D 4 e ARFD e 8+ 4 ¢ 8GR+D e 4G+ 4 e 2(k+D
2(1 — e~ 3D
7N'y:;1i
2¢ 8(k+1)

(2.36)

= _ _Nm_*
1 —e 4+D

In the above set of equations we use the fact that Q(z) is a non-increasing function, the inequality Q(z) <

o2
1e72, and we upper bound (1) — (4) by their infinite geometric sums.
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We now note that, a sufficient condition for P‘;;il < « to hold is the following:

TNV

9¢” SEF1)
= < (2.37)

1 — e TtD
Solving (2.37), we have that, any 'yfii that satisfies
S(k + 1) 2 __Nm
h h,0 _

Vi 2V T TN (108; (a) — log(1 — e 7+D )) , (2.38)

achieves P;{,’il < «a in the CZSPRT. Proceeding as in (2.34) and (2.36) we have that, any ’yfm that satisfies

k ]. m
’Yé,i < %ljo = % <log <§> +log(l—e~ 4<]Z+1>)> , (2.39)

achieves P}i\}; < B in the CZSPRIT.

Clearly, by the above, any‘pair (73,17’7’&,;) satisfying 'y% € [vg’o,oo) and 7&,1 € (—00772’0] (see (2.38)
and (2.39)) ensures that ]P’jé’f4 < «a and ]P’C](’j < B. The a.s. finiteness of the corresponding stopping time Ty ;
(see (C.43)) under both Hy and H; follows readily by arguments as in (2.32). O

Remark 2.5.2. It is to be noted that the derived thresholds are sufficient conditions only. The approzima-
tions (see (1) — (4) in (2.36)) made in the steps of deriving the expressions of the thresholds were done so
as to get a tractable expression of the range. By solving the following set of equations

7N(’ytli’i)27N7n2t2+2N’y(li,im.t

e Imt(k+1) S B

N =
M2

&~
Il

1

—N('y(}i’/‘i)27N7n2t2—ZN'yg/yimt

e Amt(k+1) S o (240)

NGRS
hE

&~
I
-

numerically, tighter thresholds can be obtained.

The first assertion ensures that for any set of pre-specified error metrics o and § (satisfying Assumption
2.3.2), the CZSPRT can be designed to achieve the error requirements while ensuring finite stopping a.s.

The factor k in the closed form expressions of the thresholds in (C.36) and (C.40) relates the value of the
thresholds to the rate of flow of information r and, hence, in turn, can be related to the degree of connectivity
of the inter-agent communication graph under consideration, see (2.19)-(2.20) and the accompanying discus-
sion. From Assumption 2.4.2, we have that r < 1. As r goes smaller, which intuitively means increased rate
of flow of information in the inter-agent network, the value of thresholds needed to achieve the pre-specified

error metrics become smaller i.e. the interval [vf“, "yfj’i] shrinks for all i = 1,2,--- | N.

Remark 2.5.3. We remark the following: 1) We have shown that the CZSPRT algorithm can be designed
so as to achieve the pre-specified error metrics at every agent i. This, in turn, implies that the probability
of not reaching decision consensus among the agents can be upper bounded by N when conditioned on H,
and Na when conditioned on Hy. It is to be noted that with o — 0 and B — 0, the probability of not
reaching decision consensus conditioned on either of the hypothesis goes to 0 as well; 2) The factor k in
the closed form expressions of the thresholds in (C.36) and (C.40) relates the value of the thresholds to the

rate of flow of information r and, hence, in turn, can be related to the degree of connectivity of the inter-
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agent communication graph under consideration, see (2.19)-(2.20) and the accompanying discussion. From
Assumption 2.4.2, we have that r < 1. As r goes smaller, which intuitively means increased rate of flow
of information in the inter-agent network, the value of thresholds needed to achieve the pre-specified error

metrics become smaller i.e. the interval [’yfi’i, '73,1‘] shrinks for alli=1,2,...,N.

2.5.2 Probability Distribution of T;; and T.

We first characterize the stopping time distributions for the centralized SPRT detector (see Section 2.3.2)
and those of the distributed CZSPRT. Subsequently, we compare the centralized and distributed stopping

times by studying their respective large deviation tail probability decay rates.

Theorem 2.5.4. (Darling and Siegert (1953); Hieber and Scherer (2012)) Let the Assumptions 2.3.1 and
2.3.2 hold and given the SPRT for the centralized setup in (2.10)-(2.12), we have

P\ (T, > t) > exp <N;”C> K (y1) — exp <N;”C > K (1), (2.41)

2 S I+1 2.2, 2
S\ o (-1) Nm o?stm ) sTa
K0 = Nar ZNIW?”?)QX"(‘( 1 taver—ae) ) ) B

whereas, T, is defined in (2.11) and v and 4. are the associated SPRT thresholds chosen to achieve specified

error requirements o and 3.

The above characterization of the stopping distribution of Wald’s SPRT was obtained in Darling and Siegert
(1953); Hieber and Scherer (2012). In particular, this was derived by studying the first passage time dis-
tribution of an associated continuous time Wiener process with a constant drift; intuitively, the continuous
time approximation of the discrete time SPRT consists of replacing the discrete time likelihood increments
by a Wiener process accompanied by a constant drift that reflects the mean of the hypothesis in place. This
way, the sequence obtained by sampling the continuous time process at integer time instants is equivalent
in distribution to the (discrete time) Wald’s SPRT. The term on the R.H.S. of (2.41) is exactly equal to the
probability that the first passage time of the continuous time Wiener process with left and right boundaries
7! and " respectively is greater than t, whereas, is, in general, a lower bound for the discrete time SPRT
(as given in Theorem 2.5.4) as increments in the latter happen at discrete (integer) time instants only.

We now provide a characterization of the stopping time distributions of the CZS PRT algorithm.

Lemma 2.5.5. Let the assumptions 2.53.1-2.4.2 hold. Consider the CLZSPRT algorithm given in (2.18),
(C.43) and (C.44) and suppose that, for specified o and 3, the thresholds 73714 and ’yf“, t1=1,---,N, are
chosen to satisfy the condtions derived in (C.36) and (C.40). We then have,

—le‘f'mt
2mt 2mr2(1—r2t)
\/ ﬁ + 12

where Ty, is the stopping time of the i-th agent to reach a decision as defined in (C.43).

Py(Ty; >t) <Q Vi=1,2,...,N, (2.43)
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2.5.3 Comparison of stopping times of the distributed and centralized detectors

In this section we compare the stopping times T, and Ty ; by studying their respective large deviation tail

probability decay rates. We utilize the bounds derived in Theorem 2.5.4 and Lemma 2.5.5 to this end.

Corollary 2.5.6. Let the hypotheses of Lemma 2.5.4 hold. Then we have the following large deviation

characterization for the tail probabilities of T,:

Nm o2r?

4 2N(E =D

R |
htrgérolf n log(P1 (T > t)) > — (2.44)

It is to be noted that the exponent is a function of the thresholds " and % and with the decrease in the
error constraints o and 3, &7 4 21\[(‘7727”1”)2 ~ Nm
Theorem 2.5.7. Let the hypotheses of Lemma 2.5.5 hold. Then we have the following large deviation

characterization for the tail probabilities of the Ty ;’s:

limsup ~ log(Py (Tas > 1)) < — Vi—=1,2,...,N. (2.45)
t—oo 1t ' 4

Importantly, the upper bound for the large deviation exponent of the CZSPRT in Theorem 2.5.7 is in-

dependent of the inter-agent communication topology as long as the connectivity conditions Assumptions

2.4.1-2.4.2 hold. Finally, in the asymptotic regime, i.e., as IN goes to 0o, since 2]\,(‘:2177:1)2 = o(Nm), we have

that the performance of the distributed CZSPRT approaches that of the centralized SPRT, in the sense of

stopping time tail exponents, as N tends to co.

2.5.4 Comparison of the expected stopping times of the centralized and distributed

detectors

In this section we compare the expected stopping times of the centralized SPRT detector and the proposed
CISPRT detector. Recall that E;[T;;] and E;[T¢] represent the expected stopping times for reaching a
decision for the CZSPRT (at an agent ¢) and its centralized counterpart respectively, where j € {0,1}
denotes the hypothesis on which the expectations are conditioned on. Without loss of generality we compare
the expectations conditioned on Hypothesis Hy, similar conclusions (with obvious modifications) hold when
the expectations are conditioned on Hy (see also Section 2.3.2).

Also, for the sake of mathematical brevity and clarity, we approximate o = 8 = ¢ in this subsection.

Recall from Section 2.3.2 and note that, at any instant of time ¢, the information o-algebra G, ;(t) at any
agent ¢ is a subset of G.(t), the information o-algebra of a (hypothetical) center, which has access to the
data of all agents at all times. This implies that any distributed procedure (in particular the CZSPRT)
can be implemented in the centralized setting, and, since M (¢) (see (2.9)) constitutes a lower bound on the

expected stopping time of any sequential test achieving error probabilities a = 8 = €, we have that

Eq[T4,;] .
s > 1 =1,2,...,.N 2.4
M(G) = 4 Vi ) &y 5 5 ( 6)

for all € € (0,1/2). In order to provide an upper bound on the ratio Eq[Ty;]/M(e) and, hence, compare
the performance of the proposed CZSPRT detector with the optimal centralized detector, we first obtain a

characterization of Eq[Ty;] in terms of the algorithm thresholds as follows.
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Theorem 2.5.8. Let the assumptions 2.5.1-2.4.2 hold and let o« = 8 = €. Suppose that the thresholds of the
CIZISPRT be chosen as 'yg’i = 'yg’o and 'yfu = 'yé’o foralli=1,--- | N, where 'yg’o and 'yé’o are defined in
(C.36)-(C.40). Then, the stopping time Ty, of the CLZSPRT at an agent i satisfies

(1 - 26)7hi c 5'Yhi 1
D [Ty] € E) (2.47)
m m dm 1 _ panern

where k = N12, r is as defined in (2.19), and ¢ > 0 is a constant that may be chosen to be independent of
the thresholds and the e.

It is to be noted that, when o = 8 = ¢, then vfj,i = _'751,1 from (C.36) and (C.40). The upper bound
derived in the above assertion might be loose, owing to the approximations related to the non-elementary
Q-function. We use the derived upper bound for comparing the performance of the CZSPRT algorithm with
that of its centralized counterpart. The constant ¢ > 0 in the lower bound is independent of the thresholds
7&,@ and ’yéﬁi (and hence, also independent of the error tolerance €) and is a function of the network topology
and the Gaussian model statistics only. Explicit expressions and bounds on ¢ may be obtained by refining
the various estimates in the proofs of Theorem 2.5.8, see Section 2.5. However, for the current purposes, it

is important to note that ¢ = 0(73’0), i.e., as € goes to zero or equivalently in the limit of large thresholds

h,0 (1*26)73,7’,

c/vy" — 0. Hence, as € — 0, the more readily computable quantity - may be viewed as a reasonably

good approximation to the lower bound in Theorem 2.5.8.

Theorem 2.5.9. Let the hypotheses of Theorem 2.5.1 hold. Then, we have the following characterization
of the ratio of the expected stopping times of the CLSPRT and the centralized detector in asymptotics of the

€,

E.[Tq, 10(k +1
1 < limsup 1[d’]< Ok +1)

, Vi=1,2,---,N, 2.48
e—0 M(€) - 7 ( )

where k = Nr? and r is as defined in (2.19).

In Liu and Mei (2017), the constants 10/7 and 8/7 have been improved to 1 and 1 respectively.

Theorem 2.5.9 shows that the CZSPRT algorithm can be designed in such a way that with pre-specified

error metrics a and 8 going to 0 , the ratio of the expected stopping time for the CZSPRT algorithm and its
10(k+1)

centralized counterpart are bounded above by —=— where the quantity k¥ depends on 7 which essentially

quantifies the dependence of the CZSPRT algorithm on the network connectivity.

Remark 2.5.10. It is to be noted that the derived upper bound for the ratio of the expected stopping times
of the CLZSPRT algorithm and its centralized counterpart may not be a tight upper bound. The looseness in
the upper bound is due to the fact that the set of thresholds chosen are oriented to be sufficient conditions
and not necessary. As pointed out in Remark 2.5.5 there might exist possibly better choice of thresholds for
which the pre-specified error metrics are satisfied. Hence, given a set of pre-specified error metrics and a
network topology the upper bound of the derived assertion above can be minimized by choosing the optimal
weights for W as shown in Xiao and Boyd (2004). It can be seen that the ratio of expected stopping times
of the isolated SPRT based detector case, i.e., the non-collaboration case, and the centralized SPRT based
detector is N (see Section 2.53.2). So, for the CZSPRT case in order to make savings as far as the stopping

time is concerned with respect to the isolated SPRT based detector, %7“) < N should be satisfied. Hence,

we have that r < 7]1\’0;\[10 s a sufficient condition for the same.
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2.6 Dependence of the CZSPRT on Network Connectivity: Illustration

In this section, we illustrate the dependence of the CZSPRT algorithm on the network connectivity, by con-
sidering a class of graphs. Recall from section 2.4 that the quantity r quantifies the rate of information flow
in the network, and in general, the smaller the r the faster is the convergence of information dissemination
algorithms (such as the consensus or gossip protocol (Dimakis et al. (2010); Kar and Moura (2008c, 2009))
on the graph and the optimal design of symmetric weight matrices W for a given network topology that
minimizes the value r can be cast as a semi-definite optimization problem Xiao and Boyd (2004).

To quantify the dependence of the CZS PRT algorithm on the graph topology, we note that the limit derived

in (2.48) is a function of W and can be re-written as follows :

. El [Td Z] 10(NT2 + 1)
lim su <
ol TM(e) = 7

= R(W), (2.49)

i.e., the derived upper bound R(W) is a function of the chosen weight matrix W. Based on (2.49), naturally,
a weight design guideline would be to design W (under the network topological constraints) so as to minimize
R(W), which, by (2.49) and as discussed earlier corresponds to minimizing r» = |[W — J||. This leads to the
following upper bound on the achievable performance of the CZSPRT"

By [Tyl .
hrenjélp Mo SH&HR(W). (2.50)

By restricting attention to constant link weights, i.e., W’s of the form (I — §L) and noting that

(An (L) = Ao (L))

min |[I — 6L — J|| = , 2.51
i | = @ v (@) (251)
we further obtain
. E1[T4,] : _ 10 10N(An (L) — X2(L))?
AL < — = — .
hrgn_%lp M) = n‘%nR(W) < mémR(I oL) - + T0o(L) 1 on (L))2 (2.52)

The final bound obtained in (2.52) might not be tight, being an upper bound (there may exist W matrices
not of the form I — 0L with smaller ) to a possibly loose upper bound derived in (2.48), but, nonetheless,
directly relates the performance of the CZSPRT to the spectra of the graph Laplacian and hence the graph
topology. From (2.52) we may further conclude that networks with smaller value of the ratio Ao(L)/An (L)
tend to achieve better performance. This leads to an interesting graph design question: given resource
constraints, specifically, say a restriction on the number of edges of the graph, how to design inter-agent
communication networks that tend to minimize the eigen-ratio A2(L)/An(L) so as to achieve improved
CZSPRT performance. To an extent, such graph design questions have been studied in prior work, see Kar
et al. (2008), which, for instance, shows that expander graphs tend to achieve smaller A\y(L)/An (L) ratios

given a constraint on the total number of network edges.

2.7 Probability Distribution of 7,

Though the tails of the stopping time distributions for two sided random walks, i.e., the stopping time
distribution of the centralized SPRT have been studied, as highlighted in Wald et al. (1945), the exact

distribution is not well known. We provide a numerical way so as to calculate the stopping time distribution
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of the centralized SPRT procedure. Define the event C; as —v, < S.(i) < ve.
Define the probability P(T. > t) as follows:

PT.>t) =P (—v. < S:(i) <ve,i=1,2,...,1). (2.53)

We note that P(C;) = Q (ﬁ) -Q (ﬁ) decreases with increasing i.

Observing that S.(i) form a Markov chain, (2.53) can be rewritten as follows:

t
P(T, > t) =P(Cy) [ [ P(Ci|Ci—1)
=2

H P(C; N Ci—1)

= 2.54
170, 2
Denote G'(z) = \/%6_12/2 and G(z) = [*__ e /2dt. Let z; = 17 /N = S.(i) — Se(i — 1).
Then, we have,
Ve 1 (w=—m@i—1)2 7Y 1 (wi— m)
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( ) Trm(i— /N oy AN Y
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G’ GtVi—14+t0) — G(tvVi—1+t))dt (2.55)
l
l _m(i—D+ye _ m@-1)—v 4h _ ye—mi_ I _ —Ye—mi
where v, ; = V2m@G-1)/N’ 7“ = \/2m(i-1)/N’ ti = V2m/N and t; = /2m/N’
We use the following identity from Owen (1956)
J G (@)Gla+ br)dt = T(w, 7s) + T( s, W) — T(w, 422
a b b’ a
(e, ) 4 G(0) () (2.56)

where T'(h, a) is the Owen’s T function which gives the probability of the event {X > h} N{0 <Y < aX}
where X and Y are independent random variables.

Using the identity in equation (2.56), (2.55) can be rewritten as follows:
Ve

P(C; N C;_1) :/l G W)(GVi— 1+t — GtVi— 1+ t))dt

c,i

h t? t? WClJ h t?—’_ Vi_l'ygi
=T ’}/077;7 h \/» + T \/T’ th - T ’YCJ.’ [ - )
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i Vi
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)

NI T+ i t
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Though the stopping time distribution obtained above is rendered analytically intractable, various algorithms

exist so as to evaluate Owen’s T Function numerically.

2.8 Simulations

We generate planar random geometric networks of 30, 300 and 1000 agents. The z coordinates and the y
coordinates of the agents are sampled from an uniform distribution on the open interval (0,1). We link two
vertices by an edge if the distance between them is less than or equal to g. We go on re-iterating this procedure
until we get a connected graph. We construct the geometric network for each of N = 30,300 and 1000 cases
with three different values of g i.e. g =0.3,0.6 and 0.9. The values of r obtained in each case is specified in

Table 2.1. We consider two cases, the CZSPRT case and the non-collaborative case. We consider « = § = ¢

r g=0.3 | g=0.6 | g=0.9
N=30 0.8241 | 0.5580 | 0.2891
N=300 0.7989 | 0.6014 | 0.2166
N=1000 | 0.7689 | 0.5940 | 0.2297

Table 2.1: SPRT Comparison: Values of r

and ranging from 1078 to 10~ in steps of 1075. For each such e, we conduct 2000 simulation runs to
empirically estimate the stopping time distribution Py (7" > t) of a randomly chosen agent (with uniform
selection probability) for each of the cases. From these empirical probability distributions of the stopping
times, we estimate the corresponding expected stopping times. Figure 2.4 shows the instantaneous behavior
of the test statistics in the case of N = 300 with ¢ = 1071, In Figures 2.1, 2.2 and 2.3 it is demonstrated
that the ratio of the expected stopping time of the CZSPRT algorithm and the universal lower bound M (e)
is less than that of the ratio of the expected stopping times of the isolated (non-collaborative) case and
M(e). The ratio of the theoretical lower bound of the expected stopping time of the CZSPRT derived
in Theorem 2.5.8 and M (e) was also studied. More precisely, we compared the experimental ratio of the
expected stopping times of the CZSPRT and M (e) with the ratio of the quantity A=2975; (

m
approximation of the theoretical lower bound given in Theorem 2.5.8, see also the discussion provided in

the small €

Section 2.5 after the statement of Theorem 2.5.8) and M(e). It can be seen that the experimental ratio
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Figure 2.4: Instantaneous behavior of Sg ;(t)

of the expected stopping times of the CZSPRT and M(e) is very close to the ratio of the (approximate)
theoretical lower bound of expected stopping time of the CZSPRT and M(e), which shows that the lower
bound derived in Theorem 2.5.8 is reasonable. Figure 2.4 is an example of a single run of the algorithm
which shows the instantaneous behavior of the distributed test statistic Sg;(¢) for N = 300, where we have

plotted three randomly chosen agents i.e. ¢ =1, ¢ = 10 and ¢ = 50.

2.9 Summary of Contributions

e Finite Stopping Property: We show that, given any value of probability of false alarm « and prob-
ability of miss 3, the CZSPRT algorithm can be designed such that each agent achieves the specified
error performance metrics and the test procedure terminates in finite time almost surely (a.s.) at each
agent. We derive closed form expressions for the local threshold parameters at the agents as functions
of a and 8 which ensures that the CZSPRT achieves the above property.

e Asymptotic Characterization: In the asymptotics of vanishing error metrics (i.e., as o, 5 — 0),
we quantify the ratio of the expected stopping time Ty ;(a, 5) for reaching a decision at an agent i
through the CZSPRT algorithm and the expected stopping time T.(«, 8) for reaching a decision by
the optimal centralized (SPRT) procedure, i.e., the quantity W, which in turn is a metric of

efficiency of the proposed algorithm as a function of the network connectivity.

2.10 Conclusion and Future Directions

In this chapter we have considered sequential detection of Gaussian binary hypothesis observed by a sparsely
interconnected network of agents. The CZSPRT algorithm we proposed combines two terms : a consensus
term that updates at each sensor its test statistic with the test statistics provided by agents in its one-
hop neighborhood and an innovation term that updates the current agent test statistic with the new local
sensed information. We have shown that the CZSPRT can be designed to achieve a.s. finite stopping at
each network agent with guaranteed error performance. We have provided explicit characterization of its
expected stopping time as a function of the network connectivity. The performance of the CZSPRT was
further benchmarked w.r.t. the optimal centralized sequential detector, the SPRT. An interesting future
direction would be to consider networks with random time-varying topology. We also intend to develop

extensions of the CZSPRT for setups with correlated and non-linear non-Gaussian observation models.



Chapter 3

Distributed Composite Hypothesis Testing

3.1 Introduction

The focus of this chapter is on distributed composite hypothesis testing in multi-agent networks in which the
goal is not only to estimate the state (possibly high dimensional) of the environment but also detect as to
which hypothesis is in force based on the sensed information across all the agents at all times. To be specific,
we are interested in the design of recursive detection algorithms to decide between a simple null hypothesis
and a composite alternative parameterized by a continuous vector parameter, which exploit available sensing
resources to the maximum and obtain reasonable detection performance, i.e., have asymptotically (in the
large sample limit) decaying probabilities of errors. Technically speaking, we are interested in the study
of algorithms which can process sensed information as and when they are sensed and not wait till the end
until all the sensed data has been collected. To be specific, the sensed data refers to the observations made
across all the agents at all times. The problem of composite hypothesis testing is relevant to many practical
applications, including cooperative spectrum sensing Zarrin and Lim (2009); Font-Segura and Wang (2010);
Zou et al. (2010) and MIMO radars Tajer et al. (2010), where the onus is also on achieving reasonable de-
tection performance by utilizing as fewer resources as possible, which includes data samples, communication
and sensing energy. In classical composite hypothesis testing procedures such as the Generalized Likelihood
Ratio Test (GLRT) Zeitouni et al. (1992), the detection procedure which uses the underlying parameter
estimate based on all the collected samples as a plug-in estimate may not be initiated until a reasonably
accurate parameter estimate, typically the maximum likelihood estimate of the underlying parameter (state)
is obtained. Usually in setups which employ the classical (centralized) generalized likelihood ratio tests, the
data collection phase precedes the parameter estimation and detection statistic update phase which makes
the procedure essentially an offline batch procedure. By offline batch procedures, we mean algorithms where
the sensing phase precedes any kind of information processing and the entire data is processed in batches.!
The motivation behind studying recursive online detection algorithms in contrast to offline batch processing
based detection algorithms is that in most multi-agent networked scenarios, which are typically energy con-
strained, the priority is to obtain reasonable inference performance by expending fewer amount of resources.
Moreover, in centralized scenarios, where the communication graph is all-to-all, the implementation suffers

from high communication overheads, synchronization issues and high energy requirements. Motivated by

1We emphasize that, by offline, we strictly refer to the classical implementation of the GLRT. Recursive variants of GLRT
type approaches have been developed for a variety of testing problems including sequential composite hypothesis testing and
change detection (see, for example, Siegmund and Venkatraman (1995); Willsky and Jones (1976); Chang and Dunn (1979)),
although in centralized processing scenarios.

30
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requirements such as the latter, we propose distributed recursive composite hypothesis testing algorithms,
where the inter-agent collaboration is restricted to a pre-assigned, possibly sparse communication graph and
the detection and estimation schemes run in a parallel fashion with a view to reduce energy and resource
consumption while achieving reasonable detection performance.

In the domain of hypothesis testing, when one of the hypotheses is composite, i.e., the hypothesis is pa-
rameterized by a continuous vector parameter and the underlying parameter is unknown apriori, one of
the most well-known algorithms is the Generalized Likelihood Ratio Testing (GLRT). The GLRT has an
estimation procedure built into it, where the underlying parameter estimate is used as a plug-in estimate for
the decision statistic. In a centralized setting or in a scenario where the inter-agent communication graph is
all-to-all, the fusion center has access to all the sensed information and the parameter estimates across all the
agents at all times. The procedure of obtaining the underlying parameter estimate, which in turn employs
a maximization, achieves reasonable performance in general, but has a huge communication overhead which
makes it infeasible to be implemented in practice, especially in networked environments. In contrast to the
fully centralized setup, we focus on a fully distributed setup where the communication between the agents is
restricted to a pre-assigned possibly sparse communication graph. In this chapter, we propose two algorithms
namely, consensus + innovations GLRT Non-Linear (CZGLRT — N L) and consensus + innovations GLRT
Linear (CZGLRT — L), which are of the consensus + innovations form and are based on fully distributed
setups. We specifically focus on a setting in which the agents obtain conditionally Gaussian and independent
and identically distributed observations and update their parameter estimates and decision statistics by si-
multaneous assimilation of the information obtained from the neighboring agents (consensus) and the latest
locally sensed information (innovation). Also similar, to the classical GLRT, both of our algorithms in-
volve a parameter estimation scheme and a detection algorithm. This justifies the names CZGLRT — L and
CIGLRT — NL which are distributed GLRT type algorithms of the consensus + innovations form. In this
chapter, so as to replicate typical practical sensing environments accurately, we model the underlying vector
parameter as a static parameter, whose dimension is M (possibly large) and every agent’s observations, say
for agent n, is M,, dimensional, where M,, << M, thus rendering the parameter locally unobservable at each
agent. We show that, under a minimal global observability condition imposed on the collective observation
model and connectedness of the communication graph, the parameter estimate sequences are consistent and

the detection schemes achieve asymptotically decaying probabilities of errors in the large sample limit.

3.2 Related Work

Existing work in the literature on distributed detectors can be broadly classified into three classes. The first
class includes architectures which are characterized by presence of a fusion center and all the agents transmit
their decision or local measurements or test statistics or its quantized version to the fusion center (see, for
example Blum et al. (1997); Tsitsiklis et al. (1993)) and subsequently the estimation and detection schemes
are conducted by the fusion center. The second class consists of consensus schemes (see, for example
Kar and Moura (2007); Olfati-Saber et al. (2006)) with no fusion center and in which in the first phase
the agents collect information over a long period of time from the environment followed by the second
phase, in which agents exchange information (through consensus or gossip type procedures Kar and Moura
(2007); Olfati-Saber et al. (2007); Jadbabaie et al. (2003)) in their respective neighborhoods which are
in turn specified by a pre-assigned communication graph or a sequence of possibly sparse time-varying
communication graphs satisfying appropriate connectivity conditions. The third class consists of schemes

which perform simultaneous assimilation of information obtained from sensing and communication (see,
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for example Bajovic et al. (2011); Kar et al. (2011); Cattivelli and Sayed (2011b)). Distributed detection
algorithms from the third class of detectors described above, can be further sub-categorized to three classes,
namely the running consensus approach Braca et al. (2008, 2010), the diffusion approach Cattivelli and Sayed
(2009a,b, 2011b); Zou et al. (2010) and the consensus+innovations approach Bajovic et al. (2011); Jakovetic
et al. (2012); Kar et al. (2011). These works address important questions pertaining to binary simple
hypothesis and also characterize the fundamental limits of the detection scheme through large deviations
analysis. Other relevant recent work include Lalitha et al. (2014, 2015); Nedié¢ et al. (2014). However, as
compared to the aforementioned works, the objective of the detection scheme in this chapter is to decide
between a simple null hypothesis and a composite alternative which is parameterized by a vector parameter
which can take values in a continuous space. In the context of distributed composite hypothesis testing, the
proposed algorithm involves a recursive parameter estimation update and a decision statistic update running
in parallel. The proposed algorithms, CZGLRT — N L and CZGLRT — L involve parameter estimate updates
in a non-linear observation model and a linear observation model setting respectively. It is to be noted that
in the context of centralized detection literature, the weak convergence of the decision statistics under the
null and the alternate hypothesis (see, Wilks (1938) for example) is usually not enough to establish the decay
rates of the probability of errors. To be specific, in this chapter we extend Wilks’ theorem to the distributed
recursive setup and characterize the asymptotic normality of the decision statistic sequence. However, the
statistical dependencies exhibited in the decision static update due to the parameter estimation scheme and
the decision statistic update running in a parallel fashion warrants the development of technical machinery so
as to address concentration of measure for sums of non i.i.d random variables which in turn helps characterize

the decay exponent of the probability of errors which we develop in this chapter.

3.3 Problem Formulation

3.3.1 System Model and Preliminaries

There are N agents deployed in the network. Every agent n at time index ¢ makes a noisy observation
yn(t). The observation y,(t) is a M,-dimensional vector, a noisy nonlinear function of #* which is a M-
dimensional parameter, i.e., * € RM. The observation y,(t) comes from a probability distribution Py
under the hypothesis Hg, whereas, under the composite alternative H;, the observation is sampled from
a probability distribution which is a member of a parametric family {Py-}. We emphasize here that the

parameter #* is deterministic but unknown. Formally,

Hi s yn(t) =hn(0%) +yn(t)
Ho : yn(t) = ya(t), (3.1)

where h,,(.) is, in general, non-linear function, {y,(¢)} is a R™»-valued observation sequence for the n-th
agent, where typically M,, << M and {v,(t)} is a zero-mean temporally i.i.d Gaussian noise sequence at the
n-th agent with nonsingular covariance matrix X,,, where 3,, € RM»*Mn» \oreover, the noise sequences at
two agents n,l with n # [ are independent.

By taking h,(0) = 0, Vn and certain other identifiability and regularity conditions outlined below, in the
above formulation the null hypothesis corresponds to * = 0 and the composite alternative to the case
0* £ 0.

Since, the sources of randomness in our formulation are the observations y,,(t)’s made by the agents in the
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network, we define the natural filtration {F;} generated by the random observations, i.e.,

Fe =0 ({{yn(s)In1}iz0) - (3.2)

which is the sequence of o-algebras induced by the observation processes, in order to model the overall
available network information at all times. Finally, a stochastic process {x(t)} is said to be {F;}-adapted if
the o-algebra o (x(t)) is a subset of F; at each t.

3.3.2 Preliminaries : Generalized Likelihood Ratio Tests

Consider, for instance, a generalized target detection problem in which the absence of target is modeled by a
simple hypothesis H, whereas, its presence corresponds to a composite alternative Hy, as it is parametrized
by a continuous vector parameter (perhaps modeling its location and other attributes) which is unknown
apriori. Let y(t) denote the collection of the data from the agents, i.e., y(t) = [y{ (¢)- - y]T,(t)]T, at time
t, which is ZT]:[:I M,, dimensional. Specifically, the GLRT decision procedure decides on the hypothesis® as

follows:

: T fo(y(t))
24— Hi, if maxg), ,log O (3.3)

Ho, otherwise,

where 7 is a predefined threshold, T denotes the number of sensed observations and assuming that the
data from the agents are conditionally independent fa(y(t)) = fa(y1(t)) -+ fY (yn(t)) denotes the like-
lihood of observing y(¢) under H; and realization 6 of the parameter and f}'(y,(t)) denotes the like-
lihood of observing y,(t) at the n-th agent under #; and realization 6 of the parameter ; similarly,
foly(®) = fa(y1(#)) - f&¥ (yn(t)) denotes the likelihood of observing y(¢) under Ho and f&¥ (yn(t)) denotes
the likelihood of observing y, (t) at the n-th agent under Hy. The key bottleneck in the implementation of

the classical GLRT as formulated in (3.3) is the maximization

T T N
max (0] M:max o) M
P2 ()~ 2 25 iy (34)

which involves the computation of the generalized log-likelihood ratio, i.e., the decision statistic. In general,
a maximizer of (3.4) is not known beforehand as it depends on the entire sensed data collected across all the
agents at all times, and hence as far as communication complexity in the GLRT implementation is concerned,
the maximization step incurs the major overhead — in fact, a direct implementation of the maximization

(3.4) requires access to the entire raw data y(t) at all times ¢ at the fusion center.

3.4 Distributed Generalized Likelihood Ratio Testing

To mitigate the communication overhead, we present distributed message passing schemes in which agents,
instead of forwarding raw data to a fusion center, participate in a collaborative iterative process to obtain a
maximizing 6. The agents also maintain a copy of their local decision statistic, where the decision statistic is
updated by assimilating local decision statistics from the neighborhood and the latest sensed information. In

order to obtain reasonable decision performance with such localized communication, we propose a distributed

21t is important to note that the considered setup does not admit uniquely most powerful tests Scharf (1991).
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detector of the consensus 4+ innovations type. To this end, we propose two algorithms, namely

1) CZGLRT — N L, which is a general algorithm based on a non-linear observation model with additive
Gaussian noise. We specifically show that the decision errors go to zero asymptotically as time ¢ — co or
equivalently, in the large sample limit, if the thresholds are chosen appropriately, and

2) CZIGLRT — L, where we specifically consider a linear observation model. In the case of CZGLRT — L,
we not only show that the probabilities of errors go to zero asymptotically, but also, we characterize the
large deviations exponent upper bounds for the probabilities of errors arising from the decision scheme under
minimal assumptions of global observability and connectedness of the communication graph.

The algorithms CZGLRT — NL and CIGLRT — L are motivated from the bottlenecks that one would
encounter from centralized batch processing. To be specific, if a hypothetical fusion center which had access
to all the agents’ observations at all times were to conduct the parameter estimation in a recursive way, it

would do so in the following way:
Oc(t+1) =6.(¢)

N
+ oy Z Vh,, (0.(1)) 2;1 (¥n(t) — by (0:(2))),

Global Innovation

where {0.(t)} represents the centralized estimate sequence. Similarly, the centralized decision statistic update

can be represented as follows:

1 o~ fo. (1)
12 )

n=1
Global Innovation

t

where {z.(t)} represents the centralized decision statistic sequence. It is to be noted that the centralized
scheme may not be implementable in our distributed multi-agent setting with sparse inter-agent interaction
primarily due to the fact that the desired global innovation computation requires instantaneous access to the
entire set of network sensed data at all times at a central computing resource. If in the case of a distributed
setup, an agent n in the network were to replicate the centralized update by replacing the global innovation
in accordance with its local innovation, the updates for the parameter estimate and the decision statistic

would be as follows:

0, (t +1) = 0,(t) + ,Vh, <§n(t)) - (yn(t) —h, (§n(t))),

Local Innovation

where {é\n(t)} represents the estimate sequence at agent n. Similarly, the decision statistic update at agent

n would have been:

- B t 1 fo?n(t)(yn(t))
Zn(t+1) = g 2n(t) + ;7 log folyn(t))

t+1
Local Innovation

where {Z,(t)} represents the decision statistic sequence at agent n. The above correspond to purely de-

centralized local processing with no inter-agent collaboration whatsoever. However, note that in absence of



CHAPTER 3. DISTRIBUTED COMPOSITE HYPOTHESIS TESTING 35

local observability both the parameter estimates and decision statistics would be erroneous and sub-optimal.
Hence, as a surrogate to the global innovation in the centralized recursions, the local estimators compute a
local innovation based on the locally sensed data as an agent has access to the information in its neighbor-
hood. However, they intend to compensate for the resulting information loss by incorporating an agreement
or consensus potential into their updates in which the individual estimators.

We, first present the algorithm CZGLRT — N L.

3.5 Non-linear Observation Models : Algorithm CZGLRT — NL

We start by making some identifiability assumptions on our sensing model before stating the algorithm.

Assumption 3.5.1. The sensing model is globally observable, i.e., any two distinct values of 0 and 0* in

the parameter space RM satisfy

N
> hn(0) = ha(09)* =0 (3.5)

if and only if 0 = 6*.

We propose a distributed detector of the consensus+innovations form for the scenario outlined in (3.1).
Before discussing the details of our algorithm, we state an assumption on the inter-agent communication

graph.

Assumption 3.5.2. The inter-agent communication graph is connected, i.e., Ao(L) > 0, where L denotes

the associated graph Laplacian matriz.

We now present the distributed CZGLRT — N'L algorithm. The sequential decision procedure consists of
three interacting recursive processes operating in parallel, namely, a parameter estimate update process, a
decision statistic update process, and a detection decision formation rule, as described below. We state an

assumption on the sensing functions before stating the algorithm.

Assumption 3.5.3. For each agent n, Y0 # 01, the sensing functions h,, are continuously differentiable on

RM and Lipschitz continuous with constants k, > 0, i.e.,
[y (6) — by, (61)]| < kn |16 — 64]]- (3.6)

Parameter Estimate Update. The algorithm CZIGLRT — NL generates a sequence {6, (t)} € RM of

estimates of the parameter 8* at the n-th agent according to the distributed recursive scheme

On(t+1) = 0n(t) — B Y (On(t) — 0:(1))

1€Qy

neighborhood consensus

+a:Vhy (0,() B, (ya(t) = ha (0a(1))), (3.7)

local innovation

where 2, denotes the communication neighborhood of agent n and Vh,, (.) denotes the gradient of h,,
Olhn (6 ()],

which is a matrix of dimension M x M,,, with the (4, j)-th entry given by o
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The update in (3.7) can be written in a compact manner as follows:

0(t+1) = 0(t) — B (L@ L) 0(2)
+a:GO())E (y(t) —h(0(1))) (3.8)

where 0(t) = [07()---05(1)] ", h(6(t)) = [b] (61(1))---hL(On(t)] ", B! = diag[2]", -+, 2] and

G (0(t)) = diag[Vhy (01(2)),-- -, Vhy (On(2))].

Assumption 3.5.4. There exists a constant ¢y > 0 for each pair of 0 and 6 with 6 #* 6 such that the

following aggregate strict monotonicity condition holds

o AT ) 12
3 (9 - 9) (Vh, (0)) ;! (hn 0) -, (9)) > ¢ ’9 - 9H . (3.9)
n=1

For example, in assumption 3.5.4, if h,(.)’s are linear, i.e., h,(0*) = H,0*, where H, € RM»*M the

monotonicity condition is trivially satisfied by the positive definiteness of the matrix Zﬁle H S 'H,.

We make the following assumption on the weight sequences {a;} and {5;}:
Assumption 3.5.5. The weight sequences {coy }i1>0 and {B}i>0 are given by

a b
t+1) b= t+1)

(3.10)

oy =

where ac; > 1 with ¢ is as defined in Assumption 3.5./.

where 0 < 7 < 1/2,b > 0.
Decision Statistic Update. The algorithm CZGLRT — L generates a scalar-valued decision statistic

sequence {z,(t)} at the n-th agent according to the distributed recursive scheme

et 1) = —— | 200 =8 3 (zalt) — 2(1)

t+1 1€Q,

neighborhood consensus
L og fon0 ()
0g )
t+1 folyn (1))

local innovation

_|_

(3.11)

where fp(.) and fo(.) represent the likelihoods under H; and Hg respectively,

5e (0, AN2(L)) . (3.12)

m for subsequent analysis.

However, we specifically choose § =

Decision Rule. The following decision rule is adopted at all times ¢ at all agents n :

o (t) = = (3.13)
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where H,,(t) denotes the local selection (decision) at agent n at time ¢. Under the aegis of such a decision

rule, the associated probability of errors are as follows:

Paro-(t) = P1o+ (2n(t) < 1)
Pra(t) = Po (2n(t) > 1), (3.14)

where Pps ¢+ and Prg refer to probability of miss and probability of false alarm respectively. We refer to
the parameter estimate update, the decision statistic update and the decision rule in (3.8), (3.11) and (3.13)
respectively, as the CZGLRT — N L algorithm.

3.6 Linear Observation Models : Algorithm CZGLRT — L

In this section, we develop the algorithm CZGLRT — L for linear observation models which lets us specifically
characterize the large deviations exponent upper bounds for probability of miss and probability of false alarm.
There are N agents deployed in the network. Every agent n at time index ¢ makes a noisy observation y,, (¢),
a noisy function of #* which is a M-dimensional parameter. Formally the observation model for the n-th

agent is given by,
yu(t) = H,0" + v, (t), (3.15)

where {y,,(t)} € RM» is the observation sequence for the n-th agent and {7, (¢)} is a zero mean temporally
i.i.d Gaussian noise sequence at the n-th agent with nonsingular covariance X,,, where 3,, € RMnxMn_ The
noise processes are independent across different agents. If M is large, in practical applications each agent’s
observations may only correspond to a subset of the components of 8%, with M,, << M, which basically
renders the parameter of interest 8* locally unobservable at each agent. Under local unobservability, in iso-
lation, an agent cannot estimate the entire parameter. However under appropriate observability conditions,
it may be possible for each agent to get a consistent estimate of 8*. Moreover, depending on as to which

hypothesis is in force, the observation model is formalized as follows:

Hi:yn(t) = H, 0" + v,(t)
7‘[0 . yn(t) = ’yn(t). (316)
We formalize the assumptions on the inter-agent communication graph and global observability.

Assumption 3.6.1. We require the following global observability condition. The matriz G
N
G=> H!%,'H, (3.17)
n=1

is full rank.

Remark 3.6.1. It is to be noted that Assumption 3.5.1 reduces to Assumption 5.6.1 for linear models, i.e.,
by taking h,, (0*) = H,,6*.

Algorithm CZGLRT — L
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The algorithm CZGLRT — L consists of three parts, namely, parameter estimate update, decision statistic
update and the decision rule.
Parameter Estimate Update. The algorithm CZGLRT — L generates a sequence {6,,(t)} € RM which

are estimates of 8* at the n-th agent according to the following recursive scheme

On(t+1) =0n(t) — Bt Z (On(t) — 0u(2))

e,

neighborhood consensus
o, (yn(1))
fO (Yn (t)) ’

local innovation

+ a;Vylog (3.18)

where 2,, denotes the communication neighborhood of agent n, V (.) denotes the gradient and {8;} and

{a:} are consensus and innovation weight sequences respectively (to be specified shortly) and

log W = 971 (t)THIE;Iyn(t)
 Oa(t)TH,) 22:;1Hn0n(t)_ (3.19)

It is to be noted that the parameter estimation update of the CZGLRT — L algorithm is a special case of
the CZGLRT — N L algorithm with h,(0*) = H,,6*.

The update in (3.18) can be written in a compact manner as follows:

0(t+1) = 0(t) — B(L © L )0(1)

+a,GrE~" (y(t) — G40(t)), (3.20)
where 0(t) = [0] (t) 05 (t)--- 04 (t)]", Gg = diag[H{ , H3,--- JH{], y(t) = [y] (t) y3 (1)~ yA(8)]" and
Y =diag %y, , 2N].

We make the following assumptions on the weight sequences {a;} and {3;}.
Assumption 3.6.2. The weight sequences {a} and {B:} are of the form
a a
_ _ , 3.21
%= Gy T are (3:21)

where a > 1 and 0 < 6o < 1.

Decision Statistic Update. The algorithm CZGLRT — L generates a decision statistic sequence {z,(t)}

at the n-th agent according to the distributed recursive scheme

Zolkt —k+1) =0, (k(t—1))TH =1

o Hnen(k(t — 1)))

(sn(k:(t ~1) . (3.22)

where s, (k(t —1)) = foofl) k(fjg)ﬂ, i.e., the time averaged sum of local observations at agent n, and the

underlying parameter estimate used in the test statistic is the estimate at time k(¢ — 1). In other words, at

every time instant k(t—1)41 (times which are one modulo k), where k is a pre-determined positive integer (k
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to be specified shortly), an agent n, incorporates its local observations made in the past k time instants, in
the above mentioned manner in (3.22). It is to be noted that, independent of the decision statistic update,
sn(k(t — 1)) is updated as and when a new observation is made at agent n. After incorporating the local
observations, every agent n undergoes k£ — 1 rounds of consensus, which can be expressed in a compact form

as follows:

a(kt) = WE LGy (k(t — 1))t
x (s(kz(t —1)) - GW) , (3.23)

where z(t) = [z1(t) - - 2n (£)], Go(t) = diag [0] (H)H{ , 05 t)H] - 05 (¢)HL] and s(t) = [s{ () sy (t) - sz(t)]T,
where W is a N x N weight matrix, where we assign w;; = 0, if (¢,j) ¢ E. The sequence {Z,(t)} is an
auxiliary sequence and the decision statistic sequence {z,(t)} is generated from the auxiliary sequence in

the following way:
zn(kt) = 2, (kt), Vt, (3.24)

where as in the interval [k(t — 1), kt — 1], the value of the decision statistic stays constant corresponding to
its value at z,(kt — k), Vt.

Remark 3.6.2. The CZGLRT — NL algorithm is for general non-linear observations with a very intuitive
decision statistic update which seeks to track the time average of the log-likelihood ratios over time. The
CIGLRT — NL algorithm can be extended to general linear models but the linear model version of the
CIGLRT — NL algorithm is different from the CZIGLRT — L. In particular, the results of this chapter
are inconclusive as to whether the linear model version of CLGLRT — N L algorithm is able to achieve
exponential decay in terms of the probability of miss or mot. This is why we introduce the CLZGLRT — L
algorithm for the specific linear case for which we are able to establish exponential decays for both the
probabilities of miss and false alarm. The algorithms are different. Intuitively speaking, the performance
of the CZGLRT — NL algorithm in terms of decay of the probability of miss is affected as there is no
mechanism in the decision statistic update so as to get rid of the initial bad parameter estimates, which
are weighed equally as the later more accurate parameter estimates. The decision statistics update for the
CIGLRT — L algorithm however ensures that at any time after kt, the previous parameter estimates i.e.,
0(ks),s =1,--- ,t — 1 do not contribute to the decision statistic. Due to the nature of the decision statistic
update, for the CLGLRT — L it can be shown that t||0(t) — 0% > = %’yg,wg!t, where

var=0E0) 6@ - & E -1,

where va(t) = GgX~y(t) and Py is a block matriz of dimension NMt x NMt, whose (i,j)-th block

1,7 =0,---,t—1 is given as follows:

t—2—

[P, = iy H Alt—1—u) 1:[ A(v),

u=0 v=7+1

where A(t) = Iny — B (L@ 1y) — ayGrE~ G The matriz t |Py|| can be shown to be bounded. For the
CIGLRT — NL though, instead of t ||0(t) — 9}‘\,”2, we have to deal with 3" _, ||0(s) — 9}‘\,”2 which in turn does
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not stay bounded ast — oco. To sum it up, CLGLRT — L is indeed a different algorithm from CZGLRT — NL
with a carefully designed decision statistic update so as to be able to characterize the exponential decay of

both the probabilities of error.
Now we state some design assumptions on the weight matrix W.

Assumption 3.6.3. The entries in the weight matric W are designed in such a way that W is non-negative,

symmetric, irreducible and stochastic, i.e., each row of W sums to one.

We remark that, if Assumption 3.6.3 is satisfied, then the second largest eigenvalue in magnitude of W,
denoted by r, turns out to be strictly less than one, see for example Dimakis et al. (2010). Note that, by
the stochasticity of W, the quantity r satisfies

where J = +1x1].

A intuitive way to design W is to assign equal combination weights, in which case we have,
W =1y — 0L, (3.26)

where § € (O7 %(L)) For subsequent analysis, we specifically choose § = m

Decision Rule. The following decision rule is adopted at all times ¢ :

,Hn(t) _ Ho Zn(t) <n (327)

7‘[1 Zn (t) >,
where H,,(¢) is the local decision at time ¢ at agent n.

Remark 3.6.3. For both the proposed algorithms the agents reach asymptotic agreement or consensus in
terms of the parameter estimate and the decision statistic. The decisions in the initial few time steps might
be different. But, with subsequent cooperation among the agents, each agent gets to the same local decision
eventually with probability one. Hence, the overall decision then is the decision of any local agent. It is to
be noted that, to reach decision consensus the agents need to reach consensus on the indicator function with
respect to the threshold. However, the indicator function I, (1)>yy is discontinuous at the threshold. But,
from Theorems 4.2 and 4.3, we have that the decision statistics not only reach consensus but converge to
W in expectation under Hy and 0 under Hy and hence the threshold is chosen in such a way
that the decision statistics of different agents reach consensus to a value strictly different from the threshold
s0 that the indicator function I, ()>y) is continuous at the limiting consensus value. This ensures in turn

that the binary decisions at the agents also reach consensus.

Under the aegis of such a decision rule, the associated probability of errors are as follows:

Paro+(t) = P1o+ (2n(t) < 1)
Pra(t) =Po (zn(t) > 1), (3.28)

where Py 9« and Pry4 refer to probability of miss and probability of false alarm respectively.
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Remark 3.6.4. Note that, the decision statistic update requires the agents to store a copy of the running
time-average of their observations. The additional memory requirement to store the running average stays
constant, as the average s, (t), say for agent n, can be updated recursively. It is to be noted that the decision
statistic update in (3.23) has time-delayed parameter estimates and observations, i.e., delayed in the sense,
in the ideal case the decision statistic update at a particular time instant, say t, would be using the parameter
estimate at time t, but owing to the k rounds of consensus, the algorithm uses parameter estimates which
are delayed by k time steps. Whenever, the k rounds of consensus are done with, the algorithm incorporates
its latest estimates and observations into decision statistics at respective agents. After the k rounds of
consensus, it is ensured that with inter-agent collaboration, the decision statistic at each agent attains more
accuracy. Hence, there is an inherent trade-off between the performance (number of rounds of consensus)
and the time delay. If the number of rounds of consensus is increased, the algorithm attains better detection
performance asymptotically (the error probabilities have larger exponents), but at the same time the time lag
in incorporating the latest sensed information into the decision statistic increases affecting possibly transient

characteristics and vice-versa.

We make an assumption on k which concerns with the number of rounds of consensus in the decision statistic

update of CZGLRT — L.

Assumption 3.6.4. Recallr as defined in (3.25). The number of rounds k of consensus between two updates

of agent decision statistics satisfies

(3.29)

k>14 TmogNJ .

2logr
We make an assumption on a, which is in turn defined in (3.21).

Assumption 3.6.5. Recall a as defined in Assumption 3.6.2. We assume that a satisfies
a>—+2, (3.30)

where ¢;? is defined as

c1 = min x" (Loly+GyE 'Gy)x

= Anin (L Iy + Gy 'Gfy). (3.31)

3.7 Consistency and Exponential Decay of Errors

In this section, we provide the main results concerning the algorithms CZGLRT — NL and CIGLRT — L.
The proofs are relegated to Appendix C.

Theorem 3.7.1. Consider the CLGLRT — N L algorithm under Assumptions 3.5.1-3.5.5 with the additional
that aci > 1 with ¢1 as defined in Assumption 3.5.4, and the sequence {6(t)}+>0 generated according to (3.8).
We then have

Py- (tlggo(t F 1) 0a(t) — 07| =0,V1 <1 < N) =1, (3.32)

3We will later show that c; is strictly greater than zero.
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for all T €10,1/2).

To be specific, the estimate sequence {6, (t)};>0 at agent n is strongly consistent. The next result concerns
with the characterization of thresholds which ensures the probability of miss and probability of false alarm

as defined in (3.14) go to zero asymptotically.

Theorem 3.7.2. Let the hypotheses of Theorem 3.7.1 hold. Consider the decision rule defined in (3.13).
For all 6* which satisfy

h' (0)'h(05) _ (% +VNr) i, My

— ; , (3.33)
we have the following choice of the thresholds
1 N
N+ VNT) Y My hT (6%) S h (6
(3 V) S M T 603 6) s

2 2N ’
for which we have that Ppre«(t) — 0 and Ppa(t) — 0 as ¢ — oo. Specifically, Pra(t) decays to zero

exponentially with the following large deviations exponent upper bound

lim sup % log (Po (2n(t) > 1)) < —LE (min{\*,1}), (3.35)

t—o00
where 03 =1y ® 0%, LE(.) and X\* are given by
" SN g, A%+ VAr)
LE\) = + L log |1-——7="~|,
L+ VN 2 y VN

N
LrVvF (VRS M,
%—k\/ﬁr 2n .

A=

(3.36)

It is to be noted that as the observation parameters, i.e., M, , N and the connectivity of the communication
(F+VNr* ) SN M,
2

graph, i.e., r are known apriori, the threshold can be chosen to be + ¢, where € can be
chosen to be arbitrarily small. The next theorem characterizes the large deviations exponent upper bound
for the probability of miss and probability of false alarm related to the decision statistic sequence {z,(t)}
generated at agent n, by the decision statistic update part of the CZGLRT — L algorithm. We define the

following quantities which will play a crucial role in stating the next theorem: let ¢4 and ¢} be given by

1
Cq4 = ,
_ _ 2ci @ o2 a2

G167 | (S5 T [ — B (L Ta) — 0GB G| S 4 g 4 o)

(3.37)
and
2cia9 — 1 NM

= 170 (3.38)

Oég HGHE—lGEH B 2772
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respectively, where 7 is given by

~2Nn + (67) GO* (1 - NVNT*1)

"o 4HGH24GEH(L+N¢NMFQ ’ (3:39)
and t; defined as
t; = max{to, t3}, (3.40)
where t3 is such that, V¢ > t3,
Amin (L@ Iy + GEE'G) oy < 1, (3.41)
and ty is such that?®, Vt > to,
Bidn (L) + edmax (GHE'Gjy) < 1. (3.42)

Theorem 3.7.3. Let the hypotheses of theorem 3.7.1 hold. Consider, the decision statistic update of the
CIGLRT — L algorithm in (3.22). For all 0*, which satisfy the following condition

)" Go* (1 - NWT’H) (% n JNT’H) SN M,

IN ” 2
Mod |[GuE G| (1+ NVNT*)
3.43
+ 2010&0 -1 ’ ( )
we have the following range of feasible thresholds,
(%+wwvgziﬂﬁ wfem@_Nﬂwvg
2 S 2N
Ma3 |Gr=T G| (14 NV
- , (3.44)
201&0 -1

for which we have the following large deviations upper bound characterization for the probability of false

alarm Pra:

lim su 110 (Po (2n(t) >n)) <"

N WY A

N
My,
_ Zn:21 1 + lOg - 277 ~
(W + \/Nrkil) Zn:l Mn

= LDo(n), (3.45)

and the following large deviations upper bound characterization for the probability of miss Pyy:

. 1
lim sup 7 log (P1,6+ (2n(t) < 1))

t—o00

4Tt is to be noted that such to and t3 exist as at, Bt — 0 as t — oo.
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<_n + (9*)TG9*(11V_\/N70;€1))2
! 8

< max { — N
250, (7)Y S 0 (o V)
—LD (min{ey, cj})} = LDy (n), (3.46)
where,
NM )\a%HGHE_lG};H
(A = A2 + 5 og ( S0 — 1 , (3.47)

and cq, cj, N2, t1, to and ts are parameters which are functions of N, r and the sensing model.

The bounds derived for the range of parameter 8* for which exponential decay of error probabilities can
be ensured, for both the distributed CZGLRT — L detector and the centralized detector are conservative
and hence might not be tight. With better network connectivity, the upper bounds of the large deviations
exponent of the distributed detector approach the upper bounds of the large deviations exponents of that of
the centralized detector. The range of 8*’s for which the distributed detector ensures exponential decay of
error probabilities becomes bigger with better network connectivity®, i.e., with smaller . For our analysis
of probability of errors and their respective decay rate characterizations, we considered a uniform (i.e.,
agent and time independent) choice of thresholds. As far as the agent dependent thresholds are concerned,
the thresholds for each agent could be functions of an individual agent’s connectivity, thus allowing for
more degrees of freedom in the design. Intuitively, an agent with better connectivity would have a wider
range of thresholds to choose from so as to do a more flexible trade-off between the probability of false
alarm and the probability of miss. Though an individual agent dependent bounding would beTidgal, 1but it
makes the analysis seemingly intractable. For example, while bounding Z;\le On,j(k — l)w7
where ¢, j(k—1) = [Wk’l]mj, we use the same bound for each of ¢, ;j(k — 1) which is in turn given by
¢nj(k —1) > L — V/Nr*=1. In such a setting, tracking the row corresponding to a particular agent in
the weight matrix is seemingly intractable. Having said that, if individual agent dependent thresholds could
have been used, the extent to which an agent can distinguish between different hypotheses would be different
owing to different range of thresholds available to an agent to choose from.

The use of time dependent thresholds however does not seem to affect the zone of indifference. It is to be
noted that the zone of the indifference is characterized in terms of the range of 6*’s under the alternate
hypothesis for which exponential decay of both the probability of errors can be ensured. To be specific, in
the analysis of the probability of the miss the crucial part of the analysis is the bound for the term ¢ ||P||
which is given by

(b +1)** o} ag
P <o B EDT™ agag
|| t” >a t2cia0—1 + t + 2ci09 — 17 =

2cq] 2
If the thresholds are adjusted, so as to take into account the time-decaying terms 03% and %, both
the terms decay to zero as ¢ — oo thereby ensuring that the large deviations exponent upper bound stays

the same. However, it is to be noted that at any finite time, time dependent thresholds would give tighter

S5Intuitively, r indicates how well a network is connected. For e.g. if a network is fully connected, i.e., has an all-to-all
connected communication graph and hence W = J, » = 0. In the absence of communication, W =TI and » = 1. Hence, a lower
value of r indicates better connectivity of the graph.
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probability of error bounds, thus improving transients of the approach.

The assumption regarding the inter-agent communication network which is instrumental in obtaining the
results of this chapter is the connectivity of the graph i.e., there exists a path between every two nodes. As
long as the graph is connected, the results continue to hold. For example, for a network with N agents,
there needs to be at least N — 1 links for the graph to be connected, which is very sparsely connected as
out of the possible N(IN — 1)/2 possible links only N — 1 links are present. Hence, the algorithms apply
to very sparse (but connected) networks. However, it is important to note that the large deviations upper
bounds might get worse with increasing sparsity of the inter-agent communication graph. The sparsity of
the inter-agent communication graph is in turn reflected by the quantity® r = ||[W — J||, where W and J
represent the weight matrices associated with the inter-agent communication graph under consideration and
a completely connected graph respectively. When r = 0 it basically points to the case that W = J, i.e.,
the network under consideration is completely connected. The other extreme case r = 1 is the case when
W =1, i.e., when there are no links in the network. To sum it up, small values of 1 —r reflect the sparseness
of the network under consideration.

Furthermore, note that with increasing k, i.e., the time lag or equivalently the number of rounds of consensus
between incorporating latest estimates (see (3.23)), the range of parameter 6* for which exponential decay of
error probabilities can be ensured increases, the large deviations upper bounds for the probabilities of miss
and false alarm also increase. However, k cannot be made arbitrarily large just based on improvement of
the large deviations upper bounds, as large deviations analysis is essentially an asymptotic characterization
and at the same time with increase in k the inherent time delay in incorporating new estimates into the
decision statistic also increases, and hence affecting the transient performance of the procedure. Recall from
the decision statistic update in (3.23), that the decision statistic update takes the value z,(kt — k) at all
times ¢ € [kt — k, kt — 1]. Thus, only at time instants which are of the form kt, the decision statistic has
the minimum time-lag k& with respect to the latest information available in the multi-agent network which
also makes the analysis more tractable. Moreover, from the perspective of a faulty agent, low k£ would result
in particularly bad detection performance as the dynamics of an accurate detection procedure at a faulty
agent depends on the information it receives from its neighbors, which shows the necessity of inter-agent
collaboration. In absence of a distributed mechanism characterized by a communication graph, a defective
agent would fail to come up with a reasonable decision at all times, as the local sensed data at a defective
agent is completely non-informative. Finally, no inference procedure is free of the curse of dimensionality.
It is to be noted that with increasing M, i.e., dimension of the underlying parameter 6*, the range of 6* for
which exponential decay of probabilities of errors can be ensured shrinks, the feasible range of thresholds

also shrinks and finally the large deviations exponent upper bound for the probability of miss also decreases.

3.8 CIGLRT: Imperfect Communication

In this section, in addition to the setup for CZGLRT — N L, we consider noisy communication. In particular,
we assume that the inter-agent communication is imperfect, i.e., noisy. To be specific, we assume that an
agent pair (4, j) exchange information over a vector additive zero-mean noise channel. Formally speaking, if

agent i transmits a data vector z € R¥ to agent j, the information received at agent j is given by

Z=12 + ’(/Ji,ja (348)

61t is to be noted that as long as the graph is connected, r < 1.
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where the noise vector 1); ; is Gaussian with zero mean and has finite variance 3;;. Furthermore, we assume
the transmission channel noises are independent over transmissions and across the graph links.
Parameter Estimate Update. The algorithm generates the sequence {6, (t)} € RM at the n-th agent

according to the following recursive scheme

On(t+1) = 0n(t) —bay Y (On(t) — O1(t) — Yna(t))

ey,

neighborhood consensus
+ o Vhy, (0,(t)) ET_LI (yn(t) — hy, (0,(1)))
local innovation

= 0, (1) = bay Y (0 (t) — 0i(1))

1€y,

+ a;Vhy, (0,(6) 2,1 (ya(t) =y, (00(1))) + bay Z Una(t), (3.49)
1eQy

where 2, denotes the communication neighborhood of agent n, b is a positive constant, ¢, ;(t) is the

communication noise in the link between n and I, Vh,, (.) denotes the gradient of h,,, which is a matrix of

dimension M x M,,, with the (¢, j)-th entry given by w and {a;} is the innovation weight sequence

(to be specified shortly). Note that, in (3.49), each agent | € €, intends to send it’s exact estimate to
agent n, but agent n receives a noisy version of estimates from agents in its neighborhood as the inter-agent

communication is over noisy links. The update in (3.18) can be written in a compact manner as follows:

Ot +1) = 0(t) — bay (L @ Ipr)0(t)
+,G(O(1)Z (y(t) — h(8(1))) + bar ¥ (t), (3.50)

where ()" = [01(t) " -~ On (t )TL h(6(t)) = [hy (6, ) SRl ON®)] L T =@ ()],
G (0(t)) = diag[Vhy (61(t)) .- , Vhy (On(1))], X = diag [y, -+, 3 n] and

(1) = [(Sieo, v100)++ (Sieay owa) ]

We make the following assumption on the weight sequence {ay}.

Assumption 3.8.1. The weight sequence {y} is of the form oy = (t + 1)~ and the positive constant b is
such that b < .
An (L)

3.9 Main Results: CZGLRT Imperfect Communication

We define the following quantities which will be crucial for stating the next theorem : let 37 ; and X7 ; be
given by

3, =VMV]
3o =ViMyV] (3.51)

respectively, where M; and M, are given by

[Mul;; = [V—LFETVLLJ‘ (b[Drl; +0Dr];; +1)7"
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[My);; = [ViZ5VL], (b[DL]; +b[De]; +1)71, (3.52)

ij
respectively, and 37 and 3§ are given by

S =h*(1y 6T 1(h*(1y ®0%))" +°X%,
= =02%,, (3.53)

respectively, whereas Vi, and Dy, represent the matrix of eigenvectors and eigenvalues of L respectively, i.e.,
L=V/D,Vy, (3.54)

and X, denotes the covariance matrix of the channel noise encountered in the test statistic exchange among
agents given by the process {(¢)}.

Theorem 3.9.1. Consider the algorithm under Assumptions 3.5.1-3.5.5, and the sequence {z(t)}. We then

have under Py«

N (z(t) oLt Ay @03 Th(ly @ 9*))

2
2 N (0,25,) (3.55)

Vn, and under Py
VEF1(2(t) = N (0,5,) . Vn, (3.56)

D T
where = denotes convergence in distribution (weak convergence).

Theorem 3.9.1 asserts the asymptotic normality of the test statistic {z,(t)}, Vn. It is to be noted that the

asymptotic mean of z(¢) which is given by (0L + I)‘lh*uN@G*)E{lh(lN@H*)

has all of its entries positive,
as (bL +1I) is a M-matrix (see, Poole and Boullion (1974)) and hence its inverse has all of its entries non-

negative, i.e., [(bL + I)fl] ~>0,Vi,j =1,---,N. The next result concerns with the characterization of
ij
thresholds which ensures the probability of miss and probability of false alarm as defined in (3.28) decay to

zero asymptotically.

Theorem 3.9.2. Let the hypotheses of Theorem 3.9.1 hold. Consider the decision rule defined in (3.13).
For agent n, all 0* which satisfy

L h*(1y ® ") 1h(1y ® 6%) N 25N M,

bL +1 ot 3.57
(VL + 1) : > Rt (357)
we have the following choice of the thresholds
25N M, h*(1y ® 6*)E 'h(1y ® 6*
72";1 < < oL+ AN @6 : Av®6)] (3.58)

n

for which we have that Ppre«(t) — 0 and Ppa(t) — 0 as ¢ — oo. Specifically, Prpa(t) decays to zero
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exponentially with the following large deviations exponent”

1
lim sup n log (P (2n(t) > nn))

t—o0
2
’r)n *
< ——— —LF .
_max{ SEASATR (A )}, (3.59)

where LE(.) and \* are given by

LEQ) = YA | (Zg‘l M”) log (1 — \),

4 2

N
)\* — 2 Zn:l Mn

3.60
Ny, (3.60)

respectively.

It is to be noted that the thresholds across agents can be chosen to be different owing to the unequal
asymptotic mean at different agents and hence the large deviations upper bound across different agents may
be different. We discuss how the above result can be used in practice to identify thresholds that lead to
asymptotic decay of the probabilities of error. It is to be noted that as the observation parameters, i.e.,

2V M
% + ¢, where € can be chosen to be

M,,, N are known apriori, the threshold can be chosen to be
arbitrarily small. Further, from the feasible range of thresholds in (3.34), a range on the 6*s’ can be obtained
in terms of ||h (1x ® 6*)]| such that under #;, as long as the true value 6* of the parameter belongs to this
range, the probability of miss is guaranteed to decay to zero asymptotically. It is important to note in this
context that there exists some weak signals, i.e., signals with low ||h (1y ® 6*)|| (but non-zero), for which
there may not exist a choice of thresholds to ensure asymptotically decaying probability of miss. The signals
for which Theorem 3.9.1 is rendered to be inconclusive in the manner described above, can be categorized

in terms of 6*.

3.10 Simulations

3.10.1 CIGLRT —NL

We generate a random geometric network of 10 agents. The location of agents are generated by sampling the x
coordinates and the y coordinates from a uniform distribution on the interval [0, 1]. We link two vertices by an
edge if the distance between them is less than or equal to g = 0.4. We go on iterating this procedure until we
get a connected graph. The network connectivity expressed in terms of r = ||[W — J|| is given by r = 0.3904.
We consider the underlying parameter to be a 5-dimensional parameter, i.e., M = 5 and 6* = [7/6 —
w/4 /4 —m/5 7/6]. For the nonlinear observation model, we consider trigonometric sensing functions which
are given by, f1(0) = 5sin(f; +02), £2(6) = 5sin(0s +62),f3(0) = 5sin(fs +604),£4(0) = 5sin(04+05),f5(0) =
5sin(6y + 05),f6(0) = 5sin(0; + 03),7(0) = 5sin(b4 + 02),£5(0) = 5sin(fs + 05),f9(8) = 5sin(6, + 04) and
f10(0) = 5sin(6y + 05), where the underlying parameter is 5 dimensional, 8 = [0y, 02, 05, 04, 05]. However,
we restrict the values of @ to the set [—% %]5 € R®. Note that, in spite of restricting the parameter to a
set, the alternate hypothesis is still parameterized by vector parameters from a continuous set. The local

sensing models are unobservable, but collectively they are globally observable since, sin(-) is one-to-one on

"By large deviations exponent, we mean the large deviations upper bound.
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the set [—g, %]5 and the set of linear combinations of the @ components corresponding to the arguments

of the sin(-)’s constitute a full-rank system for 8. The agents make noisy scalar observations where the
observation noise process is Gaussian and the noise covariance is given by R = 2I1¢. It is readily seen that
the sensing model with the restriction that the parameter can take values from the set [—27 %]5 satisfy
Assumptions 3.5.1-3.5.4. We carry out 2000 Monte-Carlo simulations for analyzing the convergence of the
parameter estimate sequences. The estimates are initialized to be 0, i.e., 6,(0) =0 for n = 1,--- ,10. The
normalized error for the n-th agent at time ¢ is given by the quantity |0, (t) — 6*||. Figure 3.1 shows the
estimation error at every agent against the time index ¢. For the analysis of the probability of miss, we

20 Convergence of normalized estimation errors across agents
T T T : T T T

Agent 1
Agent 2
Agent 3
Agent 4
Agent 5
Agent 6
Agent 7
Agent8 |
Agent 9

Agent 10

10

16,,(t) — 6] in dB

0 100 200 300 400 500 600 700 800
Time Index

Figure 3.1: CZGLRT — NL: Convergence of estimation error at each agent

run the algorithm for 2000 sample paths so as to empirically estimate the probability of miss. Figure 3.2
verifies the assertion in Theorem 3.7.2. The threshold is chosen to be equal to 7. It is to be noted that,
from Figure 3.2 the probability of miss starts decaying even before the parameter estimates get reasonably
close to the true underlying parameter, which further indicates the online nature of the proposed algorithm
CIGLRT — NL. The decay of the probability of the miss can be attributed to the fact that, in order to
reach the correct decision, the decision statistics of the agents need to cross the threshold which is achieved

even before the agents’ parameter estimates reach close to the true underlying parameter.

3.10.2 CIGLRT —L

We generate a planar ring network of 10 agents, where every agent has exactly two neighbors. We consider
the underlying parameter to be a 5-dimensional parameter, i.e., M = 5 and 6* = §* = [1 0.9 1.2 1.1 1.5].
The observation matrices for the agents are of the dimension 5 x 1, i.e., M,, = 1, Vn. Specifically the H,,’s
are given by H; =[11000],H, =[01100],H3=[00110],H,=[00011],H;=[10001],Hs =
[10100,H;=[01010],Hs=[00101],Hy=[10010],Hp=1[0100 1]. The noise covariance
matrix X is taken to be 3I19. We emphasize that the above design ensures global observability (in the sense

of Assumption 3.6.1), as the matrix G is invertible, but at the same time the parameter of interest is locally
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Probability of Miss of different agents

1 ypw T
( Agent 1
Agent2 | |
09 Agent 3
‘ Agent 4
0.8 Agent5 | |
' ‘ Agent 6
Agent 7
07 Agent8 | |
Agent 9
@ Agent 10
s 0.6 b
5
Zos5 ‘ 1
=
g \
a
© 04 q
o
0.3 q
0.2 q
0.1 q
0 - - [P L L L L
0 100 200 300 400 500 600 700 800

Time Index

Figure 3.2: CIGLRT — N L: Probability of miss of the agents
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Figure 3.3: CZGLRT — L: Convergence of estimation error at each agent

unobservable at all agents. The network is poorly connected which in turn is reflected by the quantity
r = ||[W — J|| and is given by 0.8404. In particular, for the parameter estimation algorithm, a = 9.1 and
02 = 0.4, where a,dy are as defined in Assumption 3.6.2. The time-lag k is taken to be k = 20. Figure
3.3 shows the convergence of the parameter estimates of the agents to the underlying parameter in different
dimensions which in turn demonstrates the consistency of the parameter estimation scheme.

For the analysis of the probability of miss, we run the algorithm for 2000 sample paths. The threshold is

(F+VNr*1) S50 Mo,
2

chosen as n = -+0.01 = 0.8280. The evolution of the test statistic can be closely seen in
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Figure 3.4: CZGLRT — L: Probability of Miss at each agent
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Figure 3.4 with the probability of miss decaying exponentially and thus verifying the assertion in Theorem
3.7.3. Tt is to be noted that, from Figure 3.4 the probability of miss starts decaying even before the parameter
estimates get reasonably close to the true underlying parameter, which further indicates the online nature
of the proposed algorithm CZGLRT — L. The large deviations exponent across different agents are plotted
in Figure 3.5. The theoretical upper bound in (3.46) is found to be 0.045. The simulation results verify that
the empirically estimated large deviations exponent upper bound for different agents is upper bounded by

the theoretically derived upper bound®

3.11 Summary of Contributions

e Distributed Composite Hypothesis Testing Algorithms: We propose two distributed recursive
composite hypothesis testing algorithms, where the composite alternative concerning the state of the
field is modeled as a vector of (continuous) unknown parameters determining the parametric family
of probability measures induced on the agents’ observation spaces under the hypotheses. Due to the
local unobservability, agents can not conduct hypothesis testing just based on their own samples.
We explicitly characterized a distributed decision making scheme, where agents collaborate in their

neighborhood over a possibly sparse communication graph.

e Recursive Detection Algorithm with decaying probabilities of errors: We show that in spite
of being a recursive algorithm (hence suboptimal”), the proposed algorithm CZGLRT — N L, which
is based on general non-linear observation models, guarantees asymptotically decaying probabilities of
false alarm and miss under minimal conditions of global observability and connectivity of the inter-agent
communication graph. We also characterize the feasible choice of thresholds and other algorithm design
parameters for which such an asymptotic decay of probabilities of errors in the large sample (time)
limit can be guaranteed. Through algorithm CZGLRT — L, we focus on a linear observation setup,
where we not only characterize thresholds and other algorithm parameters which ensure exponentially
decaying probabilities of error, but also analyze the upper bounds of the associated large deviations
exponent of the probabilities of error under global observability as functions of the network and model

parameters.

e Extension of Wilks’ Theorem: In the context of centralized detection literature, the weak con-
vergence of the decision statistics under the null and the alternate hypothesis (see, Wilks (1938) for
example) is usually not enough to establish the decay rates of the probability of errors. To be spe-
cific, in this chapter we extend Wilks’ theorem to the distributed recursive setup and characterize the
asymptotic normality of the decision statistic sequence. However, the statistical dependencies exhib-
ited in the decision static update due to the parameter estimation scheme and the decision statistic
update running in a parallel fashion warrants the development of technical machinery so as to address
concentration of measure for sums of non i.i.d random variables which in turn helps characterize the

decay exponent of the probability of errors.

81t is an upper bound if the quantity of interest is % log (P(.)). It is a lower bound if the quantity of interest is the positive
exponent, i.e., f% log (P(.)).

9The sub-optimality with respect to GLRT is due to inaccurate parameter estimates being incorporated into the decision
statistic in the proposed algorithm in contrast to the optimal parameter estimate incorporated into the decision statistic in
case of the classical GLRT.
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3.12 Conclusion and Future Directions

In this chapter, we have considered the problem of a recursive composite hypothesis testing in a network of
sparsely interconnected agents where the objective is to test a simple null hypothesis against a composite
alternative concerning the state of the field, modeled as a vector of (continuous) unknown parameters deter-
mining the parametric family of probability measures induced on the agents’ observation spaces under the
hypotheses. We have proposed two consensus+innovations type recursive online algorithms, CZGLRT — N L
and CZGLRT — L, in which every agent updates its parameter estimate and decision statistic by simultane-
ous processing of neighborhood information and local newly sensed information and in which the inter-agent
collaboration is restricted to a possibly sparse but connected communication graph. We have established
the consistency of the parameter estimate sequences and characterized the large deviations exponent upper
bounds of the probabilities of errors pertaining to the detection scheme for the algorithms. A natural direc-
tion for future research consists of considering models with non-Gaussian noise. We also intend to develop
extensions of the CZGLRT — N L in which the parameter domain is restricted to constrained domains such

as convex subsets of the Euclidean space or manifolds.



Chapter 4

Communication Efficient Distributed

Detection

4.1 Introduction

In this chapter, we study convergence in probability of products of random, independent, but not identically
distributed stochastic and symmetric matrices W;, where the topologies that underline the matrices have
time-varying distributions. Specifically, we consider the model in which there exists a baseline graph describ-
ing all feasible communication links; nodes randomly activate over time, independently one from another,
such that each node is active with a certain time-dependent probability, and two nodes communicate only
if they are active at the same time. A major motivation for studying the products of stochastic matri-
ces that underlie the described randomized time varying communication protocol is the recent work Sahu
et al. (2018e); therein, it is shown that incorporating the described protocol into consensus+innovations
distributed estimation significantly improves the estimator’s communication efficiency.

In this chapter, our goal is to characterize for the described model of the W,’s the speed at which the
probabilities that the product of the W,’s stays bounded away from its limiting matrix. More precisely, we

are interested in computing
.1
R:_tk?mglogp(“wt"“'wl_J”26)’ (4.1)

for an arbitrary € € (0,1], provided that the limit in (4.1) exists'. Here, N is the number of network nodes,
and the limiting matrix J = 11" /N.While prior work derives rate (4.1) for products of independent, identi-
cally distributed (i.i.d.) matrices, the non-i.i.d. case of independent matrices with time-varying distributions
has not been studied before. Quantity (4.1) is an important metric that has many potential applications in
consensus+innovations-based distributed inference. For example, reference Bajovic et al. (2011) (see also Ba-
jovié et al. (2013)) studies error exponents for Bayes error probability of consensus+innovations distributed
detection under the i.i.d. matrices model. The reference shows that rate R critically determines detection
error exponent.

It is well-known that, if the random (doubly stochastic) matrices W, are i.i.d., then the product Wy-...- Wy
converges almost surely to the consensus matrix J Bajovié et al. (2013), and, since almost sure convergence

implies convergence in probability, we thus have that the probabilities in (4.1) decay to zero. In our previous

1 As we show later, the limit in (4.1) exists and is independent of e.

54
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work Bajovié et al. (2013), we show that this convergence is exponentially fast, and we computed the exact
rate R for the i.i.d. matrices. In this chapter, we consider the time varying randomized activation model
described above for which the weight matrices are no longer identically distributed. We show that the limit
in (4.1) continues to exist, and moreover we compute exactly the limit R. Specifically, we show that R is
given by the minimal vertex cut of the baseline graph, where the nodes’ associated cut costs are defined by
the nodes’ limiting activation probabilities.

We demonstrate the significance of the studied non-i.i.d. matrix model and the derived rate R in the context
of consensus+innovations distributed detection. More precisely, we consider a distributed detector with a
randomized and time-varying sparsified communication protocol, where neighborhood communications are
probabilistically sparsified in a time varying fashion with the goal of reducing the detector’s communication
cost. By utilizing result (4.1), we first show theoretically that the detector with time-varying and sparsified
protocol can be designed to achieve asymptotic optimality at all signal-to-noise ratio (SNR) regimes; this
is achieved when the activation probabilities converge to unity, possibly at a very slow rate, e.g., as 1 —
Q(1/log(t)). In contrast, the previously studied i.i.d.-based detectors achieve asymptotic optimality only if
the SNR exceeds a threshold. Therefore, effectively, we construct a “universally” asymptotically optimal
detector that makes significant communication savings. Intuitively, by slowly increasing the node activation
probabilities, we achieve the “optimality range” of the static protocol, but the rate of increase of probabilities
is crafted carefully to achieve a reduced communication cost. Interestingly, while in Sahu et al. (2018e) it is
possible to decrease the activation probabilities over time and achieve an order optimal O(1/t) estimation
mean square error (MSE) decay, here the probabilities need to increase in time (though possibly very slowly).
The intuition for this difference is that the “baseline process” here — the decay of error probability — is much
faster (it behaves like e7¢%, ¢ > 0 a constant) than the “baseline process” in Sahu et al. (2018e¢) — the rate
of MSE decay, which behaves like 1/t.

Despite being very challenging to prove, rate R has a clear intuitive interpretation. The time instants when
the matrix product gets a step closer to the limiting matrix J are the time instants when the union graph
of the topologies gets connected. It is then easy to see that the event (4.1) is feasible only if the number of
these improvement times is sufficiently small. We show that the event in (4.1) is therefore equivalent to the
event that the number of improvements is sublinear in ¢. The latter effectively corresponds to the scenario
that the activated nodes fail to form a connected graph. The most likely way in which this can happen is
given by the vertex cut with participating nodes which are the “easiest” to disconnect, i.e., with smallest

limiting occurrence probabilities.

4.2 Related Work

Products of stochastic matrices have been studied for a long time, e.g., DeGroot (1974), and the problem
receives a continued interest, e.g., Olfati-Saber and Murray (2004); Tahbaz-Salehi and Jadbabaie (2010);
Touri and Nedic (2014). The problem of computing the exact large deviations rate in (4.1), arising, e.g.,
in the analysis of distributed detection Bajovic et al. (2011), see also Braca et al. (2010); Cattivelli and
Sayed (2011a); Nedi¢ et al. (2014); Shahrampour et al. (2014); Nedi¢ et al. (2016), has been studied before
in Bajovi¢ et al. (2013) for the i.i.d. matrices and in Bajovi¢ et al. (2012) for temporally dependent matrices,
where the temporal dependence is modeled through a Markov chain. This chapter complements the prior
work by establishing the limit (4.1) for a class of time varying matrix distributions that have not been studied

before. As explained above, the newly studied class has a significant relevance for distributed detection.
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4.3 Model and preliminaries

Random nodes’ activation and random matrix model. The network of nodes is modeled as an undirected
graph G = (V,E), where V = {1,2, ..., N} is the set of nodes, and E C (Z) is the set of all communication
links between nodes. We assume that G is connected. During network operation, network nodes activate at
random with certain probabilities that we assume are different for different nodes. To each node i € V, we
associate, for each time ¢t = 1,2, ..., a Bernoulli random variable &; ;, which is equal to 1 if 7 is active at time
t, and otherwise is 0. Let p;; =P (&, = 1) € (0,1) denote the probability that ¢ is active at time ¢ and let
V; collect all the nodes in V' that are active at time ¢. For arbitrary two nodes i,j € V to communicate at
time ¢, it is necessary and sufficient that ¢ and j are both active at that time.
Let G; denote the graph obtained by collecting all the nodes that are active at time ¢, together with their
induced communication links. More precisely, G; = (V;, E:), where the set of active edges at time ¢ is given
by

E,={{i,j}€eE:i,jeV,}. (4.2)

We make the following assumption on the nodes’ activations and on the weight matrices Wy.
Assumption 4.3.1.
1. For each i € V, &4 and §; ¢ are independent for t # s, for any ¢, s > 1.

2. For each node i, p; ; increases monotonically with ¢ according to the following formula:

pit = pi(l — ), (4.3)
where a; € (0,1] is a monotonically decreasing sequence converging to 0, equal for all nodes, and
p; € (0,1] is the limiting activation probability of node i.

It is easy to see from Assumption 1 that the topologies Gy, t > 1, are independent. We further make the
following assumptions on the weight matrices Wy.
Assumption 4.3.2. 1. The weight matrices Wy, t > 1, are independent.

2. For each t, each realization of W; is symmetric, stochastic and has positive diagonals, and it conforms
to the structure of Gy, i.e., [Wy|;; =01if {i,j} ¢ E;, i # 5.
3. There exists § > 0 such that, for each ¢, [W];; > ¢ whenever [W];; > 0.

The rest of the section gives preliminaries needed to state and prove the main result on rate R calculation.

Union graph of topologies. We denote by I'(¢, s) the random graph that collects the edges from all the
graphs G, that appeared from time r=s+1tor=t, s <t i.e.,

F(t, 8) = F({Gt, thl, ey G5+1}).

Similarly as with T', for any s < t we analogously define the product matrix over time window r = s + 1 to
r=t,
(I)(t, S) = WtWt_l .. W5+1. (44)

To simplify the notation, it is also of interest to introduce the error matrix ®(¢, s) = ®(¢, s) — J, a norm of

which quantifies how close the product is to its limit J.
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Using the notion of the union graph I', we define the sequence of times T;, i = 1,2, ..., that mark times

when T" gets connected:
T, =min{t > T;_1 +1: T'(¢,T;—1) is connected}, fori > 1, (4.5)

with Tp = 0. It is well-known that for every time window (s,t] over which the occurred edges accumulate
to a connected graph, the spectral norm of the error matrix <i>(t, s) drops below one (see, e.g., Lemma 11
in Bajovi¢ et al. (2013)). Hence, the sequence of times {T; };>1 therefore defines the times when the averaging
process makes an improvement and gets closer to matrix J. Finally, for any fixed ¢ > 1, we introduce the

number of improvements until time ¢, denoted by M;, My = max {i > 0:T; < t}.

Vertex cut. For an arbitrary graph G = (V| E) the vertex cut is defined as any subset of graph nodes C' such
that the remaining graph G\¢ = (V \ C, E\C) is not connected, where E\¢ := {{i,j} € E:i,j € V\ C};
or, in words, G\¢ is the graph obtained from the initial graph G by removing from G all the vertices that
belong to C' and all the edges connected to these vertices. We denote the set of all vertex cuts of G by C(G).
If each node i € V is assigned a cost ¢; € R, then, the minimal vertex cut is defined as a vertex cut C C V
such that the sum of costs of nodes in C is minimal among all vertex cuts C € C(G). We denote the
associated cost by

VC (G, {ci};cyy) = min {Z cl} : (4.6)

cec@) | =2

4.4 Main result

We now state the main result of the chapter— existence and characterization of the rate R via vertex cut.

Theorem 4.4.1. Let Assumptions 4.3.1 and 4.3.2 hold. The rate of consensus R in (1) is then, for any
e € (0,1], given by
R=VC (G, {-1ogq},cy) ; (4.7)

where ¢; = (1 — p;).

For simplicity, we will present a proof for the case when each p; is strictly less than one, but the result can
be extended to allow for the unit values of some or all of the p;’s. Also, note that, when p; =1 —¢; = 1, for
i=1,....,N, then R = +o00.

Proof. We start with the following result from Bajovi¢ et al. (2013), which asserts that, if the number of
improvements until time ¢ scale linearly with ¢, for ¢ > 1, then, starting from some finite time ¢, the events

in (4.1) have zero probabilities (see Lemma 14, part 1 in Bajovié¢ et al. (2013)).

Lemma 4.4.2. Consider the sequence of events {M; > t}, where § € (0,1], t = 1,2,.... For every
B, € € (0,1], there exists sufficiently large to = to(8, €) such that

P (H%(t, O)H >e, M, > ,Bt) =0, V>t e). (4.8)

Using the preceding result, it is easy to see that, for any fixed 8 € (0, 1), a necessary condition for H <i>(t, 0) H >
e is that M; < 5t (as otherwise the probability of this event is 0, which is asserted by Lemma 4.4.2). On
the other hand, it is easy to see that the sufficient condition for this event to occur is that M; = 0 (as in
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this case H;I;(t,O)H = 1, see Lemma 11 in Bajovi¢ et al. (2013)). Thus, we have that for each g € (0,1), all

t >to(B€),
P (M, =0) <P (H&E(t,o)H > e) <P (M, < Bt). (4.9)

We prove the theorem by proving first that the left hand-side has an exponential decay rate equal to R, as
given in (4.7). We then show that the right hand-side probability in (4.9) decays with an S-dependent rate
that gets closer to R as 3 decreases to 0, and in the limit equals R.

We start by noting that the event M; = 0 is equivalent to the event that I'(¢,0) is disconnected. Let C*
denote the minimal vertex cut of G, where the node costs are assigned as in the claim of the theorem. It is
easy to see that a sufficient condition for I'(¢,0) to be disconnected is that each of the nodes in the set C*

was inactive over the time interval from time 1 to time ¢. Thus,

P (T'(¢,0) ;not connected) =P (V,NC* =0,k =1, ..., t)

= H H (1= pix)

k=1ieC*

> [T -»o, (4.10)

i€eC*

where the second equality follows by the Assumption 4.3.1.1 and last inequality follows by the monotonic
increase of the probabilities of nodes’ activations, Assumption 4.3.1.2. Computing the logarithm, dividing

by ¢ and computing the limit ¢ — +o00, we obtain from (4.10) and (4.9)

1 ~
im inf — > > —R. .
1t11_>n_:{.1cf " log P (Hfli'(t,O)H > e) >-R (4.11)
We next turn to computing the exponential rate of the right hand-side in the inequality (4.9). We start by
noting that

rat]—1
P(M; < Bt)= > P(M;=m)

m=0
[ar]-1
= > Y P(Mi=tfor 1 <I<m, Trga > 1), (4.12)

m=0 1<t1<..<t,<k

where in the second equality we consider all possible realizations of 7;, I < m. We focus on one arbitrary
allocation of times T; = t;, 1 <1 < m, T}, +1 >t and the respective probability.

By the construction of the sequence T, for each | < m, we have that supergraph T'(¢; — 1,¢;,—1) is not
connected, for I < m. Also, the condition T,,4; > k implies that I'(¢,T},) is not connected. Denoting

tm+1 =t + 1 for compact representation, we have

P(Tl = tl,fOI“l < m, Tm+1 > t) (413)
<P(T'(t; — 1,t;—1) not connected, for! < m + 1)
m—+1
= H P(T'(t; — 1,¢;,—1) not connected) (4.14)
1=1

where the last equality follows by the independence of the graph realizations. Note that, for arbitrary ¢ > s,
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the event that the supergraph I'(¢,s) is not connected can be represented as the union of events that an

arbitrary vertex cut of G was absent from the random graphs G, over time window s < k < t, i.e.,
{I(t, s) not connected} = Uccey {ViNC =0, s <k < t}. (4.15)

Applying (4.15) to each of the intervals t;_; < k < ¢; — 1 and computing the probabilities, we get by the

union bound

< PVinC=0,t_1<k<t —1)
Ccec(G)

= > II IIa-»rw. (4.16)

cec(G)ti-1<k<t;—11ieC

P({T(¢t; — 1,%;—1) not connected})
c(

Expressing 1 — p; . = (1 — pi) (1 + 13;_ ak) < (1 =p;) (14 kay), where £ = max;ey p;/(1 — p;), and using
the fact that 1 + = < e, we obtain from (4.16):

P({T(¢t; — 1,%;—1) not connected})
< Z eN"i Etl,1<k§tl—1 Ok H(]_ *pi)(tlilitl_l)

Ccec(G) ieC

< |C(é)| eNn 2 <h<t 1 O‘ke*(tlflftl—l)vc(aa{*10g qi}iev)' (4.17)
Applying the preceding inequality for each time interval t;_; < k < ¢; — 1 yields in (4.13)

P(Tl =t;,forl < m, Tm+1 > t)

< ’C(é) ’m eNn Zlgkgf,, Kt ake—(k—m)VC(é,{— log Qi}iev)

< ’C(é)|m€NK22:1 akef(krfm)VC(é,{flogqi}iev). (418)

The preceding bound holds for each of the terms in (4.12) that correspond to a fixed number of improvements

M; = m, and since there are (') possible allocations of times T, ..., T,,, we obtain

P(Mt = m)

< (i) (@)™ e~ hmIVE(G A= Tomadcy) N iy
- \m

< (t@) ’C(é)’m e_(k—m)VC<a,{— logqq;},iev)eNn 22:1 o (419)

It is easy to see that, for any 8 < 1/2, the preceding bound is maximal for m = ft. Therefore,

te A Bt
P (M, < Bt) < Bt <5t> c(@)|

% e—(k—ﬂt)vc(é,{—1ogqi}iev)eNn2;€:1 k. (4.20)
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Computing the logarithm, dividing by ¢, and taking the limit ¢ — +oo yields
limsup P (M, < t) < Blog < + Blog|C(G)|

t—+oo 6
_ S ag
- (1-pVve (G, {—1ogqi}iev) +r lim =k=L7

Jim == (4.21)

By Assumption 4.3.1.2, the last term vanishes, and taking the infimum with respect to 8 > 0, we finally

obtain
limsupP (M, < 8t) < =VC (G, {—logqi},cy) - (4.22)
t—+4o0

Combining with (4.11), the claim of Theorem 4.4.1 follows. O

4.5 Application to distributed detection

We now demonstrate the usefulness of Theorem 4.4.1 by applying it to consensus+innovations distributed
detection; see also Bajovic et al. (2011); Sahu and Kar (2017). The detection problem is as follows. Sensors
in a N-node network cooperate to decide on a binary hypothesis, H; versus Hy. Each sensor ¢, at each time
step ¢, t = 1,2, ..., performs a measurement Y; ;; the measurements are i.i.d., both in time and across sensors,
where under hypothesis H;, Y;; has the density function f;, [ = 0,1, fori=1,...,Nandt=1,2,.... In
the aforementioned detector, each sensor ¢ maintains its (scalar) local decision statistic x; ; and compares it
with the zero threshold; if x; ; > 0, sensor ¢ accepts H;; otherwise, it accepts Hy. At each time ¢, a sensor 4
updates its decision statistic z; ; by exchanging its decision statistic in the neighborhood and by assimilation
of decision statistics from its neighborhood and its latest sensed information through a log-likelihood ratio

_ f1(Yie) .
Liy =log f(l)(Yi,,t,) ’

t—1 1
LTijt = Z [Wilij (tmj,t1 + tLj,t> ) (4.23)

with 2;0 = 0. Here O;; is the (random) neighborhood of sensor ¢ at time ¢ (including ¢), and [W];; is
the (random) averaging weight that sensor i assigns to sensor j at time t. We let the N x N matrix W,
that collects the weights [W,];; in (4.23) adhere to the model in Assumption 4.3.2. In other words, sensors
utilize a randomized communication protocol as described in Assumptions 4.3.1 and 4.3.2 and the preceding
paragraphs. We additionally assume that sensors’ observations are independent from the activation protocol,
i.e., from matrices W;. To assess communication-wise benefits of the sparsified communication protocol,
we benchmark detector (4.23) against the detector with the same algorithmic form as in (4.23), except
that the weight matrix is replaced by a constant doubly stochastic matrix W. Intuitively, the benchmark
utilizes communications across all links at all times, and it is hence natural to expect that it has a better
performance with respect to time, i.e., with respect to the number of measurements processed. However, as
shown ahead, the detector with sparsified communications practically matches the benchmark’s performance
time-wise while achieving a better performance communication-wise.

For detector (4.23), rate of consensus R plays a major role in its asymptotic performance, as measured by
the worst-sensor error exponent of the Bayes error probability: min;—; . n {—% log (Pft)} , where P{ft is the
Bayes error probability for sensor i at time t. While prior work Bajovic et al. (2011) characterized asymptotic
performance of detectors of form (4.23) when the weight matrices are deterministic or randomly varying in

an i.i.d. fashion, Theorem 4.4.1 gives us the opportunity to characterize here the detection performance
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under the assumed sparsified time-varying protocol. Namely, it can be shown that the results in Bajovic
et al. (2011) can be extended to the matrix model here to show the following: if the rate of consensus R
in (4.1) satisfies: R > (N — 1)Ciot, where Ciop = Ciot(N, f1, fo) is the exponential decay rate of the error
probability of the best centralized detector (Chernoff information), then distributed detector (4.23) with
sparsified time varying communications as defined in Assumptions 1 and 2 is asymptotically optimal, i.e., it
achieves the best possible error exponent.

We now comment on the achieved result. It is known from Bajovic et al. (2011) that a detector of the
form (4.23) is asymptotically optimal under either deterministic or under an ii.d. weight matrix model,
provided that R exceeds (N — 1)Ciot. Here, we show that asymptotic optimality is still achievable under the
time-varying weight model satisfying Assumption 4.3.2 with slowly increasing node activation probabilities.
This result has, for example, the following implication on improving communication efficiency in distributed
detection: a detector of form (4.23) with the assumed time-varying randomized communication protocol —
wherein the activation probabilities are slowly increasing to unity (and so R = +o00) — is asymptotically
optimal for any value of SNR (any value of Ci) and is equivalent to the detector with a constant weight
matrix W. Hence, as the detector with the randomized protocol has a lower communication cost while
essentially equivalent performance time-wise, one can expect that it becomes more communication efficient.
We next present a simulation example that confirms such improvements in communication efficiency.

We consider a geometric network with N = 20 sensors. We place the sensors uniformly over a unit square,
and connect those sensors whose distance d;; is less than a radius. The total number of (undirected) links
is 63. For the sensors’ measurements, we use the Gaussian distribution f; ~ N (m,0?), fo ~ N(0,0?),
with m = 0.01, and 0? = 0.2. We consider two different detectors of form (4.23). The first one is the
benchmark for which each link is online at all times. The second detector utilizes at each node i activation
probability p; = 1 — 1/log(t + 2), ¢ = 1,2,.... For the averaging weights of the benchmark, we use for
each link {7,j} a constant weight W;; = 0.1. To compensate for random activations, the second detector
assigns weight 0.1/p; whenever a link is online. Figure 1 (top) plots the simulated Bayes error probability
versus per node communication cost, averaged across nodes and across 20,000 Monte Carlo algorithm runs.
We can see that the detector with time-varying sparsified communications (solid line) achieves significant
communication savings with respect to the benchmark, while at the same time practically matches the

benchmark’s performance with respect to time (see Figure 1, bottom).

4.6 Contributions

e Large Deviations Characterization for product of doubly stochastic weight matrices: For
product of doubly stochastic weight matrices which are not identically distributed, we characterized
the exponential rate of convergence and quantified the large deviations exponent to be given by the
minimal vertex cut of the baseline graph, where the nodes’ associated cut costs are defined by the

nodes’ limiting activation probabilities.

¢ Communication Efficient Distributed Detector: We theoretically established that the detector
with time-varying and sparsified protocol can be designed to achieve asymptotic optimality at all
signal-to-noise ratio (SNR) regimes; this is achieved when the activation probabilities converge to
unity, possibly at a very slow rate, e.g., as 1 — Q(1/log(t)). Therefore, effectively, we constructed a

“universally” asymptotically optimal detector that makes significant communication savings.
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Figure 4.1: Estimated probability of error (in the log scale) versus per node communication cost (top)
and versus time (bottom) for the benchmark detector (blue dotted line) and the detector with sparsifying

communications (red solid line).
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4.7 Conclusion and Future Directions

We have derived the exact large deviations rate for products of a class of non-i.i.d. random stochastic
and symmetric matrices that arise with distributed inference under randomized communication protocols.
We applied the results to consensus+innovations distributed detection to derive universally asymptotically
optimal detectors with significantly reduced communication cost. Future directions involve characterizing
large deviations rate for products of matrices with Markovianity and extending the communication efficient

protocol to composite hypothesis testing.
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Chapter 5

Communication Efficient Distributed Linear
Estimation: CREDO

5.1 Introduction

Distributed data processing techniques have been increasingly employed to solve problems pertaining to
optimization and statistical inference. With massive computing resources that are available at scale, and
ever growing sizes of data sets, it becomes highly desirable, if not necessary, to distribute the task among
multiple machines or multiple cores. The benefits of splitting the task into smaller subtasks are multi-
pronged, namely, it makes the problem at hand, scalable, parallelized and fast. In the context of distribution
stochastic optimization, several methods (see, for example Zhang et al. (2013b,a); Heinze et al. (2016); Ma
et al. (2015); Recht et al. (2011)) have been proposed which exhibit impressive performance in platforms
such as Mapreduce and Spark. The aforementioned methods, though highly scalable, are designed for
master-worker or similar types of architectures. That is, they require the presence of a master node, i.e.,
a central coordinator which is tasked with splitting the dataset by data points (batches) or by features
among worker nodes and enabling the read/write operations of the iterates of the worker nodes so as to
ensure information fusion across the worker nodes. However, with several emerging applications, master-
worker type architectures may not be feasible or desirable due to physical constraints. Specifically, we
are interested in systems and applications where the entire data is not available at a central/master node,
is sensed in a streaming fashion and is intrinsically distributed across the worker nodes. Such scenarios
arise, e.g., in systems which involve Internet of Things (IoT). For example, a smart campus with sensors
of various kinds, a smart building or monitoring a large scale industrial plant. Therein, a network of large
number of heterogeneous entities (usually, geographically spread) connected in a arbitrary network structure
individually perform sensing for data arriving in a streaming fashion. The sensing devices have limited
communication capabilities owing to on board power constraints and harsh environments. A typical IoT
framework is characterized by a heterogeneous network of entities without a central coordinator, where
entities have localized knowledge and can exchange information among each other through an arbitrary pre-
specified communication graph. Furthermore, the data samples arrive in a streaming fashion. The ad-hoc
nature of the IoT framework necessitates the information exchange in a crafted manner, rather than just
a single or few rounds of communication at the end as in Zhang et al. (2013b,a); Heinze et al. (2016); Ma
et al. (2015).

Distributed algorithms for statistical inference and optimization in the aforementioned frameworks are char-
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acterized by a central coordinator-less recursive procedures, where each entity in the network maintains its
own estimate or optimizer for the problem at hand. Also, due to heterogeneity of the entities and lack of
global model information, the information exchange is limited to the iterates and not the raw data. This
additionally enhances privacy as far as the data samples are concerned. In particular, the diffusion and
consensus+innovations schemes have been extensively used for various distributed inference problems in
the aforementioned frameworks, which include distributed parameter estimation, distributed detection and
multi-task learning, to name a few (see, for example Kar and Moura (2011); Cattivelli and Sayed (2010);
Bajovi¢ et al. (2015); Lopes and Sayed (2008); Sahu and Kar (2016); Jakovetic et al. (2011); Chen et al.
(2014)). Other variants of distributed recursive algorithms of such kinds have generated a lot of interest
of lately (see, for example Nedi¢ et al. (2014); Ram et al. (2010a); Braca et al. (2008); Ram et al. (2010b,
2009); Nedic and Ozdaglar (2009)).

An entity or node in an IoT setup is usually equipped with on board communication and computation
units. However, finite battery power calls for frugal communication protocols as the power used in com-
munication tends to beat the power required for on board computation. Thus, communication efficiency
is highly relevant and sought for in such scenarios. The previously studied distributed algorithms men-
tioned above, have the mean square error decay as ©(C; '), in terms of the communication cost C;. In
this chapter, we present a distributed recursive algorithm, Communication Efficient REcursive Distributed
EstimatiOn (CREDQO) characterized by a frugal communication protocol while guaranteeing provably rea-
sonable performance, which improves the MSE communication rate dependence to © (Ct_ 2+<). Specifically,
this chapter focuses on the above described class of distributed, recursive algorithms for estimation of an un-
known vector parameter 6, where each worker continuously observes noisy measurements of low-dimensional
linear transformations of 8. For this problem,we improve the communication efficiency of existing distributed
recursive estimation methods primarily in the consensus+innovations and the diffusion frameworks Kar
and Moura (2011); Cattivelli and Sayed (2010); Bajovié et al. (2015); Lopes and Sayed (2008); Sahu and
Kar (2016); Jakovetic et al. (2011); Chen et al. (2014), which in turn improves the communication efficiency
of variants such as Nedi¢ et al. (2014); Ram et al. (2010a); Braca et al. (2008); Ram et al. (2010b, 2009);
Nedic and Ozdaglar (2009).

5.1.1 Contributions

Our contributions are as follows:

We propose a scheme, namely CREDQO, where each node at time ¢ communicates only with a certain
probability that decays sub linearly to zero in ¢. That is, communications are increasingly sparse, so that
communication cost scales as ©(t%), where the growing rate ¢ is a tunable parameter strictly less than one
that can go down to 0.5.

We show that, despite significantly lower communication cost, the proposed method achieves the best possible
O(1/t) rate of MSE decay in time ¢ (¢ also equals to per-worker number of data samples). Importantly, this
result translates into significant improvements in the rate at which MSE decays with communication cost C; —
namely from O(1/C;) with existing methods to ©(1/C2~¢) with the proposed method, where ¢ > 0 arbitrarily
small.

We further study asymptotic normality and the corresponding asymptotic variance of the proposed method
(that in a sense relates to the constant in the ©(1/t) MSE decay rate). We characterize and quantify
interesting trade-offs between the communication cost and the asymptotic variance of the method. In

particular, we explicitly quantify the regime (the range of communication cost growing rate J) where the
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asymptotic variance is network-independent and, at the same time, communication cost is strictly sub
linear (6 < 1). Numerical examples both on synthetic and real data sets confirm the significantly improved
communication efficiency of the proposed method.

A key insight behind CREDO is that it recognizes that inter-node communications can be made (prob-
abilistically) increasingly sparse without sacrificing estimation performance. It is known from stochastic
approximation that the weights that each node assigns to its neighboring nodes can be made to decrease
with time while keeping the estimator strongly consistent. CREDQO replaces such a deterministic weight
w(t) (t being time) with a Bernoulli random variable that equals one with probability w(t) < 1. Thus,
CREDQO is much cheaper to implement as communication takes place only with probability w(t), with w(t)
decaying to zero. Despite the adaptive weighting being very different, existence of broad regimes of algorithm
parameters are shown where CREDQO’s estimation performance matches closely the benchmarks iteration-
wise. However, as CREDO has much fewer communications per iteration, it becomes more communication
efficient.

To achieve the results above, we developed several technical innovations. Specifically, the studied setup re-
quires analysis of mized time-scale stochastic approzimation algorithms with three different time scales. This
setup stands in contrast with the classical single time-scale stochastic approximation, the properties of which
are well known. It is also very different from the more commonly studied two time-scale stochastic approxi-
mation (see, for instance Borkar (2008)) in which a fast process is coupled with a slower dynamical system.
We develop here new technical tools that allow us to handle the case of number of operating time-scales to
be three instead of two as in Kar et al. (2013a) for mixed time-scale stochastic approximation (described in
details later).

5.2 Related Work

We now briefly review the literature on distributed inference and motivate our algorithm CREDO. Dis-
tributed inference algorithms can be broadly divided into two classes. The first class of distributed inference
algorithms proposed in Liu and Thler (2014); Ma et al. (2015); Ma and Takac (2015); Heinze et al. (2016);
Zhang et al. (2013b) require a central master node so as to coordinate as far as assigning sub-tasks to the
worker nodes is concerned. There are two reasons as to why such methods do not apply in our setting.
Firstly, in them, in order for the central node to be able to assign sub-tasks, such a setup requires the central
node to have access to the entire dataset. However, in the setup considered in this chapter, where the data
samples are intrinsically distributed among the worker nodes and rather ad-hoc, the presence of a central
master node is highly impractical. Even in the case when the data is distributed among nodes to start with,
the local data samples collected via (3.15) are not sufficient to uniquely reconstruct the global parameter of
interest. In particular, the sensing matrix H,, at an agent n is rank deficient, i.e., rank(H,) = M,, < M, in
general. We refer to this phenomenon as local unobservability. With communication being the most power
hungry aspect for an ad-hoc sensing entity, communicating raw data back to a central node so as to re-assign
the data among worker nodes is prohibitive. Thus in such an ad-hoc and distributed setup, a communication
protocol should involve information fusion via exchange of the latest estimates among worker nodes enables
each worker node to aggregate information about all the entries of the parameter.

Secondly, they do not apply to the model (3.15) being considered here. For example, if H,, = hI, it re-
duces to the case, where each worker can work independently to obtain a reasonably good estimate of @
and algorithms such as CoCoAt (Ma et al. (2015)) and Dual — LOCO (Heinze et al. (2016)) can then
address the problem efficiently through data splitting across samples and features respectively. However,
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if H, = e/, where e, is the n-th canonical basis vector of R™  a random splitting across samples would
lead to estimates with a high mean square error, while a feature wise splitting is still possible. But, in the
case when, H,, = (e, + en_l)T7 neither sample splitting nor feature splitting is possible and such a setup
necessitates more rounds of communication as opposed to just one round of communication at the end as in
the case of CoCoA™ (Ma et al. (2015)) and Dual — LOCO (Heinze et al. (2016)).

The second class of distributed inference algorithms involve setups, which are characterized by the absence
of a master node. Communication efficient distributed recursive algorithms in the context of distributed
optimization with no central node, where data is available apriori and is not collected in a streaming fashion
has been addressed in Tsianos et al. (2012, 2013); Jakovetic et al. (2016) through increasingly sparse com-
munication, adaptive communication scheme and selective activation of nodes respectively. However, the
explicit characterization of the performance metric for instance MSE, in terms of the communication cost
has not been addressed in the aforementioned references.

The very well studied class of distributed estimation algorithms in the consensus+innovations framework Kar
and Moura (2011); Kar et al. (2013a) characterize the algorithm parameters, under which estimate sequences
optimal in the sense of asymptotic covariance can be obtained. However, the inter-agent message passing
and the associated communication cost is not taken into account in the aforementioned algorithms. The lack
of exploration into the dimension of communication cost in the context of distributed estimation algorithms
in the consensus+innovations framework motivated us to develop a stochastic communication protocol in
this chapter, which exploited the redundancy in inter-agent message passing while not compromising on the
optimality aspect of the estimate sequence. Hence, in order to test the efficacy of our stochastic message-
passing protocol, we take the distributed estimation algorithm proposed in Kar and Moura (2011); Kar
et al. (2013a) as the benchmark.

5.3 Problem Setup: Motivation and Preliminaries

There are N workers deployed in the network. Every worker n at time index ¢ makes a noisy observation

v (t), a noisy function of @, where @ € RM™. Formally the observation model for the n-th worker is given by,
yn(t) = Hpb 4+ 70 (1), (5.1)

where H,, € RM»*M ig the sensing matrix, where M,, < M, {y,(t)} € R~ is the observation sequence for
the n-th worker and {~,(t)} is a zero mean temporally independent and identically distributed (i.i.d.) noise
sequence at the n-th worker with nonsingular covariance X,,, where X,, € RM»*Mn  The noise processes
are independent across different workers. We state an assumption on the noise processes before proceeding
further. The linear observation model assumed here can be extended to nonlinear observation models when

the nonlinear functions are regular and sufficiently smooth.

< 00.

Assumption 5.3.1. There exists €1 > 0, such that, for all n, Eg {||’yn(t)||2+61}

The above assumption encompasses a general class of noise distributions in the setup. The heterogeneity of
the setup is exhibited in terms of the sensing matrix and the noise covariances at the worker nodes. Each
worker node is interested in reconstructing the true underlying parameter 6. We assume a worker node
is aware only of its local observation model and hence does not know about the observation matrix and
noise processes of other worker nodes. In this chapter, we are interested in estimators that, at each node n,

continuously produce estimates of 8 at each time ¢, i.e., after each new sample y(t) is acquired.



CHAPTER 5. COMMUNICATION EFFICIENT DISTRIBUTED LINEAR ESTIMATION: CREDO 69

5.3.1 Motivation and Related Work

We now briefly review the literature on distributed inference and motivate our algorithm CREDO. Dis-
tributed inference algorithms can be broadly divided into two classes. The first class of distributed inference
algorithms proposed in Liu and Thler (2014); Ma et al. (2015); Ma and Takac (2015); Heinze et al. (2016);
Zhang et al. (2013b) require a central master node so as to coordinate as far as assigning sub-tasks to the
worker nodes is concerned. There are two reasons as to why such methods do not apply in our setting.
Firstly, in them, in order for the central node to be able to assign sub-tasks, such a setup requires the central
node to have access to the entire dataset. However, in the setup considered in this chapter, where the data
samples are intrinsically distributed among the worker nodes and rather ad-hoc, the presence of a central
master node is highly impractical. Even in the case when the data is distributed among nodes to start with,
the local data samples collected via (5.1) are not sufficient to uniquely reconstruct the global parameter of
interest. In particular, the sensing matrix H,, at an agent n is rank deficient, i.e., rank(H,) = M,, < M, in
general. We refer to this phenomenon as local unobservability. With communication being the most power
hungry aspect for an ad-hoc sensing entity, communicating raw data back to a central node so as to re-assign
the data among worker nodes is prohibitive. Thus in such an ad-hoc and distributed setup, a communication
protocol should involve information fusion via exchange of the latest estimates among worker nodes enables
each worker node to aggregate information about all the entries of the parameter.

Secondly, they do not apply to the model (5.1) being considered here. For example, if H,, = hI, it reduces
to the case, where each worker can work independently to obtain a reasonably good estimate of 8 and algo-
rithms such as CoCoA' (Ma et al. (2015)) and Dual — LOCO (Heinze et al. (2016)) can then address the
problem efficiently through data splitting across samples and features respectively. However, if H,, = e,
where e,, is the n-th canonical basis vector of R, a random splitting across samples would lead to esti-
mates with a high mean square error, while a feature wise splitting is still possible. But, in the case when,
H, = (e, + en,l)—r7 neither sample splitting nor feature splitting is possible and such a setup necessitates
more rounds of communication as opposed to just one round of communication at the end as in the case of
CoCoA™ (Ma et al. (2015)) and Dual — LOCO (Heinze et al. (2016)).

The second class of distributed inference algorithms involve setups, which are characterized by the absence
of a master node. Communication efficient distributed recursive algorithms in the context of distributed
optimization with no central node, where data is available apriori and is not collected in a streaming fashion
has been addressed in Tsianos et al. (2012, 2013); Jakovetic et al. (2016) through increasingly sparse com-
munication, adaptive communication scheme and selective activation of nodes respectively. However, the
explicit characterization of the performance metric for instance MSE, in terms of the communication cost
has not been addressed in the aforementioned references.

The very well studied class of distributed estimation algorithms in the consensus+innovations framework Kar
and Moura (2011); Kar et al. (2013a) characterize the algorithm parameters, under which estimate sequences
optimal in the sense of asymptotic covariance can be obtained. However, the inter-agent message passing
and the associated communication cost is not taken into account in the aforementioned algorithms. The lack
of exploration into the dimension of communication cost in the context of distributed estimation algorithms
in the consensus+innovations framework motivated us to develop a stochastic communication protocol in
this chapter, which exploited the redundancy in inter-agent message passing while not compromising on the
optimality aspect of the estimate sequence. Hence, in order to test the efficacy of our stochastic message-
passing protocol, we take the distributed estimation algorithm proposed in Kar and Moura (2011); Kar
et al. (2013a) as the benchmark.
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5.4 CREDO: Communication efficient REcursive Distributed estimatiOn

We now present the proposed CREDO estimator. CREDQO is based on a specifically handcrafted time
decaying communication rate protocol. Intuitively, we basically exploit the idea that, once the information
flow starts in the graph and a worker node is able to accumulate sufficient information about the parameter
of interest, the need to communicate with its neighboring nodes goes down. Technically speaking, for each

node n, at every time ¢, we introduce a binary random variable 1, ;, where

ith probabilit
s = pt  with probability (; (5.2)

0 else,

where ; ;’s are independent both across time and the nodes, i.e., across ¢t and n respectively. The random
variable 1, ; abstracts out the decision of the node n at time ¢ whether to participate in the neighborhood

information exchange or not. We specifically take p; and (; of the form

_ Lo o o
Pt = (t+1)€/27Ct_ (t+1)(7—1/275/2)7 (53)
where 0 < ¢ < 71 and 0 < 7y < 1. Furthermore, define 3; to be
Bo
By = (Pt(t)2 = m (5.4)

With the above development in place, we define the random time-varying Laplacian L(t), where L(t) € RV*V

which abstracts the inter-node information exchange as follows:

—Yi it {i,jlebi#j
Lij(t) =40 i#j,{i,j} ¢ E (5.5)
=2z Vigthe i=J

The above communication protocol allows two nodes to communicate only when the link is established in a bi-
directional fashion and hence avoids directed graphs. The design of the communication protocol as depicted
in (5.2)-(5.5) not only decays the weight assigned to the links over time but also decays the probability of
the existence of a link. Such a design is consistent with frameworks where the working nodes have finite
power and hence not only the number of communications, but also, the quality of the communication decays

over time. We have, for {i,j} € E:

_ 2 5 C3
E[Li;(®)] = = (pC)” = =B = (=
2 2 2 Cy
E [Li,j(t)] = (Pt Ct) = m (5.6)
Thus, we have that, the variance of L; ;(t) is given by,
2 2
Var (L () = —P%0_ @ (5.7)

(t + l)TlJrE (t + 1)271
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Define, the mean of the random time-varying Laplacian sequence {L(t)} as L(t) = E[L(¢)] and L(t) =

L(t) — L(t). Note that, E [i(t)} =0, and

sJEof] < we 0] - ok - o

where ||-|| denotes the Ly norm. The above equation follows from equivalence of the Ly and Frobenius norms.
We also have that, L(t) = 3;L, where

-1 {Z7J}€Ea7'7é]
Lij=10 i#j.{i,j} ¢ E (5.9)
- Zl;ﬁi Liy i=3.

We formalize the assumptions on the inter-worker communication graph and global observability.

Assumption 5.4.1. We require the following global observability condition. The matrix G = 25:1 H'S-H,

is full rank.

Assumption 5.4.1 is crucial for our distributed setup. This notion of rendering the parameter locally unob-
servable while it being globally observable in the context of distributed inference was introduced in Kar and
Moura (2011), and has been subsequently used in Lalitha et al. (2014); Sahu and Kar (2017). It is to be
noted that such an assumption is needed for even a setup with a centralized node which has access to all
the data samples at each of the worker nodes at each time. Assumption 5.4.1 ensures that if a node could
stack all the data samples together at any time ¢, it would have sufficient information about the parameter
of interest so as to be able to estimate the parameter of interest without any communication. Hence, the
requirement for this assumption naturally extends to our distributed setup. We formalize an assumption on

the connectivity of the inter-agent communication graph before proceeding further.

Assumption 5.4.2. The inter-agent communication graph is connected on average, i.e., Aa(L) > 0, which
implies Ao(L(t)) > 0, where L(t) denotes the mean of the Laplacian matriz L(t) and Az (-) denotes the second

smallest eigenvalue.

Assumption 5.4.2 ensures consistent information flow among the worker nodes. Technically speaking, the
communication graph modeled here as a random undirected graph need not be connected at all times. Hence,
at any given time, only a few of the possible links could be active. The connectedness in average basically
ensures that over time, the information from each worker node in the graph reaches other worker nodes over
time in a symmetric fashion and thus ensuring information flow. It is to be noted that assumption 5.4.2
ensures that L(t) is connected at all times as L(t) = ;L. With the communication protocol established, we
propose an update, where every node n generates an estimate sequence {x,(t)}, where x,,(t) € RM in the

following way:

Xn(t+1) =Xu(t) = Y bnethre (xn(t) — x(t))

eQ,

Neighborhood Consensus
+ o H, ! (yn(t) — Haxo(1)), (5.10)

Local Innovation
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where Q,, denotes the neighborhood of node n with respect to the network encapsulated by L and oy is the
innovation gain sequence which is given by a; = a/(t + 1). It is to be noted that a node n can send and
receive information in its neighborhood at time ¢, when %, + # 0. At the same time, when ¢, ; = 0, node n
neither transmits nor receives information. The link between node n and node ! gets assigned a weight of
p? if and only if ¥, ; # 0 and vy, # 0.

Remark 5.4.1. The stochastic approximation procedure, employed here is a mized time-scale stochastic
approximation as opposed to the classical single time-scale stochastic approximation, the properties of which
are well known. Note, the above notion of mixed time-scale is very different from the more commonly studied
two time-scale stochastic approzimation (see, for instance Borkar (2008)) in which a fast process is coupled
with a slower dynamical system. More relevant to our study are the mized time-scale dynamics encountered
in Gelfand and Mitter (1991) and Kar et al. (2013a) in which a single update procedure is influenced by
multiple potentials with different time-decaying weights. However, as opposed to the innovations term being
a martingale difference sequence in the context of mixed time-scale stochastic approximation as proposed
in Gelfand and Mitter (1991), the mized time-scale stochastic approzimation employed in this chapter does
not have an innovation term which is a martingale difference sequence and hence is of sufficient technical
interest. The addition of the residual Laplacian Z(t) sequence in the update further complicates the update
in the context of this chapter, by making the number of operating time-scales to be three instead of two as in

Kar et al. (2013a) for which we had to develop new technical machinery.
The above update can be written in a compact form as follows:

X(t + ].) = (INM — L(t) X I]y[) X(t)
+ G (y(t) — Gix(t) (5.11)

where o = 787, x(t) = [x{ (t) x5 (t) - xN(1)] T, G = diag[H ,Hy ,--- ;HY], y(t) = [y] (t) y3 () ---y4(B)]"
and ¥ = diag [%1,--+ , Zn].

Remark 5.4.2. The Laplacian sequence that plays a key role in the analysis, takes the form L(t) =
BeL + E(t), where z(t) the residual Laplacian sequence does mot scale with B; owing to the fact that the
communication rate is chosen adaptively makes the analysis significantly different from Kar et al. (2013a).
Thus, unlike Kar et al. (2013a), the Laplacian matriz sequence is not identically distributed; the sequence
of effective Laplacians have a decaying mean, thus adding another time-scale in the already mized time-scale
dynamics which necessitates the development of mew technical tools which lets us prove the order optimal

convergence of the estimate sequence.
We formalize an assumption on the innovation gain sequence {a;} before proceeding further.

Assumption 5.4.3. Let A\, (+) denote the smallest eigenvalue. We require that a satisfies*
amin{Apin (L), Amin (L@ Iy + GyET'GY), By '} > 1,

where @ denotes the Kronecker product.

The communication cost per node for the proposed algorithm is given by C; = ZZ;B (s =0 (tH(e*Tl)/Q),

which in turn is strictly sub-linear as € < 7.

INote that, I' and L@ Ip; + GHE_IGE are positive definite matrices.
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5.4.1 Counsistency of CREDO

Theorem 5.4.3. Let assumptions 5.3.1-5.4.3 hold and let 71 in the consensus potential in (5.4) be such that

0 < 11 < 1. Consider the sequence {x,(t)} generated by (5.10) at each worker n. Then, for each n, we have
Pe (tlggo Xn(t) = 0) -1 (5.12)
In particular, if Ty satisfies 0 < 71 < 0.5 — (2+€1)~1, we have that for all T € [0,1/2),
P ( Jim (¢ +1)7[xn(t) — 6] =0) = 1.

At this point, the estimate sequence generated by CREDO at any worker n is strongly consistent, i.e., x,,(t) —
0 almost surely (a.s.) ast — oo. Furthermore, the above characterization for 0 < 71 < 0.5— (24¢;) 7! yields
order-optimal convergence, i.e., from results in classical estimation theory, it is known that there exists no
T > 1/2 such that a estimator {6.(t)} satisfies (t+1)7||0.(t) — 0] — 0 a.s. as t — oo. The proof is relegated
to Appendix D. We now state a main result which establishes the MSE communication rate for the proposed
algorithm CREDO.

Communication Efficiency of CREDO

Theorem 5.4.4. Let the hypothesis of Theorem 5.4.3 hold. Then, we have,
2
o [Ix,(0) - o1] =& (¢, 7). (5.13)

where € < 11 and is as defined in (5.3).

The version of the CREDO algorithm, with 8; = a(t + 1)7!, achieves a communication cost of C; =
() (t0'5(1+6)). Hence, the MSE as a function of C; in the case of 7, = 1 is given by MSE = 9(6;2/(1+€)).
However, it can be shown from standard arguments in stochastic approximation that updates with £, =
a(t+1)~'% with § > 0, though results in a communication cost of C; = ©(t%-5(1+<=9)) it does not generate
estimate sequences which converge to 8. The proof is relegated to Appendix D.

With the above development in place, we state a result which allows us to benchmark the asymptotic ef-
ficiency of the proposed algorithm and the instantiations of it in terms of 7. To be specific, the next
result establishes the asymptotic normality of the parameter estimate sequence {x,(¢)} and characterizes

the asymptotic covariance of the estimate sequence, while the proof is relegated to Appendix D.

Theorem 5.4.5. Let the hypotheses of Theorem 5.4.3 hold and in addition let 0 < 71 < 0.5 — (2 + €)%

Then, we have,

VEFT (xn(t) — 8) = N (o, % + (F_ﬁé)_> : (5.14)

where T = + S0 HI'S-1H,,.

The asymptotic covariance as established in (5.14) is independent of the network. Technically speaking,
as long as the averaged Laplacian L is connected, and the consensus and the innovation potentials, i.e.,

B¢ and «; respectively are chosen appropriately, the asymptotic covariance is independent of the network
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connectivity, i.e., it is independent of the network instantiations across all times and is just a function of
the sensing model parameters and the noise covariance. It is to be noted that the optimal asymptotic
covariance achieved by the oracle estimator is given by NT'. Such an asymptotic covariance can be achieved
by a distributed setup where every worker node is aware of every other worker node’s sensing model. To be
particular, if a gain matrix G = ij:l N~'H¥~'H,, is multiplied to the innovation term of the update in
(5.10), the optimal asymptotic covariance is achievable (see, for example Kar et al. (2013a)). However, such
an update would need global model information available at each worker node.

We now discuss the interesting trade-offs between the communication cost and the asymptotic covariance
that follow from Theorem 5.4.5 and some existing results Kar et al. (2012, 2013a) (see Table 5.1). At
this juncture, we consider the setup, where the 71 in the consensus potential 8; in (5.4) is taken to be
1/2 — (24 €))7t <71 < 1. We specifically consider the case where 7; = 1. It has been established in prior
work (see, for example Kar et al. (2012)) that in this case the asymptotic covariance depends on the network
instantiation. To be specific, the averaged Laplacian L which abstracts out the time-averaged information
flow among the worker nodes has a key role in the asymptotic covariance in such a case. However, such a
scheme, i.e., a single time scale variant of the proposed algorithm (in general for 1/2 — (2 +¢;)71 <7 < 1)
enjoys a lower communication rate. Technically speaking, for the case when 71 = 1, the communication rate
is given by C; = © (t0'5(1+6)). Hence, there is an intrinsic trade-off between the communication rate and the
achievable asymptotic variance.

Intuitively, the algorithm exhibits a threshold behavior in terms of the consensus potential 7;. The threshold

1

behavior is summarized in table 5.1. In the case when, 74 < 1/2 — Pt

the algorithm achieves a network

Table 5.1: CREDQO: Trade-off between Communication cost and Asymptotic Covariance

Trade-Odd Convergence Asymptotic Covariance Comm. Cost.
0<n < % — 2#1 Consistent Network Independent © t%+§)
% — ﬁ <71 <1 Consistent Network Dependent ot
€1
71> 1 Does not converge Diverges ©(1)

independent asymptotic covariance while ensuring the communication rate to be strictly sub linear. However,

in the case when 1/2 — % < 7 <1, the algorithm has a communication rate which is lower than the

+eé1
previous regime, but then achieves asymptotic covariance which depends on the network explicitly. Finally,

in the case when 71 > 1, the algorithm does not even converge to the true underlying parameter.

5.5 Directed CREDO

Till now, with the communication scheme we have forced each instance of the communication graph to be
undirected. Technically speaking, an agent can send or receive information when it is awake. We motivate
a communication scheme next, where we allow each instance of the communication graph to be directed
as long as they are undirected on average. Intuitively speaking, it encapsulates a setup where agents at
each epoch do not receive information from their neighbors, but over time the number of messages sent and

received from neighbors is roughly the same. We present directed CREDO next. For each node n, at every
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time ¢, we introduce a binary random variable 1, ;, where

Dt with probability (;
Yt = (5.15)
0 else,

where 1, ;’s are independent both across time and the nodes, i.e., across t and n respectively. The random
variable 1, ; abstracts out the decision of the node n at time ¢ whether to transmit its statistic to the

neighborhood or not. We specifically take p; and (; of the form

Po Co
= = 5.16
Pt (t+1)67<t (t+1>(71_6)5 ( )
where 0 < € < 7y and 0 < 7y < 1. Furthermore, define 3; to be
B
Be = piGe = G+ —1—01)71' (5.17)

With the above development in place, we define the random time-varying Laplacian L(t), where L(t) € RV*¥

which abstracts the inter-node information exchange as follows:

_wji {Z,]}EE,Z#]

Li;(t) =40 i#j i} ¢ E (5.18)
Zl# ¢l,t i=J.
We have, for {i,j} € E:
_ _ _ Bo
E [Li,j ()] = —peGe = =B = —W
2 _ o, _ pobo
E L] = 5 = gy (5.19)
Thus, we have that, the variance of L; ;(t) is given by,
2
Var (L (1) = 000 P (5.20)

(t + 1)7’1+e (t + 1)27‘1

Define, the mean of the random time-varying Laplacian sequence {L(t)} as L(t) = E[L(¢)] and L(t) =
L(t) — L(t). Note that, in spite of the sequence {L(#)} being a directed graph sequence, L(t) is undirected.
Note that, E {i(t)} =0, and

N*Bopo N2B3

E [Hf’(t)HQ} < N2E [i?,j(t)] =D G R (5.21)
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where ||-|| denotes the Ly norm. The above equation follows from equivalence of the Ly and Frobenius norms.
We also have that, L(¢) = 8;L, where

-1 {Z,]}EE,Z#]
Li;j =10 i#j,{i,j} ¢ E (5.22)
=i Lig i=7.

We formalize the assumption regarding the average connectivity and the undirectedness of the sequence of

the communication graphs.

Assumption 5.5.1. The inter-agent communication graph is connected and undirected on average, i.e.,
A2(L) > 0, which implies A\a(L(t)) > 0, where L(t) denotes the mean of the Laplacian matriz L(t) and Az (-)

denotes the second smallest eigenvalue.

With the communication protocol established, we propose an update, where every node n generates an

estimate sequence {x,(t)}, where x,(t) € RM in the following way:

Xn(t + ].) = Xn(t) — Z 'l/)l,t (Xn(t) - Xl(t))

eQ,

Neighborhood Consensus
+oH B0 (v (t) — Hox (1)), (5.23)

Local Innovation

where ,, denotes the neighborhood of node n with respect to the network encapsulated by L and oy is the
innovation gain sequence which is given by ay = a/(t + 1).

The above update can be written in a compact form as follows:

X(t + 1) = (IN]\/[ — L(t) ® IM) X(t)

+a,GrE~t (y(t) — GLx(t)), (5.24)
where a; = 7, x(t) = [x] (t) %3 (t)---xN(1)] T, G = diag[H] ,;Hy ,--- ,HY], y(t) = [y] () y3 (1) ---yn (1)

and X = dzag [217”' ;EN]

Lemma 5.5.1. For each n, the process {x,(t)} satisfies
Py (sup Ix(®)] < oo) =1. (5.25)
>0
Proof. We first note that,

L(t) = L + L(t), (5.26)

2
€3

where E {L(t)} —0and E {Lf,j(t)} = i —
Define, z(t) = x(t) — 1y ® 0" and V(t) = ||z(t)|>. By conditional independence, we have that,

E[V(t+1)|FR]=V(t)
+2 (1) (Iny — B (T Ty) — G2 G 2(1)
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oo [| 5o )]

o?(t)Eg- [||GH2’1 (y(t) — Gly ®6%) Hz]
z' (t) (B (LoIy) + GuE 'Gj) z(t), (5.27)

where the filtration {F;} may be taken to be the natural filtration generated by the random observations,

the random Laplacians i.e.,

Fimo ({traenil ey} ). (5.29)

s=0

which is the g-algebra induced by the observation processes. For ¢ > t;, it can be shown that,

ZT(t> (INM - Bt (f@ I]\/[) - atGHZ_lGE)Q Z(t)
< (1= caay)? ()] (5.29)

Note, that L(t) is row stochastic and hence (i(t) ® IM) z(t) =z ().

2 [|Ero o] < Sl o

(t 4 1)mte
We use the following inequalities so as to analyze the recursion in (5.27).
_ %\ |2
Eo- [|GH="! (v() ~ Ghin ©67)[°] <o

z' (1) (B (L® In) + oztGHEflGE) z(t)
> 8o (E) llzcs O + erav [(0) 2. (531)

Using the inequalities derived in (5.31), we have,

E[V(t+1)|F] < (1 +csa®(t)V ()

Cs 2 2
(ﬂt (t—|—1)7—1+‘> lzc (0)||” + co™(t). (5.32)
As W goes to zero faster than f;, Jto such that Vi > to, 5; > ﬁ By the above construction we
obtain Vt > ts,
Eo-[V(t+1)| 7] < (1+*®)V(t) + a3, (5.33)

where a(t) = \/cgay. The product [[oo, (1 + o?) exists for all t. Now let {W(¢)} be such that

W(t) = (ﬁ(l + ai)) Va(t) + iai, Vit > to. (5.34)

s=t

By (5.34), it can be shown that {W(¢)} satisfies,

Eg« [W(t + 1)|F] < W(¢). (5.35)
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Hence, {W(t)} is a non-negative super martingale and converges a.s. to a bounded random variable W* as
t — oo. It then follows from (C.163) that V(t) — W* as ¢t — oo. Thus, we conclude that the sequences
{x,(t)} are bounded for all n. O

Lemma 5.5.2. Let the hypothesis of Lemma 5.5.1 hold. Then, we have,

Pe (lim Xn(t) = 0) ~ 1 (5.36)

t—o0

Proof of Lemma 5.5.2. Following as in the proof of Lemma 5.5.1, for ¢ large enough

Eo[V(t+ 1)| 7] < (1 — 2cacy + c70}) V() + coaf
< V(t) + ca?, (5.37)

as for ¢ large enough, —2cya; + c7a? < 0. Now, consider the {F; }-adapted process {Vi(t)} defined as follows
Vi) =V(t) +c »_al
s=t
=V(t)+es Y (t+1)72 (5.38)
s=t

for appropriately chosen positive constant cg.Since, {(¢+ 1)72} is summable, the process {V;(t)} is bounded
from above. Moreover, it also follows that {Vi(¢)};>:, is a supermartingale and hence converges a.s. to a
finite random variable. By definition from (5.38), we also have that {V'(¢)} converges to a non-negative finite

random variable V*. Finally, from (5.37), we have that,
Eo[V(t+1)] < (1 — cray) Eo[V ()] 4 co(t +1)72, (5.39)

for t > t;. The sequence {V (¢)} then falls under the purview of Lemma C.3.1, and we have Eg[V (t)] — 0 as
t — oo. Finally, by Fatou’s Lemma, where we use the non-negativity of the sequence {V'(¢)}, we conclude
that

0 < Eo[V"] < liminf Eo[V (1)) = 0, (5.40)
which thus implies that V* = 0 a.s. Hence, ||z(t)|| — 0 as t — oo and the desired assertion follows. O

Theorem 5.5.3. Let the hypothesis of Theorem 5.5.1 hold. Then, we have,

Eo [Ix.() - 0] = © (ct‘ ) | (5.41)

where € < 11 and is as defined in (5.3).
It is to be noted that, in particular if 7y = 1, we have that Eg [||xn(t) - 0||2] =0 (Ct_%) for all € > 0.

Proof of Theorem 5.5.3. Proceeding as in proof of Lemma 5.5.2, we have, for ¢ large enough

Eo[V(t+ 1)|F] < (1 — 2cacy + c707) V(t) + coaf
< V(t) + co0f, (5.42)
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as for t large enough, —cya + cra? < 0. Before proceeding further, we note that, from (5.29),

x' (ﬁt (f@l]u) + atGHE_lGE) X

—ax” (gt (o) + GH21G;> x
t

>ax' (Lely)+GuE 'Gj)x > caoy, (5.43)
where
¢4 = Amin (L@ In) + GuE"'G)). (5.44)
Thus, we have that
[Ivar — B (L@ Iy) — oGS~ G| <1 - cuan, (5.45)

for all ¢ > t1, where t; is chosen to be appropriately large. Now, consider the {F;}-adapted process {Vi(t)}

defined as follows
Vi(t) =V(t) +c »_al
s=t
=V(t)+es Y (t+1)72, (5.46)
s=t

for appropriately chosen positive constant cg.Since, {(t+ 1)72} is summable, the process {V;(t)} is bounded
from above. Moreover, it also follows that {Vi(t)};>:, is a supermartingale and hence converges a.s. to a
finite random variable. By definition from (5.38), we also have that {V'(t)} converges to a non-negative finite

random variable V*. Finally, from (5.42), we have that,

Eo[V (¢t +1)] < (1 - caas) B[V (1)] + cs(t + 1)
= Ep[V(t+1)] < (1 — cas) B[V (£)] + croo(t + 1)1 (5.47)

for ¢ > ¢;. The summability of {a:} in conjunction with assumption ?? ensures that the sequence {V(t)}

then falls under the purview of Lemma C.1.3, and we have

limsup(t + 1)Eg[V(t 4+ 1)] < 00

t—o00

~ Eo[V(t)] = O (1) . (5.48)

It is to be noted that the communication cost C; for the proposed CREDQO algorithm, is given by C; =
O (t*7™) and thus the assertion follows. O

5.6 Simulation Results

This section corroborates our theoretical findings through simulation examples and demonstrates on both
synthetic and real data sets communication efficiency of CREDQO. Subsection 5.6.1 considers synthetic data,

while Subsection 5.6.2 presents simulation results on real data sets.
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5.6.1 Synthetic Data

Specifically, we compare the proposed communication-efficient distributed estimator, CREDO, with the
benchmark distributed recursive estimator which utilizes all inter-neighbor communications at all times,
i.e., has a linear communication cost. The example demonstrates that the proposed communication-efficient
estimator matches the MSE rate of the benchmark estimator. The simulation also shows that the proposed
estimator improves the MSE communication rate with respect to the benchmark. The simulation setup is
as follows. We consider three instances of undirected graphs with N = 20 nodes, with relative degrees?
of nodes slated at 0.3736, 0.5157 and 0.6578. The graphs were generated as connected graph instances
of the random geometric graph model with radius r = \/W . We set M = 10 and M,, = 1, for all
n =1,..., N;i.e., the unknown parameter 8 € R'°, while each node makes a scalar observation at each time ¢.
The noises 7, (t) are Gaussian and are i.i.d. both in time and across nodes and have the covariance matrix
equal to 0.25 x I. The sampling matrices H,,’s are chosen to be 2-sparse, i.e., every nodes observes a linear
combination of two arbitrary entries of the vector parameter. The non-zero entries of the H,,’s are sampled
from a standard normal distribution. The sampling matrices H,,’s at the same time satisfy Assumption 5.4.1.
The parameters of the benchmark and the proposed estimator are as follows. The benchmark estimator’s
consensus weight is set to 0.1(¢ 4+ 1)7%49. With the proposed estimator, we study the first two regimes as
illustrated in Table 5.1,ie., 0 < 71 < % and % < 7, < 1. For the second regime, we study two different
cases. We set p; = 0.1(t + 1)~ for both the regimes. We set (; = (¢t +1)7%23% ¢, = (¢t +1)79315 and
¢ = (t+1)7949 for the above mentioned first and two cases of the second regime respectively; that is, with
the proposed estimator, we set ¢ = 0.01, 7, = 0.49, e = 0.01, 71 = 0.65 and € = 0.01, 7y = 1 for the first and
two cases of the second regime respectively. Note that the Laplacian matrix associated with the benchmark
estimator and the expected Laplacian matrix associated with the proposed estimator, CREDQO are equal in
each of the three generated networks, i.e., L = L. With all the three estimators, the innovation weight is
set to oy = (3.68(t + 20))~ L. Note that all the theoretical results hold unchanged for the “time-shifted” o
used here. The purpose of the shift in the innovation potential is to avoid large innovation weights in the

initial iterations. As a performance metric, we use the relative MSE estimate averaged across nodes:
(1) — 6]
N Z |, (0) — 612’

further averaged across 50 independent runs of the three estimators. Here, x,,(0) is node n’s initial estimate.
With both estimators, at each run, at all nodes, we set x,(0) = 0. Figure 5.1 plots the estimated relative
MSE versus time ¢ in log-log scale for the three networks. From figure 5.1, we can see that the MSE
decay of the proposed estimator coincides with that of the benchmark estimator, especially in the 71 = 0.49
regime across all the three networks, inspite of having lower communication costs. CREDO with 7 = 0.65
and 7, = 1, has higher convergence constants® with respect to the MSE decay rates as compared to the
benchmark estimator, though with far lower communication costs. We can also see that, for network 1 and
network 2, with relative degree slated at 0.3136 and 0.5157 respectively, the MSE in the case of 7, = 0.65
and 7 = 1 shifts further away from the MSE curve of network 3 and thus illustrating the network dependent

convergence constant in the regime 1/2 < 73 < 1. At the same time, from Figure 5.1 it can be seen that

with 7 = 0.49, the convergence is practically independent of the network similar to the convergence of

2Relative degree is the ratio of the number of links in the graph to the number of possible links in the graph.
31t basically points to the fact that, though the MSE in all the cases have a t~! scaling, but the variance of the 71 = 0.65
and 71 = 1 case involves bigger constants and thus larger variance.
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the benchmark estimator, as predicted by Theorem 5.4.5. Figure 5.2 plots the estimated relative MSE
versus average per-node communication cost Cy. We can see that the proposed scheme has an improved
communication rate with respect to the benchmark, as predicted by the theory. In spite of higher convergence
constants with respect to the MSE decay rates, in the case of 71 = 0.65 and 7, = 1, the MSE decay rate in
terms of the communication cost is still faster than the benchmark estimator. Also, in the case of 71 = 0.49,
there is a close to 10x reduction in the communication cost for the same achievable relative MSE of 0.005
as compared to the benchmark estimator. Figure 5.2, illustrates the trade-off between the MSE decay rate
and the communication cost, there in, the lowest communication cost enjoyed by CREDO results in higher
convergence constant with respect to the MSE decay, while the lowest convergence constant with respect to

the MSE decay rate enjoyed by the benchmark estimator results in the highest communication cost.

Relative MSE

B 18 2 21 22 23 24 25 26 27

Herations inlog,
L L L I I )

0 1 2 3 4 5
Iterations in Iogm

Figure 5.1: Comparison of the proposed and benchmark estimators in terms of relative MSE: Number of
Tterations. The solid lines represent the benchmark, the three different colors indicate the three different
networks, while the three regimes are represented by the dotted lines.
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Figure 5.2: Comparison of the proposed and benchmark estimators in terms of relative MSE: Communication
cost per node. The solid lines represent the benchmark, the three different colors indicate the three different
networks, while the three regimes are represented by the dotted lines.

5.6.2 Real Datasets

In order to evaluate the performance of CREDQO, we ran experiments on three real-world datasets, namely
cadata (Lib), Abalone (Lichman (2013)) and bank (Del).

For the cadata dataset (20640 data points, 8 features), we divided the samples into 20 equal parts of 900
data points each, after keeping 2640 data points as the test set. For the 20 node network, we constructed
a random geometric graph. For the Abalone dataset (4177 data points, 8 features), we divided the samples
into 10 equal parts of 360 points each, after keeping 577 data points as the test set. For the 10 node
network, we constructed a random geometric graph. For the bank dataset (8192 data points, 9 features),
we divided the samples into 20 equal parts equal parts of 350 points each, after keeping 1192 data points
as the test set. For the 20 node network, we constructed a random geometric graph. We added Gaussian
noise to the dependent variables, i.e., housing price, the age of Abalone and fraction of rejecting customers
respectively. The training datasets, with respect to the sensing model (5.1), have dynamic regressors (a
regressor here corresponds to a feature vector of one data point), i.e, time-varying H,’s for each agent n.
Thus, we perform a pre-processing step where we average the training data points’ regressors at each node
to obtain an averaged H,,, which is then subsequently used at every iteration ¢ in the update (5.10). For
each experiment (each dataset), a consistency check is done by ensuring that >~ _; ﬁIE; 'H,, is invertible
and thus global observability holds. As the number of data points at each node are the same, we sample
along iterations ¢ data points at each node without replacement, and thus the total number of iterations ¢
we run the algorithms equals the number of data points at each node. In other words, the algorithm passes
through each data point exactly once. We summarize the comparison of the number of communications
needed by directed and undirected CREDO and the benchmark algorithm at the test error obtained after
the total number of iterations in Table 5.2. In particular, the test errors obtained in the cadata, abalone
and the bank dataset are 0.015, 0.03 and 0.007 of the initial test error, respectively. In figures 5.3, 5.4 and

5.5, we plot the evolution of the test error for each of the datasets as a function of the number of iterations
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Figure 5.4: Abalone Dataset: Comparison of the CREDO and benchmark estimators

and the communication cost. It can be seen that while undirected CREDO matches the final test error of
that of the benchmark algorithm, it requires on average thrice as less number of communications. Directed
CREDO reduces the number of communications even further by reducing the number of communications by
three times while maintaining the same test error.

Note that the theoretical setup rigorously establishes results pertaining to observation models with static
regressors, i.e., static sensing matrices. However, the simulations on the real world datasets show that in spite
of the time-varying regressors, the algorithm continues to demonstrate its improved communication efficiency
over the benchmark. Moreover, as the sampling at each node is without replacement, the transients as far
the performance is concerned can be improved by making the weight sequences decay after a few iterations
instead of every iteration. Such a decay, while ensuring that the algorithm requirements are satisfied, would

ensure for faster assimilation of new data points.
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Table 5.2: CREDO: Communication cost across three datasets

Dataset Test Error Network size Directed CREDO  Undirected CREDO  Benchmark

CADATA 2.15 20 86 261 722
ABALONE 0.95 10 61 192 958
BANK 0.015 20 98 252 696

5.7 Summary of Contributions

e Improved MSE-Communication Rate Tradeoff: We show that, despite significantly lower com-
munication cost, CREDO achieves the best possible O(1/t) rate of MSE decay in time ¢ (¢ also equals to
per-worker number of data samples). Importantly, this result translates into significant improvements
in the rate at which MSE decays with communication cost C; — namely from O(1/C;) with existing
methods to O(1 /Ct2 {) with the proposed method, where ¢ > 0 arbitrarily small. With the directed
CREDO development, we demonstrate that the MSE communication cost dependence can be further
improved to O(1/C, Y C). In particular, the algorithm CREDO points to the fact that several commu-
nications in typical distributed estimation setup are redundant and there is no loss in the convergence

rate when such redundant communications are dropped.

e Three time-scale stochastic approximation: To achieve the results above, we developed several
technical innovations. Specifically, the studied setup requires analysis of mized time-scale stochastic
approzimation algorithms with three different time scales. This setup stands in contrast with the
classical single time-scale stochastic approximation, the properties of which are well known. It is
also very different from the more commonly studied two time-scale stochastic approximation (see, for
instance Borkar (2008)) in which a fast process is coupled with a slower dynamical system. We develop
here new technical tools that allow us to handle the case of number of operating time-scales to be three

instead of two as in Kar et al. (2013a) for mixed time-scale stochastic approximation.

5.8 Conclusion and Future Directions

In this chapter, we have proposed a communication efficient distributed recursive estimation schemes CREDO,

for which we established strong consistency of the estimation sequence and characterized the asymptotic co-
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variance of the estimate sequence in terms of the sensing model and the noise covariance. The communication
efficiency of CREDO was characterized in terms of the dependence of the MSE on the communication cost.
To be specific, we have established that the MSE of CREDO can be as good as © (C[“C), where ¢ > 0 and
(¢ is arbitrarily small. Future research directions include the development of communication schemes, which
are adaptive in terms of the connectivity of a node, and local decision making in terms of whether to commu-
nicate or not based on neighborhood information. The algorithm presented in this chapter can be thought of
as a distributed method to solve a stochastic optimization problem with a stochastic least squares-type cost

function. A natural direction is hence to extend the proposed ideas to stochastic distributed optimization.



Chapter 6

Distributed Weighted Non-linear Least
Squares: CZWNLS

6.1 Introduction

The chapter focuses on distributed nonlinear least squares estimation in distributed information settings.
Each agent in the network senses sequentially over time independent and identically distributed (i.i.d) time-
series that are (nonlinear) functions of the underlying vector parameter of interest corrupted by noise. To be
specific, we are interested in the design of recursive estimation algorithms to estimate a vector parameter of
interest that are consistent and order-optimal in the sense of pathwise convergence rate and such that their
asymptotic error covariances are comparable with that of the centralized weighted nonlinear least squares
estimator!. The estimation algorithms we design are recursive — they process the agents’ observations
at all times as and when they are sensed, rather than batch processing. This contrasts with centralized
setups, where a fusion center has access to all the observations across different agents at all times, i.e.,
the inter-agent communication topology is all-to-all or all-to-one. Centralized estimators are burdened by
high communication overheads, synchronization issues, and high energy requirements. Moreover, there is
the requirement of global model information, i.e., the fusion center requiring information about the local
models of all agents. All these make centralized estimation algorithms difficult to implement in multi-agent
distributed setups of the type considered in this chapter, motivating us to revisit the problem of distributed
sequential parameter estimation. To accommodate energy constraints in many practical networked and
wireless settings, the inter-agent collaboration is limited to a pre-assigned possibly sparse communication
graph. Moreover, due to limited computation and storage capabilities of individual agents in a typical
multi-agent networked setting, we restrict to scenarios where individual agents are only aware of their
local model information; hence, we allow for heterogeneity among agents, with different agents possibly
having different local sensing models and noise statistics. This chapter proposes a distributed recursive
algorithm, namely, the CZWN LS (Consensus + innovations Weighted Nonlinear Least Squares), which is
of the consensus + innovations form Kar et al. (2012). We specifically focus on a setting in which the
agents make i.i.d observations sequentially over time, only possess local model information, and update
their parameter estimates by simultaneous assimilation of the information obtained from their neighboring

agents (consensus) and current locally sensed information (innovation). This justifies the name CZWN LS,

LA centralized estimator has access to all agent data at all times and has sufficient computing ability to implement the
classical weighted nonlinear least squares estimator Jennrich (1969); Wu (1981) at all times.

86
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which is a distributed weighted nonlinear least squares (WNLS) type algorithm of the consensus+innovations
form. To replicate practical sensing environments accurately, we model the underlying vector parameter as
a static parameter, that takes values in a parameter set @ C RM (possibly a strict subset of R™). The
dimension M is possibly large, but the observation of any agent n is M,, dimensional with typically M,, < M
in most applications; this renders the parameter locally unobservable at each agent. The key assumptions
concerning the sensing functions in this chapter are required to hold only on the parameter set © and not on
the entire space? RM™. The distributed sequential estimation approach of the consensus + innovations form
that we present accomplishes the following:

Consistency under global observability: We assume global observability® and certain monotonicity
properties of the multi-agent sensing model, as well as the connectedness of the inter-agent communication
graph. We show that our recursive distributed estimator generates parameter estimate sequences that are
strongly consistent at each agent. Global observability is a minimal requirement for consistency; in fact, it
is necessary for consistency of centralized estimators as well.

Optimal pathwise convergence rate*: We show that the proposed distributed estimation algorithm
CIWN LS yields order-optimal pathwise convergence rate under certain smoothness conditions on the sens-
ing model. These conditions are standard in the recursive estimation literature and we require them to hold
only on the parameter set ©. Even though recursive, our distributed estimation approach guarantees that
the parameter estimates are feasible at all times, i.e., they belong to the parameter set ©. Further, the
parameter estimates at each local agent n are as good as the optimal centralized estimator as far as pathwise
convergence rate is concerned. The key point to note here is that, for the above order optimality to hold we
need to only assume that the inter-agent communication graph is connected irrespective of how sparse the
link realizations are.

Asymptotic Normality: Under standard smoothness conditions on the sensing model, the proposed
distributed estimation algorithm CZWN LS is shown to yield asymptotically normal® parameter estimate
sequences. Distributed estimation does pay a price. The asymptotic covariance of the proposed distributed
estimator is not as efficient as that of the centralized estimator; nonetheless, it shows the benefits of inter-
agent collaboration. In absence of inter-agent collaboration, the parameter of interest most likely is unob-
servable at each individual agent, and hence non-collaborative or purely decentralized procedures will lead

to divergence under the usual asymptotic normality scaling at the individual network agents.

6.2 Related Work

Distributed inference approaches addressing problems related to distributed estimation, parallel computing,
and optimization in multi-agent environments through interacting stochastic gradient and stochastic approx-
imation algorithms have been developed extensively in the literature —see, for example, early work Tsitsiklis
(1984); Tsitsiklis et al. (1986); Bertsekas et al. (1984); Kushner and Yin (1987). Existing distributed estima-

2By taking the parameter set © = RM | the unconstrained parameter estimation problem can be addressed, and thus the
setup in this chapter enables a richer class of formulations.

3@Global observability corresponds to the centralized setting, where an estimator has access to the observations of all sensors
at all times. The assumption of global observability does not mean that each sensor is observable; rather, if there was a
centralized estimator with simultaneous access to all the sensor measurements, this centralized estimator would be able to
reasonably estimate the underlying parameter. A more precise definition is provided later in Assumption 6.3.2.

4By optimal pathwise convergence rate, we mean the pathwise convergence rate of the centralized estimator to the true
underlying parameter with noisy observations.

5 An estimate sequence is asymptotically normal if its v/¢ scaled error process, i.e., the difference between the sequence and
the true parameter converges in distribution to a normal random variable, where ¢ refers to (discrete) time or equivalently the
number of sampling epochs.
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tion schemes in the literature can be broadly divided into three classes. The first class includes architectures
that are characterized by the presence of a fusion center (see, for example Aysal and Barner (2008); Luo
(2005)) that receives the estimates or local measurements or their quantized versions from the network
agents and performs estimation. The second class involves single snapshot data collection (see, for ex-
ample Das and Mesbahi (2006); Schizas et al. (2008c)) followed by distributed consensus or optimization
protocols to fuse the initial estimates. In contrast to these classes, the third class involves agents making
observations sequentially over time and where inter-agent communication, limited to arbitrary pre-assigned
possibly sparse topologies, occurs at the same rate as sensing (see, for example Braca et al. (2010, 2008);
Kar et al. (2012); Lopes and Sayed (2008)). Two representative schemes from the third class are consen-
sus+innovations type Kar et al. (2012); Kar and Moura (2008a) and diffusion type algorithms Lopes and
Sayed (2008); Chen and Sayed (2012); Matta et al. (2016); Cattivelli and Sayed (2011b, 2010). Broadly
speaking, these algorithms simultaneously assimilate a single round of neighborhood information, consensus
like in Bertsekas et al. (1984); Olfati-Saber et al. (2007); Dimakis et al. (2010); Jadbabaie et al. (2003), with
the locally sensed latest information, the local innovation; see for example consensus+innovation approaches
for nonlinear distributed estimation Kar et al. (2012, 2013b) and detection Bajovic et al. (2011); Jakovetic
et al. (2012); Sahu and Kar (2017). A key difference between the diffusion algorithms discussed above and
the consensus+innovations algorithms presented in this chapter is the nature of the innovation gains (the
new information fusion weights). In the diffusion framework, the innovation gains are taken to be constant,
whereas, in the consensus+innovations schemes these are made to decay over time in a controlled fashion.
The constant innovation gains in the diffusion approaches facilitate adaptation in dynamic parameter envi-
ronments, but at the same time lead to non-zero residual estimation error at the agents (see, for example,
Lopes and Sayed (2008)), whereas the time-varying innovation weights in the consensus+innovations ap-
proach ensure consistent parameter estimates at the agents. In Kar and Moura (2014), strong consistency of
the parameter estimate sequence is established, and it is shown that the proposed algorithm is asymptotically
efficient, i.e., its asymptotic covariance is the same as that of the optimal centralized estimator. However, in
Kar and Moura (2014), the smoothness assumptions on the sensing functions need to hold on the entire pa-
rameter space, i.e., RM. In contrast, we consider here a setup where the parameter belongs to a constrained
set and the smoothness conditions on the sensing functions need to hold only on the constrained parameter
set; this allows the algorithm proposed in this chapter, namely CZWN LS, to be applicable to other types
of application scenarios. Moreover, in Kar and Moura (2014) the problem setup needs more detailed knowl-
edge of the statistics of the noise processes involved, as it aims to obtain asymptotically efficient (in that
the agent estimates are asymptotically normal with covariance equal to the inverse of the associated Fisher
information rate) estimates for general statistical exponential families. In particular, to achieve asymptotic
efficiency, Kar and Moura (2014) develops a consensus+innovations type distributed recursive variant of
the maximum likelihood estimator (MLE) that requires knowledge of the detailed observation statistics. In
contrast, in this chapter, our setup only needs knowledge of the noise covariances and the sensing functions.
Technically speaking, for additive noisy observation models, the weighted nonlinear squares estimation, the
distributed version of which is proposed in this chapter, applies to fairly generic estimation scenarios, i.e.,

where observation noise statistics are unknown.

6.3 Sensing Model and Preliminaries

Let @ € O (to be specified shortly) be an M-dimensional (vector) parameter that is to be estimated by a
network of N agents. We specifically consider a discrete time system. Each agent n at time ¢ makes a noisy
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observation y,, (t) that is a noisy function (nonlinear) of the parameter. Formally, the observation model for

the n-th agent is given by
Yn(t) = fn(g) + Cn(t)7 (6'1)

where f,,(+) is, in general, a non-linear function, {y, (¢)} is a RM»-valued observation sequence for the n-th
agent and for each n, {(,(t)} is a zero-mean temporally independent and identically distributed (i.i.d.) noise
sequence with nonsingular covariance matrix R,,, such that, ¢, (t) is Fi1+1-adapted and independent of F;.
In typical application scenarios, the observation at each agent is low-dimensional, i.e., M,, < M, and usually
a function of only a subset of the M components of 8, i.e., agent n observes a function of K, components
of 8 with K,, <« M, which most likely entails that the parameter of interest @ is locally unobservable at the
individual agents. Hence, to achieve a reasonable estimate of the parameter 0, it is necessary for the agents
to collaborate through inter-agent message passing schemes.

Since, the sources of randomness in our formulation are the observations y,,(¢)’s by the agents, the filtration

{F:} may be taken to be the natural filtration generated by the random observations, i.e.,

N 1t1
Fi=o ({{yn(s)}n_l}s_o) , (6.2)
which is the o-algebra induced by the observation processes.
To motivate our distributed estimation approach (presented in Section 6.4) and benchmark its performance
with respect to the optimal centralized estimator, we now review some concepts from centralized estimation
theory.
Centralized weighted nonlinear least-squares (WNLS) estimation. Consider a network of agents
where a hypothetical fusion center has access to the observations made by all the agents at all times and then
conducts the estimation scheme. In such scenarios, one of the most widely used estimation approaches is
the weighted nonlinear least squares (WNLS) (see, for example, Jennrich (1969)). The WNLS is applicable
to fairly generic estimation scenarios, for instance, even when the observation noise statistics are unknown,
which precludes other classical estimation approaches such as the maximum likelihood estimation. We
discuss below some useful theoretical properties of WNLS like, in case the observation noise is Gaussian, it
coincides with the (asymptotically) efficient maximum likelihood estimator. To formalize, for each ¢, define
the cost function
t N
Qi (2) = > (¥al(s) ~£u(2)) Ry (yals) — fu(2), (6.3)
s=0n=1
where R,, denotes the positive definite covariance of the measurement noise (,(t). The WNLS estimate 5,5

of @ at each time ¢ is obtained by minimizing the cost functional Q;(),
6, € argmin Z). 6.4
t g 1 Qt( ) ( )

Under rather weak assumptions on the sensing model (stated below), the existence and asymptotic behavior

of WNLS estimates have been analyzed in the literature.

Assumption 6.3.1. The set © is a closed conver subset of RM with non-empty interior int(©) and the true

(but unknown) parameter 6 € int(0).
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Assumption 6.3.2. The sensing model is globally observable, i.e., any pair 079 of possible parameter

instances in © satisfies

£,(0) — fn(é)H2 -0 (6.5)

N
n=1

if and only if 0 = 0.

Assumption 6.3.3. The sensing function £,(.) for each n is continuously differentiable in the interior
int(©) of the set ©. For each 6 in the set ©, the matriz g that is given by

N
_1 1geT

where VE denotes the gradient of £(-), is invertible.

Smoothness conditions on the sensing functions, such as the one imposed by assumption 6.3.3 is common in
the literature addressing statistical inference algorithms in non-linear settings. Note that the matrix I'g is
well defined at the true value of the parameter 6 as 6 € int(©) and the continuous differentiability of the
sensing functions hold for all 8 € int(©).

Assumption 6.3.4. There exists €1 > 0, such that, for all n, Eg [||(n(t)||2+q} < 00.
The following classical result characterizes the asymptotic properties of (centralized) WNLS estimators.

Proposition 6.3.1. (Jennrich (1969)) Let the parameter set © be compact and the sensing function fy(-) be
continuous on © for each n. Then, a WNLS estimator of @ exists, i.e., there exists an {F;}-adapted process
{6,} such that

0, € argmin,cgo Q¢ (z), Vt. (6.7)

Moreover, if the model is globally observable, i.e., Assumption 6.3.2 holds, the WNLS estimate sequence {gt}
18 consistent, 1i.e.,
Pe (hm 0, = 0) -1 (6.8)
t—oo

Additionally, if Assumption 6.3.3 holds, the parameter estimate sequence is asymptotically normal, i.e.,

N (@t _ 0) LN (0,2, (6.9)
where
. = (NTy) ', (6.10)

Lo is as given by (6.6) and 2 refers to convergence in distribution (weak convergence).

The WNLS estimator, apart from needing a fusion center that has access to the observations across all agents
at all times, also incorporates a batch data processing as implemented in (6.4). To mitigate the enormous

communication overhead incurred in (6.4), much work in the literature has focused on the development
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of sequential albeit centralized estimators that process the observations y(t) across agents in a recursive
manner. Under additional smoothness assumptions on the local observation functions f,(-)’s, recursive
centralized estimators of the stochastic approximation type have been developed by several authors, see, for
example, Sakrison (1965); Has'minskij (1974); Pfanzagl (1973); Stone (1975); Fabian (1978). Such centralized
estimators require a fusion center that process the observed data in batch mode or recursive form. The fusion
center receives the entire set of agents’ observations, {y, ()}, n = 1,2,3,--- , N, at all times ¢. Moreover,
both in the batch and the recursive processing form, the fusion center needs global model information in the
form of the local observation functions f,(-)’s and the observation noise statistics, i.e., the noise covariances
R, ’s across all agents. In contrast, this chapter develops collaborative distributed estimators of 8 at each
agent n of the network, where each agent n has access to its local sensed data y,,(¢t) only and local model
information, i.e., its own local sensing function f,, (-) and noise covariance R,,. To mitigate the communication
overhead, we present distributed message passing schemes in which agents, instead of forwarding raw data
to a fusion center, participate in a collaborative iterative process to estimate the underlying parameter
6. The agents also maintain a copy of their local parameter estimate that is updated by simultaneously
processing local parameter estimates from their neighbors and the latest sensed information. To obtain
a good parameter estimate with such localized communication, we propose a distributed estimator that
incorporates neighborhood information mixing and local data processing simultaneously (at the same rate).
Such estimators are referred to as consensus + innovations estimators, see Kar et al. (2012), for example.
Example: Distributed Static Phase Estimation in Smart Grids

Many applications within cyber physical systems and internet of things can be modeled as non-linear dis-
tributed estimation problems of type (1). Such class of models arises, e.g., with state estimation in power
systems; therein, a phasorial representation of voltages and currents is usually utilized, wherein non-linearity
in general emerges from power-flow equations. Here, we focus on the specific problem within the class, namely
distributed static phase estimation in smart grids. We describe the model briefly and refer to, e.g., Ilic’ and
Zaborszky (2000); Kar et al. (2012) for more details. Here, graph G corresponds to a power grid network
of n =1,..., N generators and loads (here a single generator or a single load is a node in the graph), while
the edge set E corresponds to the set of transmission lines or interconnections. (For simplicity, even though
not necessary, we assume that the physical interconnection network matches the inter-node communication
network.) Assume that G is connected. The state of a node n is described by (V,,, ¢,), where V), is the
voltage magnitude and ¢,, is the phase angle. As commonly assumed, e.g., Ilic’ and Zaborszky (2000), we
let the voltages V,, be known constants; on the other hand, angles ¢,, are unknown ant are to be estimated.
Following a standard approximation path, the real power flow across the transmission line between nodes n

and [ can be expressed as, e.g., Ilic’ and Zaborszky (2000):

Pnl(¢) = Vn Vl bnl Sin(¢nl)a (611)

where ¢ is the vector that collects the unknown phase angles ¢,, across all nodes, by, is line (n, [)’s admittance,
and ¢,; = ¢, — ¢;. Denote by E,, C E the set of lines equipped with power flow measuring devices. The

power flow measurement at line (n,[) is then given by:

Yni(t) = Pni(@) + i (t) = Vo Vi bursin(dnr) + v (t), (6.12)

where {v,;(t)} is the zero mean i.i.d. measurement noise with finite moment E[|y,;(t)|>T<], for some

€17 > 0. Assume that each measurement y,;(t) is assigned to one of its incident nodes n or I. Further,
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let €2, denote the set of all indexes ! such that measurements y,;(t) are available at node n. Then, it
becomes clear that the angle estimation problem is a special case of model (1), with the measurement
vectors y,(t) = [yu(t), 1 € Q,]T, n = 1,..., N, noise vectors v,(t) = [yu(t), 1 € ]", n =1,..,N, and
sensing functions f,,(¢) = [V, Vi by sin(¢p), 1 € Q,]T. n=1,...,N. It can be shown that under reasonable
assumptions on noise angle ranges (that correspond to the admissible parameter set ®) and the smart grid
network and admittances structure, the assumptions we make on the sensing model are satisfied,® and hence
CREDO — N L can be effectively applied; we refer to Ilic’ and Zaborszky (2000); Kar et al. (2012) for details.

6.4 A Distributed Estimator : CZWN LS

We state formally assumptions pertaining to the inter-agent communication and additional smoothness con-

ditions on the sensing functions required in the distributed setting.

Assumption 6.4.1. The inter-agent communication graph is connected, i.e., A2(L) > 0, where L denotes

the associated graph Laplacian matrix.

Assumption 6.4.2. For each n, the sensing function £, (-) is Lipschitz continuous on ©, i.e., for each agent

n, there exists a constant k, > 0 such that
£ (8) — £, (07)|| < ki |6 — 67, (6.13)

for all 6,0" € ©.

Distributed algorithm. In the proposed implementation, each agent n updates at each time ¢ its estimate
sequence {x,(t)} and an auxiliary sequence {X,(t)} using a two-step collaborative procedure; specifically,
1) X, (¢) is updated by a consensus—+innovations rule and, subsequently, 2) a local projection to the feasible

parameter set © updates x,,(t). Formally, the overall update rule at an agent n corresponds to

Ralt+1) = xa(t) = B 3 (xalt) = (1))

1eQy

neighborhood consensus

— o (VE, (%0 (1)) R (£ (%0 (1)) = ¥ (1)) (6.14)

local innovation

and

xn(t+ 1) = Po[Xn(t + 1)], (6.15)
where : 2, is the communication neighborhood of agent n (determined by the Laplacian L); V f,,(-) is the
gradient of f,,, which is a matrix of dimension M x M,,, with the (¢, j)-th entry given by %; Pol]

the projection operator corresponding to projecting” on ©; and {3;} and {a;} are consensus and innovation

6T0o see this, note that the dependence of the measurements on the state is through sinusoidal functions, which are everywhere
differentiable and thus the gradient of f(-) within the domain © exists everywhere. Moreover, as the derivatives of sin(-) and
cos(-) are bounded, the norm of gradient is bounded in the example considered to motivate the formulation. Finally, regarding
assumption 6.3.2, it can be shown that the assumption is satisfied if: (1) graph G is connected; (2) the set of admissible phase
angle values, i.e., the parameter constraint set ©, is chosen appropriately; (3) the real power flow between nodes n and [ is
non-zero if and only if there exists a physical transmission line connecting the nodes; and (4) voltage magnitude V,, # 0, for all
nodes n. Please see Proposition 27 in Kar et al. (2012).

"The projection on © is unique under assumption 6.3.1.
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weight sequences given by

b a
(t+1)517at - t+1’
where a,b > 0,0 < §; <1/2—-1/(2+ €1) and €; was defined in Assumption 6.3.4.

The update in (6.14) can be written in a compact manner as follows:

B = (6.16)

X(t+1) =x(t) = B (Lo Iy)x(t)

+aG(x(t)R™ (y(t) — £ (x(t))) (6.17)
where: x(t)T = [ (8) T xn ()] %0 = Ra(®) TR ()], £(x(8) = [Bixu(t) T v en ()]
R~! = diag [Rl_l, e ,Rx,l]; and G (x(t)) = diag [V (x1(¢)), -+, VEx (xn(t))]. We refer to the parameter
estimate update in (6.15) and the projection in (6.16) as the CZWN LS (Consensus + innovations Weighted

Nonlinear Least Squares) algorithm.

Remark 6.4.1. The parameter update is recursive and distributed in nature and hence is an online al-
gorithm. Moreover, the projection step in (6.15) ensures that the parameter estimate sequence {x,(t)} is

feasible and belongs to the parameter set © at all times t.

Methods for analyzing the convergence of distributed stochastic algorithms of the form (6.14)-(6.17) and
variants were developed in Kar et al. (2012); Kar and Moura (2011); Kar et al. (2013a); Kar and Moura
(2014). The key is to obtain conditions that ensure the existence of appropriate stochastic Lyapunov func-
tions. To enable this, we propose a condition on the sensing functions (standard in the literature of general
recursive procedures) that guarantees the existence of such Lyapunov functions and, hence, the convergence

of the distributed estimation procedure.

Assumption 6.4.3. The following aggregate strict monotonicity condition holds: there exists a constant
c1 > 0 such that for each pair 6, 6 in © we have that

i (6- é)T (VIa@) Ry, (fa(6) = fu(6)) = 1 [0 - éHQ. (6.18)

We assume that the noise covariances are known apriori. However, in scenarios where the noise covariances
are not known apriori, in order to verify Assumption 6.4.3, only the gradient V£, () needs to be computed.
In case of unknown noise distribution, i.e., unknown noise covariance, the first few observations can be used
to estimate the noise covariance so as to get a reasonable estimate of the inverse noise covariance. The

estimated noise covariance can then be used to verify the assumption.

Remark 6.4.2. We comment on the Assumption 6.5.1-6.4.53. Assumptions 0.3.1-0.3./ are classical with
respect to the WNLS convergence. Assumption 6.4.2 specifies some smoothness conditions of the non-linear
sensing functions. The smoothness conditions aid in establishing the consistency of the recursive CLWN LS
algorithm. The classical WNLS is usually posed in a mon-recursive manner, while the distributed algorithm
we propose is recursive and hence, to ensure convergence we need Lyapunov type conditions, which in turn
is specified by Assumption 6.4.3. Moreover, Assumptions 0./.2-6.4.3 are only sufficient conditions. The key
assumptions to establish our main results, Assumptions 6.5.1, 6.3.2, 6.4.2, and 6.4.3 are required to hold

only in the parameter set © and need not hold globally in the entire space RM. This allows our approach
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to apply to very gemeral monlinear sensing functions. For example, for functions of the trigonometric type
(see Section 2.8 for an illustration), properties such as the strict monotonicity condition in 6.4.3 hold in the
fundamental period, but not globally. As another specific instance, if the £, (-)’s are linear®, condition (6.5) in
Assumption 0.3.2, reduces to 25:1 F R 'F, being full rank (and hence positive definite). The monotonicity
condition in Assumption 6.4.3 in this context coincides with Assumption 6.5.2, i.e., it is trivially satisfied
by the positive definiteness of the matriz 22[:1 F! R, 'F,. Asymptotically efficient distributed parameter
estimation schemes for the general linear model have been developed in Kar and Moura (2011); Kar et al.
(2013a,).

6.5 Main Results: CZWN LS

This section states the main results, while the proofs are relegated to Appendix E. The first concerns the

consistency of the estimate sequence in the CZWN LS algorithm.

Theorem 6.5.1. Let assumptions 6.5.1-6.3.2 and 6.5.4-6./4.3 hold. Furthermore, assume that the constant
a in (6.16) satisfies

acy > 1, (6.19)

where ¢y is defined in Assumption 0.4.3. Consider the sequence {x,(t)} generated by (6.15)-(6.16) at each

agent n. Then, for each n, we have
Py (lim (¢t +1)7|xa(t) — 6] = 0) =1 (6.20)

for all 7 €10,1/2). In particular, the estimate sequence generated by the distributed algorithm (6.14)-(6.17)

at any agent n is consistent, i.e., x,(t) — 0 a.s. ast — oo.

At this point, we note that the convergence in Theorem 6.5.1 is order-optimal, in that standard arguments in
(centralized) estimation theory show that in general there exists no 7 > 1/2 such that a centralized WNLS
estimator {Bt} satisfies (¢ + 1)T||§t — 0| - 0as. ast — oo.

The next result establishes the asymptotic normality of the parameter estimate sequence {x,(t)} and char-
acterizes the asymptotic covariance of the proposed CZWN LS estimator. This can be benchmarked with

the asymptotic covariance of the centralized WNLS estimator.

Theorem 6.5.2. Let the assumptions 6.5.1-6./.3 hold. Assume that in addition to assumption 6.5.1, the

parameter set © is a bounded set. Furthermore, let a defined in (6.16) satisfy

a>max{1 1}, (6.21)

P N
C1 2 1nf9€® AG,min

where ¢y is defined in Assumption 6.4.3, Ag and Ag min denote respectively the diagonal matriz of eigenvalues
and the minimum eigenvalue of T'g, with Tg defined in (6.6). Then, for each m, the parameter estimate

sequence at agent n, {x,(t)}, under Py satisfies the following asymptotic normality condition,

VEF I (x0(t) — 8) =2 N (0, 5y), (6.22)

8To be specific, f, (0) is then given by F,, 0, where F,, is the sensing matrix with dimensions M, x M.
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where

al  (NTg—21)7"

227 —_—_—m
d=oN T 4 ’

(6.23)

D o
and = refers to convergence in distribution (weak convergence).

As the parameter set © is a bounded set in Theorem 6.5.2, in addition to being a closed set as in Assumption
6.3.1, we have that © is compact and hence infgce Ag,min = Mingece Ag min, i-€., the infimum is attained.
Moreover, from Assumption 6.3.3, we have that the matrix I'g is invertible VO € © and hence infgce Ag min >

0. Further, under the assumption that a > , the difference of the asymptotic covariance of the

1
2 infge(_) Aa,min

- . . . . . ro—L)" 1
distributed estimator and that of the centralized estimator, i.e., the matrix % + % — (NT) 1, is
positive semidefinite. The above claim can be established by comparing the i-th eigenvalue of the asymptotic
covariance of the distributed estimator with that of the centralized estimator, as both the covariance matrices

are simultaneously diagonalizable, i.e., have the same set of eigenvectors. To be specific,

a’Aj ;i —2ahg i +1>0

- 1 S G/QAG’”‘
Agii ~ 2aAg; — 1

- 1 < CLQAQ,“' 7
NAg’“' - 2(1NA9’“' - N

(6.24)

which holds for all  =1,2,--- , N.
We now benchmark the asymptotic covariance of the proposed estimator CZWN LS with that of the optimal
centralized estimator. From Assumption 6.4.2, we have for all 8 € ©

I < 2 —1 — L* 9
IToll < max kR ] = Kiae (6.25)
where k,, is defined in Assumption 6.4.2. Moreover, from the hypotheses of Theorem 6.5.2 we have that
Ag min > ﬁ, for all 8 € ©. Thus, we have the following characterization of the eigenvalues for the matrix
Ty for all @ € O,

1

2g < Moii < Fana (6.26)
for all 7. The difference of the i-th eigenvalue of the asymptotic covariance of the distributed estimator and
the centralized estimator Ag ;, is given by Ag; = % Now, we consider two cases. Specifically,

if the condition

1 1
K} — 6.27
mase = T { ¢1’ 2infoce A6,min } ’ (6.27)
is satisfied, then a can be chosen to be a < 1/k}, , and then we have,
1 1
— < Agi < —. 6.28
2a % a ( )

2
It is to be noted that the function h(z) = % is non-increasing in the interval (4,2

1
5-,+). Hence, we
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have that
180~ 8] = - \@A0min = 2 (6.29)
¢ o NAO,min (2aA0,min - ]-) ’ ’
where,
1 1 1
— ¢ <a< 6.30
e { c1’ 2infaece Ap,min } ¢ ks (6.30)
In the case, when the condition in (6.27) is violated, we have that,
[Xa — Xl
(aAH,min - 1)2 (aAO,max - 1)2
= max )
NAH,min (QGAG,min - ]-) NAH,max (2CLA9,max - 1)
(aAG min — 1)2 (a’kr*nax — 1)2
< ’ 6.31
= max { NAgmmin (20 min — 1)’ Nkue (20k70 — 1) [ (6:31)

where Ag max denotes the largest eigenvalue of I'g. Note that the proposition in (6.31) is equivalent to
(6.29), when the condition in (6.27) is satisfied. Hence, for all feasible choices of a, which are in turn given
by (6.21), the characterization in (6.31) holds.

The above mentioned findings can be precisely stated in the form of the following corollary:

Corollary 6.5.3. Let the hypothesis of Theorem 6.5.2 hold. Then, we have,

[P |

< ma (alg,min — 1)2 (akae — 1)2 (6.32)
max .

o NAe,min (QGAG,M’L'TL - 1) ’ Nk:;%az (2ak;’mm - 1) ’

where X4 and X, are defined in (6.23) and (6.10), respectively.

Furthermore, as noted above that the difference of the asymptotic covariance of the distributed estimator
and that of the centralized estimator is positive semi-definite. (This is intuitively expected, as a distributed
procedure may not outperform a well-designed centralized procedure.) The inefficiency of the distributed
estimator with respect to the centralized WNLS estimator, as far as the asymptotic covariance is concerned,
is due to the use of suboptimal innovation gains (see, for example (6.14)) used in the parameter estimate
update. An optimal innovation gain sequence would require the knowledge of the global model information,
i.e., the sensing functions and the noise covariances across all the agents. (See Remark 4.3 below for a
detailed discussion.) Though the distributed estimation scheme is suboptimal with respect to the centralized
estimator as far as the asymptotic covariance is concerned, its performance is significantly better than the
non-collaborative case, i.e., in which agents perform estimation in a fully decentralized or isolated manner.
In particular, since the agent sensing models are likely to be locally unobservable for 6, the asymptotic

covariances in the non-collaborative scenario may diverge due to non-degeneracy.

Remark 6.5.4. In this context, we briefly review the methodology adopted in Kar and Moura (2014) to
achieve asymptotically efficient distributed estimators for general standard statistical exponential families.

The asymptotic efficiency of the estimator proposed in Kar and Moura (2014) is a result of a certainty-
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equivalence type distributed optimal gain sequence generated through an auxiliary consistent parameter esti-
mate sequence (see, for example Section IIL.A. in Kar and Moura (2014)). The generation of the auziliary
estimate sequence comes at the cost of more communication and computation complexity as two other parallel
recursions run in addition to the parameter estimate recursion. To be specific, the adaptive gain refinement,
which is the key for achieving asymptotic efficiency, involves communication of the gain matrices that belong
to the space RM*M  Moreover, in a setting like the one considered in this chapter, where the parameter
belongs to a closed convex subset © € RM | the parameter estimate at all times provided by the algorithm in
Kar and Moura (2014) might not be feasible. In contrast, the communication and computation complexity
in CZWN LS is significantly lower than that of the algorithm proposed in Kar and Moura (2014). The price
paid by CLIWN LS is the lower asymptotic performance as measured in terms of the asymptotic covariance

as we discuss next.

We compare the computational and communication overhead of CZWN LS and of the algorithm in Kar and
Moura (2014). For simplicity, we consider a d-regular communication graph with every agent connected to d
other agents. We compute the computation and communication overhead agent wise. In one sampling epoch,
an agent in CZWN LS communicates M-dimensional parameter estimates to its neighbors, i.e., the communi-
cation overhead is Md. In the algorithm proposed in Kar and Moura (2014) (see, (8)-(11) in Section I71.A),
an agent not only communicates its auxiliary and optimal parameter estimates but also its gain matrix, to its
neighbors, with the communication overhead 2Md + M?2d. With respect to the computational overhead, in
every sampling epoch the number of computations in CZWN LS at agent n is given by O (M, M + M (d + 1)).
The maximum computational overhead across all agents is thus given by max,—; ... xy O (M, M + M (d+ 1)).
In comparison, the number of computations at any agent in the algorithm proposed in Kar and Moura (2014)
is given by O (M?® +2M?(d + 1) + 2M (d + 1)). Thus, the communication and computational complexity of
the proposed algorithm is much lower than that of the algorithm proposed in Kar and Moura (2014), at the

cost of suboptimal asymptotic estimation error covariances.

6.6 Communication Efficient CZWNLS: CREDO — N L

Following along the lines of the sparsifying communication protocol proposed in Chapter 4, we propose a
communication efficient version of the algorithm CZWN LS. In particular, following the notation as in 4,
we propose an update, where every node n generates an estimate sequence {x,(¢)}, where x,(t) € RM in

the following way:

Rn(t+1) =%u(t) = B Y bnethie (Xn(t) — X (1))

1S 92%

neighborhood consensus

— o (VE, (%0 (1)) Ry (£ (%0 (1)) — ¥ (1)) (6.33)

local innovation

and
Xp(t+1) = PolXn(t + 1)], (6.34)

where €2,, denotes the neighborhood of node n with respect to the network represented by L, oy is the
innovation gain sequence which is given by oy = ag/(t + 1), ap > 0, and Pg[-] the projection operator
corresponding to projecting on ©. The random variable 1), ; determines the activation state of a node n.

By activation we mean, if v, ; 7 0 then node n can send and receive information in its neighborhood at
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time t. However, when 9, ; = 0, node n neither transmits nor receives information. The link between node
n and node [ gets assigned a weight of p? if and only if 1, ; # 0 and v, ; # 0.

The update in (6.33) can be written in a compact manner as follows:

%(t+1) = x(t) - (L(t) © L) x(1)
+ G ()R (y(t) — £ (x(1)). (6.35)

Here, ® denotes the Kronecker product, and:

%

)" =bal) - xn(t)]
=) %N ()]
(x(t) = [fi(xa(8)) " En(xn (1) ]
R =diag [R{", - ,Ry']
G (x(t)) = diag [V (x1(t)), -+, VEN (xn(1))]-

)

(
(

T

-

We refer to the parameter estimate update in (6.33) and the projection in (6.34) in conjunction with the

randomized communication protocol as the CREDO — N L algorithm.

6.7 Main Results: CREDO — N L

In this section, we present the main results of the proposed algorithm CREDO — N L, while the proofs are
relegated to Appendix E.

Theorem 6.7.1. Let assumptions 6.3.1-6.3.2 and 6.5./-6.4.3 hold. Consider the sequence {x,(t)} generated
by algorithm (6.33) at each agent m, with the parameters set to p; = (t-ﬁﬁ’ G = W’ and

ar = ap/(t+ 1), where pg, (o, g are arbitrary positive numbers. Then, for each n, we have
Po (tlgg) (1) = 0) =1 (6.36)
Theorem 6.7.1 verifies that the estimate sequence generated by CREDO — N'L at any agent n is strongly
consistent, i.e., X, (t) — 0 almost surely (a.s.) as t — oo.
We now state a main result which establishes the MSE communication rate for the proposed algorithm
CREDO — N L.
Theorem 6.7.2. Let the hypothesis of Theorem 6.7.1 hold. Then, we have,
2 1

E [Hxn(t) — 0| } =0 (7] (6.37)

Furthermore, we have:

E [xa(t) - 0)°] = © (cteil) : (6.38)

where 0 < € < 1 and is as defined in (5.3).
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Figure 6.1: CIWN LS: Network Deployment of 10 agents

Remark 6.7.3. Observe that CREDO — N'L algorithm, with By = Bo (t +1)~! has communication cost of
=06 (t0'5(1+")). From this, we can see that MSE as a function of C; is given by MSE = @(C;2/(1+6)). of
course, with By that decays faster than 1/t, communication cost reduces further. However, it can be shown
that in this case the algorithm mo longer produces good estimates. Namely, from standard arguments in
stochastic approzimation, it can be shown that for 3; = By (t+1)"17%, with § > 0, CREDO — NL’s estimate

sequence may not converge to 6.

6.8 Simulations

6.8.1 CIWNLS

We generate a random geometric network of 10 agents, shown in Figure 2.1. The x coordinates and the y
coordinates of the agents are sampled from a uniform distribution on the interval [0, 1]. We link two vertices
by an edge if the distance between them is less than or equal to g = 0.4. We go on re-iterating this procedure
until we get a connected graph. We choose the parameter set © to be © = [—g, %]5 € R5. This choice of ©
conforms with Assumption 6.3.1. The sensing functions are chosen to be certain trigonometric functions as
described below. The underlying parameter is 5 dimensional, @ = [0y, 62, 03, 04, 05]. The sensing functions
across different agents are given by, f1(0) = sin(61 + 02),£5(0) = sin(03 + 05),{5(0) = sin(03 + 04),£4(0) =
sin(fy + 05),£5(0) = sin(6; + 05),£5(0) = sin(0; + 03),£7(0) = sin(f4 + 05),13(0) = sin(f; + 65),£5(0) =
sin(f; + 604) and f19(0) = sin(6; + 65). Clearly, the local sensing models are unobservable, but collectively
they are globally observable since, in the parameter set © under consideration, sin(-) is one-to-one and the set
of linear combinations of the 8 components corresponding to the arguments of the sin(-)’s constitute a full-
rank system for . Hence, the sensing model conforms to Assumption 6.3.2. The agents make noisy scalar
observations where the observation noise process is Gaussian and the noise covariance is given by R = 2I;.
The true (but unknown) value of the parameter is taken to be 8 = [1/6, —«/7, n/12, —x/5, w/16]. It is

T T

readily verified that this sensing model and the parameter set © = [_Zv ﬂ ° satisfy Assumptions 6.3.4-6.4.3.

The projection operator Pg onto the set © defined in (6.15) is given by,

T Xn(®)] = 7
X ()], = § Rn(t)];, ZE<Rnt)i<T (6.39)
_Tﬂ- [X’ﬂ(tﬂl < _Tﬂ.7

foralli=1,---, M.

The sensing model is motivated by distributed static phase estimation in smartgrids. For a more complete
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Convergence of normalized estimation errors across agents

0.35 T T T T T T T
Agent 1
Agent 2
03 Agent3 ||
— Agent 4
< 0.25 Agent 5 H
ke Agent 6
g Agent 7
g 0.2 Agent8 [
§ Agent 9
2 0.15 Agent 10
g, ~+= Centralized
5
5 01 1
0.05r b
0 I T \_ B ot el oo el Wl
0 100 200 300 400 500 600 700 800

Time Index
Figure 6.2: CZWN LS: Convergence of normalized estimation error at each agent

Asymptotic variance across agents
;

Agent 1
— Agent 2
— Agent 3
— Agent 4
— Agent 5 H
Agent 6
— Agent 7
Agent 8 ’
— Agent 9
— Agent 10
~ = Centralized

Il Il Il Il
400 500 600 700 800
Time Index

Il Il Il
0 100 200 300

Figure 6.3: CIWN LS: Asymptotic variance at each agent

treatment of the classical problem of static phase estimation in power grids, we direct the reader to Ilic’
and Zaborszky (2000). Coming back to the current context, to be specific, the physical grid can be modeled
as a network with the loads and generators being the nodes (vertices), while the transmission lines being
the edges, and the sensing model reflects the power flow equations. The goal of distributed static phase
estimation is to estimate the vector of phases from line flow data. The interested reader is directed to
Section IV.D of Kar et al. (2012) for a detailed treatment of distributed static phase estimation.

We carry out 250 Monte-Carlo simulations for analyzing the convergence of the parameter estimates and
their asymptotic covariances. The estimates are initialized to be 0, i.e., x,(0) = 0 for n = 1,--- ;5. The
normalized error for the n-th agent at time ¢ is given by the quantity ||x,(t) — 0| /5. Figure 6.2 shows the
normalized error at every agent against the time index t. We compare it with the normalized error of the
centralized estimator in Figure 2.2.  'We note that the errors converge to zero as established in Theorem
6.7.1. The decrease in error is rapid in the beginning and slows down with increasing ¢; this is a consequence

of the decreasing weight sequences {a;} and {8;}. Finally, in Fig. 6.3 we compare the asymptotic variances
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of our scheme and that of the centralized WNLS estimator. For the distributed estimator CZWN LS and
for each n, Fig. 6.3 plots the quantities (£ 4+ 1) ||x,(¢) — @||° averaged over the Monte-Carlo trials. By
Theorem 4.2, this quantity is expected to converge to the trace of the asymptotic covariance ¥, of the
CIWNLS, ie., tr(2,), the same for all n. We also simulate the centralized WNLS and plot the scaled

. 2
error (t + 1) HB (t) — OH averaged over the Monte-Carlo trials. Similarly, from Proposition 6.3.1 we have

2
that Eg [ HG OH } — tr(X;). In this simulation setup, tr (2.) and tr (X4) are evaluated to be

3.6361 and 5.4517, respectively, a loss of about 1.76 dB. From the simulation experiment conducted above,
the experimental values of tr (X.) and tr (3,;) are found to be 3.9554 and 5.6790 respectively.

6.8.2 CREDO - NL

This section corroborates our theoretical findings through simulation examples and demonstrates the com-
munication efficiency of CREDO — N L.

Specifically, we compare the proposed communication efficient distributed estimator, CREDO — N'L, with
the benchmark distributed recursive estimator in (6.14) and the diffusion algorithm as in Towfic et al. (2016)?,
which both utilize all inter-neighbor communications at all times, i.e., they have a linear communication
cost. The example demonstrates that the proposed communication efficient estimator has a similar MSE
iteration-wise rate as the two benchmark estimators. The simulation also shows that the proposed estimator
improves the MSE communication rate with respect to the two benchmarks.

The parameters of the two benchmarks and of the proposed estimator are as follows. The benchmark
estimator in (6.14) has the consensus weight set to 0.48(t + 1)~!. For the proposed estimator, we set
pr = 0.45(t +1)7%9% and ¢; = (t + 1)7%49. The step size sequence for the benchmark estimator proposed
in Towfic et al. (2016) is set to p; = (0.3(t +20))~ L. It is to be noted that the Laplacian matrix considered
for the benchmark estimator and the expected Laplacian matrix for the proposed estimator, CREDO — NL
are equal, i.e., L = L. The innovation weight is set to a; = (0.3(¢ + 20))~L. It is to be noted that with the
time shifted innovation potential, the theoretical results continue to hold. As a performance metric, we use

the relative MSE estimate averaged across nodes:
Z % (t) — 6]
N |Ix.(0) 0||2’
further averaged across 100 independent runs of the estimators. In the above equation, x,,(0) refers to the
initial estimates at each node, which is set as x,,(0) = 0. Figure 6.4 plots the relative MSE decay in terms of
the number of iterations or the number of samples. It can be seen that the MSE decay of the two benchmark
estimators and the MSE decay of the proposed estimator CREDO — N L are very similar with respect to the
iteration count. Figure 6.5 plots the MSE decay of the three estimators in terms of the communication cost

per node. It can be seen for example that, at a relative MSE level of 10~!, the proposed estimator requires

20x and 18z less communications as compared to the estimator in (6.14) and the algorithm in Towfic et al.

9 Applied to our setting and in our notation, the diffusion method as in Towfic et al. (2016) takes the following form:
X3, (t+ 1) = xn(t) = pe (VE (xn () Ry, (£ (0 (£)) = yn (1))

Xn(t+1)= D amx(t+1).
1€Q,U{n}

Here, x5 (t) is the solution estimate at agent n, x],(t) is an auxiliary sequence at agent n, s is the step-size, and the a;,’s are
combination weights that constitute together a N X N column-stochastic matrix.
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(2016). One can also notice a faster MSE decay in terms of the communication cost for CREDO — N'L as
compared to the benchmark (6.14), thus confirming our theory.

10°

=== Benchmark CIWNLS
=== Proposed CREDO-NL
== Benchmark Sayed, et.al.

Relative MSE

0 1 2 3 4 5
Iterations in Iog10
Figure 6.4: Comparison of the proposed and benchmark estimators in terms of relative MSE: Number of
Iterations. The light blue line represents the CZWN LS algorithm, the dark blue line represents the

diffusion based algorithm proposed in Towfic et al. (2016) and the red line represents the proposed
estimator.
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Figure 6.5: Comparison of the proposed and benchmark estimators in terms of relative MSE:
Communication Cost Per Node. The light blue line represents the CZWN LS algorithm, the dark blue line
represents the diffusion based algorithm proposed in Towfic et al. (2016) and the red line represents the
proposed estimator.

Discussion

In the context of existing work on non-linear distributed methods, e.g., Kar and Moura (2014); Sahu et al.
(2016); Jennrich (1969); Ram et al. (2010a,b, 2009); Nedic and Ozdaglar (2009). this chapter contributes by
developing a method with a strictly faster communication rate of ©(1/C2~¢)(¢ > 0 arbitrarily small) with
respect to existing ©(1/C;) rates. Further, with respect to existing works that develop methods designed to
achieve communication efficiency, e.g., Tsianos et al. (2012, 2013); Jakovetic et al. (2016); Lan et al. (2017);
Wang et al. (2016), we develop here a different scheme with randomized increasingly sparse communications.
Finally, this chapter is a continuation of works Sahu et al. (2018e,a) but, in contrast with Sahu et al.
(2018e,a), it considers non-linear observation models. It would be interesting to apply the proposed method

on real data sets, e.g., in the context of IoT or power systems applications, in addition to synthetic data
tests considered here.
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6.9 Summary of Contributions

¢ Asymptotic characterization of WNLS: We show the intrinsic trade-off between communication
and optimality. In particular, by restricting the exchange of model information among the agents, by not
exchanging gain matrices as in Kar and Moura (2014), we quantify the loss in the estimation accuracy in
terms of the asymptotic covariance. Distributed estimation does pay a price. The asymptotic covariance
of the proposed distributed estimator is not as efficient as that of the centralized estimator; nonetheless,
it shows the benefits of inter-agent collaboration. In absence of inter-agent collaboration, the parameter
of interest most likely is unobservable at each individual agent, and hence non-collaborative or purely
decentralized procedures will lead to divergence under the usual asymptotic normality scaling at the

individual network agents.

e Communication Efficient CZWN LS: Despite dropping communications and the presence of non-
linearities in the sensing model, we show that the proposed algorithm achieves the optimal ©(1/t) rate
of the mean square error (MSE) decay. The achievability of the optimal MSE decay in terms of time ¢
translates into significant improvements in the rate at which MSE scales with respect to the per-agent
average communication cost C; up to time ¢ — namely from ©(1/C;) with existing methods, e.g., Kar
and Moura (2014); Sahu et al. (2016); Jennrich (1969); Ram et al. (2010a,b, 2009); Nedic and Ozdaglar
(2009), to ©(1/C2~) with the proposed method, where ¢ > 0 is arbitrarily small. We also establish
strong consistency of the estimate sequence at each agent, showing that each agent’s local estimator

converges almost surely to the true parameter 6.

6.10 Conclusion and Future Directions

In this chapter, we have considered the problem of distributed recursive parameter estimation in a network
of sparsely interconnected agents. We have proposed a consensus + innovations nonlinear least squares type
algorithm, CZWN LS, in which every agent updates its parameter estimate at every observation sampling
epoch by simultaneous processing of neighborhood information and locally sensed new information and in
which the inter-agent collaboration is restricted to a possibly sparse but connected communication graph.
Under rather weak conditions, connectivity of the inter-agent communication and a global observability
criterion, we have shown that the proposed algorithm leads to consistent parameter estimates at each agent.
Furthermore, under standard smoothness assumptions on the sensing nonlinearities, we have established
order-optimal pathwise convergence rates and the asymptotic normality of the parameter estimate sequences
generated by the proposed distributed estimator CZWAN LS. In the context of CREDO — N'L which is a
communication efficient distributed estimation scheme for non-linear observation models, we established
strong consistency of the estimate sequence at each agent and characterized the MSE decay in terms of the
per-agent communication cost C;. CREDO — N L achieves the MSE decay rate © (Ct_ 2+C), where ¢ > 0 and
( is arbitrarily small. A natural direction for future research consists of obtaining techniques and conditions
to obtain innovation gains so as to reduce the gap between the agent asymptotic covariances and that of the
centralized WNLS estimator. Methods developed in Kar and Moura (2014) may be employed and extended
to obtain such characterization. Future research directions also include extending the proposed algorithm
to a mixed-time scale stochastic approximation type algorithm, so as to achieve an asymptotic covariance

independent of the network, as well as to extend the presented ideas to distributed stochastic optimization.



Chapter 7

Communication Efficient Distributed

Estimation: Random Fields Estimation

7.1 Introduction

In this chapter, we are interested in distributed inference of the state of large-scale cyber physical sys-
tems (CPS) like sensor networks monitoring a spatially distributed field tracking environmental modalities,
or CPS where physical entities with sensing capabilities are deployed over large areas. An important example
of the systems of interest is the smart grid-a large network of generators and loads instrumented with, for
example, phasor measurement units (PMUs). Our goal is to reconstruct the physical field or state of the
CPS that is represented by a parameter or a random field. The structure of the physical layer is reflected
through the coupling among the observation sequences across different nodes. Suppose, for the purpose of
illustration, corresponding to each field location, there is a low-power inexpensive sensor monitoring the
location. The noisy sensor measurement at a location in the field is not only influenced by the parameter or
field component at that location but possibly is a function of neighboring field components. As an example,
in the smart grid context, a sensor at a node (location) may obtain a measurement of the power flowing
into that node, which in turn is a function of the field components (e.g., voltages, angles) at that node and
neighboring nodes. This coupling among parameter components in the measurements will be referred to
as the physical coupling in the sequel. However, since the local measurement at a location is influenced by
multiple field parameters, due to possible lack of observability or identifiability, in order to come up with
a provably consistent estimates of the parameter components of interest, each agent exchanges information
with its neighborhood which conforms to a pre-assigned inter-agent communication graph. The inter-agent
communication graph forms the cyber layer of the system and is different from that of the physical layer, i.e.,
the coupling structure among the parameter components induced by the distributed measurement model.
Due to the large-scale of the CPS and the high-dimensionality of the field, reconstructing the entire field
at each agent may be too taxing and beyond the capability of the agents, and hence, agents may only be
interested in estimating certain components of the parameter field locally; furthermore, the components of
interest at a given agent, referred to as the interest set of the agent, varies from agent to agent.

We propose a scheme, namely CZRFE, where each entity reconstructs only a subset of the components of the
state modeled by a vector parameter, and thereby also reducing the dimension of messages being communi-
cated among the agents. Under mild conditions of the connectivity of the network, we establish consistency

of the estimate sequence at each agent with respect to the components of the parameters in its interest set.
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The proposed scheme allows heterogeneity in terms of agents’ objectives, while still allowing for inter-agent
collaboration. Through CZRFE, we address communication efficiency for the class of distributed inference
algorithm of the consensus+innovations form by reducing the dimension of vectors exchanged among the

agents.

7.2 Related Work

Existing central coordinator less distributed estimation schemes, such as in Kar and Moura (2011); Das
and Mesbahi (2006); Schizas et al. (2008a); Lopes and Sayed (2008); Stankovic et al. (2007); Schizas et al.
(2008b); Ram et al. (2010b); Sahu and Kar (2016) aim to reconstruct the entire parameter at each node of
the networked setup, thus conforming to a homogeneous objective across all nodes. Distributed recursive
inference schemes addressing estimation of a possibly high-dimensional parameter vector (see, for example
Kar and Moura (2011); Das and Mesbahi (2006); Schizas et al. (2008a); Lopes and Sayed (2008); Stankovic
et al. (2007); Schizas et al. (2008b); Ram et al. (2010b); Sahu and Kar (2016)), tend to communicate at
each (discrete or slotted) time step in its neighborhood and exchange estimates of the entire parameter
vector at each time instant. Owing to the high-dimensionality of the state vector and limited storage and
processing capabilities in the individual entities of a large-scale CPS, exchanging high-dimensional estimates
may be undesirable. The aforementioned setups subsume the knowledge of the dimension of the state vector
to be estimated and hence adapt the storage requirements at each agent to cater to the exact dimension of
the state vector. A random field estimation scheme in a fully distributed setup with arbitrary connected
inter-agent communication topology where agents reconstruct only a subset of the physical field which, in
turn, is coupled with the sensing field was also proposed in Kar (2010) (Chapter 3). The current work is
inspired by Kar (2010) and generalizes the development in Kar (2010) in several fronts to achieve better

estimate performance.

7.3 Problem Formulation

Consider N physical agents monitoring a field over a large physical area. Each agent n is associated with a
scalar state 6, which represents the field intensity parameter at its location. The agents are equipped with
sensing capabilities. We assume each agent observes a time-series of measurements, given by noisy linear
functions of its state and the states of neighboring agents. Due to this coupling in the observations, an agent
should cooperate with neighbors to reconstruct its own state. For simplicity, we assume that the individual
agent states are scalars. Our results can be generalized to vector valued states, though at the cost of extra
notation. The observation at each agent is of the form:

y’n(t) = Hne* + Vn(t)7 (71)

where H,, € RM»*N ig a sparsifying (to be clarified soon) sensing matrix, {y, (¢)} is a RM»-valued observa-
tion sequence for the n-th agent and for each n where possibly M,, < N, {y,(t)} is a zero-mean temporally
independent and identically distributed (i.i.d.) noise sequence with nonsingular covariance matrix R,,. It is
to be noted that the assumption that the dimension of the parameter 8" is equal to the number of agents,
N, is simply made for clarity of presentation. In particular, all our proofs and assertions will continue to

hold with appropriate modifications if the dimension of the global parameter is different from N.

Assumption 7.2.1. There ezists €1 > 0, such that, for all n, Eg [||'yn(t)||2+61} < 0.
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The above assumption encompasses a broad class of noise distributions in the setup. The heterogeneity
of the setup is exhibited in terms of the sensing matrix and the noise covariances at the agents. We now

formalize an assumption on global model observability.

Assumption 7.2.2. The matriz G = ZTI:[:l H R, 'H, is full rank.

Assumption 7.2.2 is crucial for our distributed setup. It is to be noted that such an assumption is needed
for even a setup with a centralized node which has access to all the data samples at each of the agent nodes
at each time. Assumption 2.3.2 ensures that if a hypothetical fusion center could stack all the data samples
together at any time ¢, it would have sufficient information so as to be able to unambiguously estimate
the parameter of interest. Hence, the requirement for this assumption naturally extends to our distributed
setup. As far as reconstructing the parameter 6 is concerned, there is an inherent scalability issue as the
dimension of the parameter scales with the size of the network. Owing to the ad-hoc nature of setups as
described above and observations being made at different agents in a sequential manner, one has to resort
to recursive message-passing schemes while conforming to a communication protocol specified by a inter-
agent communication graph. Given the possibly high-dimensional state of the field, it is not desirable and
communication-wise feasible to exchange the high-dimensional data in the form of parameter estimates and
for each agent to estimate the entire vector. Before, going over specifics of our algorithm, we next review

recursive estimation both in the centralized and distributed setups.

7.3.1 Preliminaries

In this section, we go over the preliminaries of classical distributed estimation.

Distributed Estimation:

In the setup described above in (7.1), if a hypothetical fusion center having access to the data samples at all
nodes at all times were to conduct the parameter estimation in a recursive manner, a (centralized) recursive

least-squares type approach could be employed as follows:

Global Innovation

where a is a positive constant such that a > N/ ()\mm (Zgzl H'R, 1Hn)) However, such a fusion center
based scheme may not be implementable in our distributed multi-agent setting with time-varying sparse
inter-agent interaction primarily due to the fact that the desired global innovation computation requires
instantaneous access to the entire set of network sensed data at all times at the fusion center. Moreover, the
fusion center intends to reconstruct the entire high-dimensional state and thus, maintains a N-dimensional
estimate at all times. If in the case of a distributed setup, an agent n in the network were to replicate the
centralized update by replacing the global innovation in accordance with its local innovation, the update for

the parameter estimate becomes

Xn(t+1) =X, (t)
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a _ ~
+ mlenl (yn(t) — HaXn(t)),

Local Innovation

where {X,,(t)} represents the estimate sequence at agent n. The above update involves purely decentralized
and independent local processing with no collaboration among the agents whatsoever. However, note that in
the case when the data samples obtained at each agent lacks information about all the features, the parameter
estimates would be erroneous and sub-optimal. As in the case of the fusion center based approach outlined
above, each agent maintains a IN-dimensional estimate at all times and hence the messages exchanged in
the neighborhood are N-dimensional and could be very large depending on the size of the network. Hence,
as a surrogate to the global innovation in the centralized recursions, the local estimators compute a local
innovation based on the locally sensed data as an agent has access to information only in its neighborhood.
The information loss at a node is compensated by incorporating an agreement or consensus potential into
their updates which is then incorporated (see, for example Kar and Moura (2011); Kar et al. (2013a); Sahu
et al. (2016)) as follows:

Xp(t+1) = x,(t) —

b
G legn:(t) (xn(t) —xi(t))

Neighborhood Consensus

a _ _
+ H—lr TH'S - (ya(t) — Hox, (1)), (7.2)

Local Innovation

where 0 < §; < 1, Q,(t) represents the neighborhood of agent n at time ¢ and a,b are appropriately
chosen positive constants. In the above scheme, the information exchange among agent nodes is limited
to the parameter estimates. It has been shown in previous work that under appropriate conditions (see,
for example Kar and Moura (2011)), the estimate sequence {x,(t)} converges to 8* and is asymptotically

normal, i.e.,
VETT (% (t) — 8) 2 N (0, (Nr)*l) ,

where I' = + 25:1 H R, 'H, and =L denotes convergence in distribution. The above established asymp-
totic normality also points to the conclusion that the MSE decays as ©(1/t). For future reference, we will
refer to the distributed estimation approach in (7.2) as the classical consensus+innovations approach. The
aforementioned scheme, though optimal in terms of the asymptotic covariance entails the availability of
global model information at each agent and exchange of the entire parameter estimate which in turn is
N-dimensional among agents. Furthermore, due to the inherent spatial coupling in the observation sequence
at each node with other nodes in its neighborhood, the availability of a particular entry of the state vector is
localized to a small area. Hence, a large-scale deployment of such a system, would incorporate a significant
delay for an agent to assimilate information about a particular entry of the state vector which is not local
with respect to its neighborhood. Moreover, such a scheme requires the knowledge of the dimension of the
state vector at each agent and storage of a high-dimensional local estimates, same as the size of the entire
state vector. Such prior knowledge about attributes of the parameter such as dimension in conjunction with
requirement for large memory at each agent might be practically infeasible owing to the ad-hoc nature and
limited sensing, computation and storage capabilities of agents in a networked setup.

Thus, in both of the schemes above, specifically in the case which involves estimating a high-dimensional pa-
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rameter, it might not be practical to estimate the entire parameter at each agent. In such a high-dimensional
parameter estimation scheme, it is highly favorable to estimate only a few entries of the parameter based on
the requirements of each agent, which could potentially reduce the dimensions of messages being exchanged

in the network thereby reducing the implementation complexity considerably.

7.3.2 Connections with Distributed Optimization

In principle, distributed stochastic optimization, with each node interested in a few entries of the optimization
variable, is more general than the distributed estimation/random fields setup studied here. Indeed, one
recovers the setup here with specializing the cost functions to be quadratic. However, this is true only for
a very generic formulation of distributed stochastic optimization, where no strong convexity is assumed,
each node is interested in a subset of the variable of interest, and the gradient (first order) information is
subject to noise, and the underlying network is random. However, to the best of our knowledge, there is
no present work that simultaneously addresses all of these aspects. For example, in Mota et al. (2015),
the setup involves a static network connected at all times with each agent having access to an incremental
first order oracle, i.e., access to exact gradient information; the chapter establishes convergence the iterate
sequences to the optimizer, however, rates of convergence are not provided. In Alghunaim and Sayed (2017),
the authors consider coupled distributed stochastic optimization setups where the coupling is induced by
interest sets of different agents over static networks. The setup in Alghunaim and Sayed (2017) encompasses
estimation setups, given that global observability' holds for each entry of the parameter in the respective
clusters, which in turn is subsumed in the setup. Technically speaking, typical distributed optimization
setups rely on local observability? without assuming local correctness® at each agent. However, in the case of
distributed estimation, the agents lack local observability but preserve local correctness. Moreover, the study
of the mean square error in Alghunaim and Sayed (2017) reflects errors in terms of the step sizes only and
does not reflect explicit dependence in terms of the number of agents collaborating to estimate a particular
entry of the parameter. In comparison with Mota et al. (2015); Alghunaim and Sayed (2017), we consider a
distributed estimation setup over time-varying networks connected only on average and provide asymptotic
characterization of the estimator as time goes to co. Furthermore, we specifically characterize the scaling
of the asymptotic variance of each entry of the parameter in terms of the number of agents interested in
reconstructing the particular entry in question. We also characterize the fundamental condition so as to
generate consistent estimates of each entry of the parameter and show that connectivity of the network and
global observability is not enough to ensure consistency of the estimates. We direct the reader to assumption
7.4.3 and the discussion after assumption 7.4.4 for a detailed illustration. In particular, we establish that
connectivity of the subgraphs induced by the interest sets is a sufficient condition to enforce assumption
7.4.3. Tt is an open question as to what is a necessary condition (in terms of the network structure, sensing

structure, and the interest sets’ structure) so as to enforce assumption 7.4.3.

1Global Observability refers to the condition, when the parameter can be reconstructed by stacking the samples collected
from all the agents.

2Local observability refers to the condition, where an agent can reconstruct its own state based on its own observation
sequence.

3Local correctness refers to the condition, where the set of local optimizers for the agent’s local cost function includes the
optimizer of the global objective.
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7.4 CIRFE: Distributed Random Fields Estimation

In this section, we develop the algorithm CZRFE. The parameter to be reconstructed which is the vector of
states accumulated over the entire network is 8* € RY. The sparsifying nature of H,, in (7.1) is related to the
coupling induced by the measurements in the field. To be specific, let us define fn as the set of agents whose
states influence the measurement y, (t) at agent n, i.e., i’n collects the agents for which the corresponding
columns of matrix H,, is non-zero. In what follows, we say an agent n is physically coupled to an agent [ if
the observation at agent n is influenced by the state component 8;. Typically, 7, is a small subset of the total
number of agents V. Technically speaking, the above mentioned coupling induced by the measurements can
be expressed in terms of an adjacency matrix, A, where A,y = 1if [ € fn and 0 otherwise. Now, that we
have abstracted out the physical coupling (physical layer) in the networked system under consideration, we
discuss about the communication layer (cyber layer), i.e., the inter-agent communication network and the
associated communication protocol. Before getting into the communication protocol, we introduce interest

sets of agents’ around which the communication protocol is built.

Assumption 7.4.1. The set of agents physically coupled with agent n is a subset of the interest set of agent
n, i.e., fn CZ,.

Furthermore, we assume that the interest set of every agent n is non-empty.

We number the nodes (equivalently, components of ) in the interest sets of agents in increasing order.
Thus, the interest set Z,, at an agent n can be considered to be a vector with dimension |Z,|. For example,
Z,(r) = p indicates that agent p is the r-th agent in increasing order in the interest set Z,,. We also have that
Z.71(p) = r. Moreover, as each agent n is only interested in reconstructing the states of agents in its interest
set, the estimate at agent n, x,(t) € RIZ=l ¥ . At every time instant ¢, an agent n simultaneously fuses
information received from the neighbors and the latest sensed information to update its parameter estimate.
However, as the interest set of agents in the neighborhood might not be the same as that of the agent itself,
the information received from the neighbors needs censoring. Let the message received from agent [ at time
t be denoted by x;(t) € R%| where | € Q,,. The censored message processed by agent n, X7 ,(t) € Rzl is

generated as follows:

T .
eTX}"n(t) _ eIfl(In(j))Xl(t) In(.]) S (73)

0 otherwise,

_ B , : S e RIZn
where e; and er-1(z,(j) are canonical vectors with e; € R

7
| and er-1(1,(j)) € RIZil. Agent n only wants
to use estimates of those states from an agent in its neighborhood which are common to their interest sets.
Formally, with agent [, agent n only wants to use estimates of the states in the set Z, NZ;. Similarly, while
using the obtained estimate states from the neighbors, only those states in the set Z,, N Z; are updated. We

also define the transformed estimate x;,,(t) € RIZ»l at agent n, for each I € Q,,(t) as follows:

oTxt (1) = e/ x,(t) I.(j) €Ty (7.4)
i n - .
! 0 otherwise.

where j € {1,--- ,|Z,|}. The agent n also incorporates the latest sensed information y, (¢) while updating

the parameter estimate at each sampling epoch and only retains the components of interest, i.e., those in
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Figure 7.1: A network example emphasizing the notion of structural observability.

Z,. For a given vector z € RIZ! let zP7» € RN be the vector whose j-th component is given by

T .
P — ) ?® € In (7.5)

0 otherwise.

T

T

Finally, for a given vector z € RV, zz denotes the vector in RIZ»| where eszIn =er (2

We now introduce the algorithm CZRFE for distributed parameter estimation:

Neighborhood Consensus

+oH R (yn(t) —H,x[ ™ (t)) , (7.6)

n

Local Innovation

where Q,,(t) represents the neighborhood of agent n at time ¢; and {5;} and {a;} are the consensus and

innovation weight sequences given by

Bo a

S M T

(7.7)
where a,b > 0and 0 < §; < 1/2—1/(2+ €1) and €; was as defined in Assumption 2.3.1. It is to be noted
that with the interest set of each agent being Z,, = {1,2,--- , N}, we have that the update in (7.6) reduces to
the classical consensus+innovations update for linear parameter estimation schemes (see, Kar et al. (2013a)
for example). Thus, the classical consensus+innovations parameter estimation scheme, is strictly a special
case of the update in (7.6).

We now illustrate the introduced setup and algorithm (7.6) with a 5 agents network example in Fig. 7.1.
Each node n corresponds to a physical component 6. Thus, 8* € R®. The solid lines connecting the nodes
correspond to the inter-node communication pattern. Each node observes a noisy scalar functional. In

particular, we assume

]' * * *
ya(t) = 3 (05 + 605+ 61) + vs(¢)
Yn(t) =0 +yn(t),n =1,2,4,5. (7.8)

Note that then the noise covariance matrix R, is a positive scalar, n = 1,2,...,5. Also, for n # 5, H, is
a b-dimensional (row) vector with all entries equal to zero except the n-th entry which equals one. On the
other hand, Hs = [0, 1/3, 1/3, 1/3, 0]. we have that Z, = {n} for n = 1,2,4,5, and Z3 = {2,3,4}. Let
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us also assume that the agents’ interest sets are given by Z,, = i;, for each n = 1,2,...,5. For notational
simplicity, we omit time index ¢ when writing the agents’ estimates; that is, we write x,, in place of x,(¢).
Also, we denote by [x,]; the i-th entry of x,. Then, agent 3’s estimate x5 is a 3 x 1 vector, with [x3]
being an estimate of 83, [x3]2 being an estimate of 63, and [x3]3 being an estimate of 0;. Regarding the
remaining agents n # 3, we have that x,, is a scalar, with x,, being an estimate of 6. Next, consider agent 3
and its interaction with agent 2. The censored quantity x4, at agent 3 based on the received message from
agent 2 equals x5, = [X2, 0, 0] . Further, the agent 3’s own censored estimate, adapted so that it can be
combined with x%,, equals x5, = [[x3]1, 0, 0] . Note that the first entry in both x4, and x§, corresponds
to an estimate of 63, the second entry of both xj, and x5, corresponds to an estimate of 63, and the third
entry of both x%, and x3, corresponds to an estimate of ;. The second and third entry in both x5, and x3,
is zero, because the intersection of the agents’ 2 and 3 interest sets Z; NZy = {2}, i.e., it does not include the
interest for 8% nor for 8. Further, we have that x5, = [x3]; and x55 = x2. The remaining pairs of quantities
x;, and and x;, are defined analogously. Next, agent 3’s estimate “lifted” to the N = 5-dimensional space
equals X3 = [0, [x3]1, [x3]2, [X3]3, 0]". Note that the first and fifth entries in X3 are zero, because agent 3
does not have interest in 67 nor in #%. Similarly, we have that T = [0, X2, 0, 0, 0]T. We next specialize the

update rule (7.6) for the example considered here and agent 3; we have:

[xs]1(t +1) [xs]1(t) Xa(t) [xs]1 ()
[xsl2(t+ 1) | = |[xs]2(t) | +5 o[- o
[x3]5(t+ 1) [x3]5(t) 0 0
x3(t+1) x3(t) x5y () —x35(t)
0 0
+ B 0 | - 0
x4(t) [x3]3(t)
x5, () —x3, (%)
1/3 :
wau 18] 85" (100 = 30l )+ brala(8) + Beala(0)) (7.9)
1/3
——
(Hy )z,

We formalize an assumption on the connectivity of the inter-agent communication graph before proceeding
further.

Assumption 7.4.2. The inter-agent communication graph is connected on average, i.e., Ao(L) > 0, where L

denotes the mean of the sequence of identically and independently distributed (i.i.d) graph Laplacian sequence

{L(®)}-

Remark 7.4.1. In the parameter estimation scheme in (7.6), an agent n uses only those components of its
neighbor 1’s estimate x;(t), which belong to its interest set I,,. Thus, agents n and I combine components
linearly which belong to T,, N Z; and reject the rest of the components. From an implementation viewpoint,
it is desirable for an agentl to only transmit those components to agent n which belong to I,, NZ; instead of
transmitting the entire x;(t) to agent n as the one which involves exchanging only those components which
are common to the agents has lower communication overhead. In the former case, the receiving agent n will

zero out the components it does not require, so both the transmission strategies would lead to the same update.
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Moreover, in the innovation term, where an agent n uses its own previous state to compute the innovation,
an agent subsequently retains only the components of interest so as to keep the update economical in terms of
size. We also emphasize here that the inter-agent communication graphs {L(t)} and the physical adjacency

matriz A induced by the measurement coupling may be structurally different.

We now present a more compact representation of the CZRFE algorithm so as to be able to establish its
asymptotic convergence properties. Let Z denote a subset of {1,2,--- , N}. Define the diagonal matrix Pz
which selects the corresponding non-zero components of Z from a RV * dimensional vector. In particular,
Pr = diag[Pr,, -, Pr,], where each Pz, € RV*Y and is a diagonal matrix such [Pz, ];; = 1if i € Z,, or 0
otherwise.

For the 5-agent network example associated with Figure 1, we have for n # 3 that Pz, is the 5 X 5 matrix
with all the entries equal to zero, except the (n,n)-th entry which equals one. The matrix Pr, has all the
entries equal to zero, except the (2,2)-th, (3,3)-th, and (4, 4)-th entries, which al equal to one.

For the estimate sequence {x,,(t)} at agent n, let {X,,(t)} € RY denote the auxiliary estimate sequence, where
Pz,

X, (t) = x,,(t)P2n. With the above development in place, it is easy to see that, for y € RV, (x;n(t)) =

Pz,
Pz, Pr,x(t), (xfn(t)) = Pr Pr,%,(t) and (x,,(t))"* = Pz, X,(t). The CZRFE update in (7.6) can then

be written in terms of the auxiliary processes as follows:

Zy

Xn(t+1) =X,(t) — Z B Pz, Pr, (X (t) — Xi(1))

1€Q, (t)

+ o Pr, HR (yo(t) — H,Pr X, (1)) . (7.10)

We introduce the matrix Lp € RY *xN* 56 as to make the above representation more compact.

_PIn Z’r]‘vzlzr;én LnT(t)PIrr- ifn=1I
Lnl (t)PIZ PIn otherwise,

Lp(t)],, = (7.11)

where [Lp(t)],; € RV*Y denotes the (n,1)-th sub-block of the block matrix Lp. It follows by elementary
matrix multiplication properties that PLp(t) = Lp(t). It is also to be noted that Lp is a symmetric matrix.

The matrix Lp(t) at each time step ¢ can be decomposed as follows:
Lp(t) = Lp + Lp(t), (7.12)

where {Lp(t)} is an i.i.d. sequence with mean L and Lp(t) = Lp(t) — E [Lp(t)]. Thus, we have that the
residual sequence {Lp(t)} satisfies E {Ij; (t)} =0.

With the above development in place, the update in (7.10) can be written in a compact form as follows:

X(t+1) = X(t) — BLp(OX(t) + PGrR ™ (y(t) — GLPX(t)) (7.13)

where X7 (t) = [&] (1), %L (0)] ,y()T = [ () -+-yn(®) )T, R = diag[Ry, -, Rn], P = diag [Pz, -

and Gy = diag[H{ ,Hj ,--- ;H}].

Remark 7.4.2. In the case when the noise covariance is not known apriori, a recursive estimator of the

inverse noise covariance can be used so as to be used as a plugin estimate for R,;1. A plugin estimate for

aPIN]7
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R, ! at time t + 1, denoted by ﬁ;l(t + 1) can be generated as follows:

t t t T
Qu(t+1) = %Zyn(S).VZ(S) - (1 Zyn(8)> <1 Zyn(s)>
s=0

s=0 s=0
RNt +1) = (Qut + 1) +7Iar,) ",

where v; 1s a time-decaying sequence such that vy — 0 as t — co.

Also, given the sensing model and the assumption that the dimension of the observations at each agent n,
gwen by M, is M,, < N, inverting a low-dimensional matriz is not particularly computationally taxing. In
particular, M,, can be equal to 1 for instance in which the inverse noise covariance matrix can be estimated
seamlessly. Furthermore, it is to be noted that the update can be adapted to be of the following form, where

R~! is replaced by I
R(t+1) = K(t) — ALp (DX () + /PGy (y(t) - GEPR()),

which does not require the inverse noise covariance. We remark that with the above update, the algorithm
still retains the property concerning the almost sure convergence of the parameter estimate at each agent to
the entries of the parameter corresponding to its interest set. Thus, the computational cost can be reduced
drastically with an update of the following form as defined above, which does not involve any matriz inver-
sions. Thus, when knowledge or calculation of R~ is an issue, algorithm (7.13) can be replaced with the

update above, retaining consistency but possibly with a loss in terms of the asymptotic covariance.

Remark 7.4.3. The recursive update in (7.13) is of the stochastic approximation type. The stochastic
approximation procedure, employed here is a mixed time-scale stochastic approximation as opposed to the
classical single time-scale stochastic approzimation (see, for example Nevelson and Khasminskit (1973)). The
above notion of mized time-scale is very different from the more commonly studied two time-scale stochastic
approzimation (see, for instance Borkar (2008)) in which a fast process is coupled with a slower dynamical
system. The approach employed here is similar to the ones in Gelfand and Mitter (1991) and Kar et al.
(2013a) in which a single update procedure is influenced by multiple potentials with different time-decaying
weights. Now, suppose that the interest set of each agent consists of all components of 0%, i.e., the update
in (7.13) reduces to the classical consensus+innovations update in (2). A key technical step employed in
the analysis of classical consensus+innovations procedures of the type in (7.2) (see, for example, Kar et al.
(2013a)) consists of an approzimation of the update in (7.2) to a single time-scale stochastic approximation
procedure that is asymptotically equivalent to the former, in particular, that converges to the original iterate
sequence at a rate faster than (t +1)°5. Typically, in the context of (7.2) the approzimating single time-
scale procedure is the network-averaged estimate sequence, Xqug(t) = (% ® IN> x(t), and the analysis in
Kar et al. (2013a) uses the fact that the Laplacian L(t) in (7.2) has a left eigen vector of 1n2 and that
every agent is interested in estimating the entire parameter vector. However, in the context of the update
in (7.13), every agent is interested in only a few entries of the parameter which makes the characterization
of asymptotic properties of the estimate sequences highly non-trivial and substantially different from prior
work on consensus+innovations type estimation procedures Kar et al. (2013a) in which agents share the
common objective of estimating all components of the parameter. However, in contrast to prior work on
consensus+innovations type estimation procedures (see, for example Kar et al. (2013a)) in which agents

share the common objective of estimating all components of the parameter, the analysis with heterogeneous
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agent objectives in (7.13), in that each agent is interested in a different subset of components, requires new
technical machinery. In particular, to obtain asymptotic properties of (7.13), we develop a more generalized
approximation of the mized time-scale procedure to an appropriate single time-scale procedure that takes
into account of the heterogeneity in agent objectives; this approximation and subsequent analysis require new

technical tools that we develop in this chapter.

Define the subspace Sp € RN by Sp = {y € RN2|y = Pw, for some w € ]RNZ}. We now formalize a key

assumption relating the interest sets Z,, to the network connectivity and global observability.

Assumption 7.4.3. There exists a constant ¢; > 0 such that,

y' (BOLp—i- PGHR_lGEP) y>alyl*,Vy € Sp, (7.14)

ag
where P = diag [Pz, , Pzy]-
We formalize an assumption on the innovation gain sequence {a;} before proceeding further.

Assumption 7.4.4. Let A\p;n (+) denote the smallest eigenvalue. We require that a satisfies,

N
amin{Amin (Z PLLHIR;IH”PL) e, Byt > 1,

n=1
where @ denotes the Kronecker product and ¢y is defined in (7.14).

It is to be noted that in Assumption 7.4.3, if P = Iy, then the subspace Sp reduces to RY * and the
condition in (7.14) reduces to a commonly employed Lyapunov condition in classical consensus+innovations
type inference procedures (see, for example, Lemma 6 in Kar and Moura (2011)) which, in turn, can be
enforced by global observability and the mean connectivity of the network under consideration. However,
in the case when P # Iyz, the case considered in this chapter, global observability and connectivity of
the network is not sufficient to obtain the condition in (7.14). The insufficiency of global observability
and connectivity of the network in order to enforce (7.14) can be attributed to heterogeneous objectives of
the agents and censoring of messages at agents leading to an inherent information loss. Intuitively, such a
condition calls for existence of information pathways between agents who share a particular component in
their interest sets and the particular component in question to be observable at this set of agents collectively.
As we show in the following (Lemma 7.4.4), a sufficient condition for Assumption 7.4.3 is that in addition
to the global observability and the mean network connectedness, the induced subgraph for every entry of
the vector 8" needs to be connected. The induced subgraph for the r-th entry is the set of agents and their
associated links which have the r-th entry of " in their interest sets.

In the following, we will establish consistency of the CZRFE under Assumption 7.4.3. We now show by a
simple example that, in general, Assumption 7.4.3 is stronger than mean connectivity and global observabil-
ity. To this end, consider again the simple network consisting of 5 nodes in Fig. 7.1 and (7.8). Clearly, in
this case, G = 22:1 H;L'— H,, is invertible and, as shown, the communication network is connected. In case,
every node wants to estimate the entire 8%, then the above inference task reduces to the inference setup
considered in Kar and Moura (2011); Sahu et al. (2016). Consider the case where Z,, = Z,, for n = 1,2, 3, 4,
i.e., these nodes are interested in reconstructing only their own states and those who influence their obser-
vations. However, let Z5 = {5,1}, i.e., node 5 is interested in the state of node 1. This problem falls under

the purview of CZRFE. Clearly, Assumption 7.4.2 is satisfied. However, it can be shown by calculating the
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various terms, that assumption 7.4.3 is not satisfied and hence, convergence of CZRFE to desired values is
not guaranteed. This shows that mean connectivity and global observability is not sufficient for assump-
tion 7.4.3 in general. We provide an intuitive explanation, why the CZRFE is not expected to yield accurate
estimates in this case and why the Lyapunov type requirement in assumption 7.4.3 is sufficient for CZRFE’s
desired convergence.. Looking at Fig. 7.1, we note that the only node that observes (at least partially) the
component 6] is node 1, i.e., the influence of the state 6] only affects the observations at node 1. Clearly,
for node 5 to be able to reconstruct 7, it should be able to access information about 65 from the allowed
communication graph. Moreover, there is a path connecting node 1 to node 5. However, the other nodes in
the path are not interested in reconstructing 67, so they do not participate in the exchange of information
regarding 07. For example, node 2 ignores the estimate of 6] at node 1 and similarly the others. As a result,
the information about 6] never reaches node 5, although the communication network is connected. Note
that the induced subgraph of component 1 of 8" is disconnected, and it involves only nodes 1 and 5 and no
links.

At the same time, it is easy to see that this problem is resolved if an extra communication link is added
between nodes 1 and 5. Thus, we see that connectivity of the subgraph formed by those nodes interested
in reconstructing €; seems to facilitate proper information flow necessary for the desired convergence of
CIRFE. Based on this intuition, we formulate a general structural connectivity condition (see Kar (2010))
that guarantees the satisfaction of 7.4.3 which, in turn, will be used subsequently to derive the convergence
of CIRFE. We direct the reader to Lemma 3.4.1 in Kar (2010) for a proof.

Lemma 7.4.4 (Lemma 3.4.1 in Kar (2010)). Let assumption 7.4.2 be satisfied and the global observability
condition hold. For each component r of 6%, define the subset I" C [1,--- , N] by

T'={nell, ,N]|rel,} (7.15)

Let G denote the network graph corresponding to the mean Laplacian L, i.e., there is an edge between nodes
n and 1 in G iff the (n,l)-th entry in L is non-zero. For each 1 <r < N, denote the induced subgraph G, of
G with node set I". Then, condition 7.4.3 is satisfied if G, is connected for all r.

Technically speaking, the average connectedness of the induced subgraphs in conjunction with the global
observability of the entry of the parameter relevant to the subgraphs is enough to ensure consistency of
the estimate sequence of the entry of the parameter. The combinatorial perspective brought about by the
preceding observation being, can one relax the connectivity of the induced subgraph. For example, consider
the r-th entry of the parameter. Let the number of agents interested to estimate the entry is N,. out of which
M agents (referred to as O-agents) have the entry incorporated into their observations. In the case, when
one can split IV, agents into disconnected components where each component consists of non-zero number
of agents which observe the entry and the entry is rendered globally observable with respect to those O-
agents in that component, would ensure the estimates of that entry being consistent at each agent which is
interested to reconstruct that agent. However, as the subgraphs induced by interest sets are coupled in lieu
of the interest sets, it might not be possible to ensure such a construction as the one described before for

each entry of the parameter.
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7.5 CIRFE: Main Results

In this section we formally state the main results concerning the distributed parameter estimation CZRFE
algorithm, while the proofs are relegated to F. The first result concerns with the consistency of the parameter

estimate sequence at each agent n.
Theorem 7.5.1. Consider the parameter estimate sequence {X(t)} generated by the CIRFE algorithm
according to (7.6). Then, we have,

Pe- (lim X(t) =P (1y ® 0*)) =1 (7.16)

t—o0

At this point, we note that the estimate sequence generated by CZRFE at any agent n is strongly consistent,
ie., x,(t) — 67, almost surely (a.s.) as t — oco. It is also to be noted that, owing to the heterogeneous
objectives of the agents, the consensus in terms of the estimates sequences across any pair of agents is only

limited to the common components of the parameter in their interest sets.

Theorem 7.5.2. Let the hypothesis of theorem 7.5.1 hold. Then, we have,

E [|%() - P (1v @ 0%)%] = 0 <1) (7.17)

Thus, we note that the mean square error of the estimate sequence with respect to the components of the

parameter 0 decays as 1/t.

Theorem 7.5.3. Let the hypotheses of Theorem 7.5.1 hold. Then, the time-scaled sequence \/t + 1 (X(t) — P (1ny @ 6%))

is asymptotically normal, i.e.,

VEFT(X() —P(1y ©6%)) = N (0,Sg), (7.18)
where
Sp=PMP'
N
M];; = |PQ (Z PIW,HIRananw) QP
n=1 ij
-1
< (1AL + 1A, - 1) (7.19)

and P and A are orthonormal and diagonal matrices such that PTQ (27]:[:1 PIW,HIR;IHRPL%) P=A,

in which, Q = diag Qi é, e Q%]’ with Q; denoting the number of agents interested in the i-th entry of

17
0*

noindent Theorem 7.5.3 establishes the asymptotic normality of the time-scaled (auxilliary) estimate se-
quence. Noting that the estimate sequence {x,(¢)} is a linear transformation of the auxiliary estimate
sequence, we conclude that v/t + 1 (xn(t) — O}n) is also asymptotically normal. It is also to be noted that,
when the interest sets of each agent is the identity matrix, i.e., every agent is interested to reconstruct the
entire parameter, the matrix Q reduces to % and the asymptotic covariance reduces to that of the classical

consensus+innovations linear parameter estimation case (see Kar and Moura (2011) and the corresponding
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update in (7.2)). In this sense, the classical linear parameter estimation case is a special case of the problem
being addressed here. It is to be noted that the case in which Q reduces to %I for some é <N (C~2 <N
agents interested in each entry of 8*), the asymptotic covariance reduces to,

-1
N _
i, (AR L)
% g |

R

The asymptotic covariance as derived in Theorem 7.5.3 explicitly showcases the heterogeneity in the scaling
with respect to different components of the parameter through Q, as different components have different
cardinalities of interest sets.

The convergence rate is unaffected by the communication of low-dimensional estimates, i.e., the mean square
error of the proposed scheme decays as 1/t as characterized by Theorem 7.5.2. However, by communicating
low dimensional estimates which is due to the interest sets being strict subsets of {1,2, -+ , N}, the variance of
the estimation scheme is affected in terms of scaling by the number of agents. In particular, as demonstrated
by Theorem 7.5.3, the variance of the estimate sequence scales inversely with the number of agents interested
to reconstruct the particular entry. Thus, larger the size of the communicated estimates lower is the variance.
For instance, the variance scaling as 1/N is obtained if every agent is interested to reconstruct the entire
parameter. Intuitively speaking, the difference in scaling can be attributed to averaging by a smaller number
of agents against averaging by the entire network. However, note that the scaling is only with respect to the
asymptotic covariance and as we will demonstrate later on line graphs, the finite time variance of the error
estimates can be lower for the proposed algorithm with respect to agents which directly do not observe the

component of the parameter being estimated.

7.6 Simulation Results

In this section, we demonstrate the efficiency of the proposed algorithm CZRFE through simulation exper-
iments on a synthetic dataset. In particular, we construct a 10 node ring network, where every agent has
exactly two nodes in its communication neighborhood. We number the nodes from 1 to 10. The neighbors

for the ¢-th node in the communication graph are the nodes (i — 1)mod 10 and (i + 1)mod 10.

The physical coupling which affects each agent’s observations is assumed to be an agent’s 2-hop neighborhood.

For instance, node 1’s observations are affected by the value of the field at nodes 9, 10, 2 and 3. Thus, fl =
{9,10,2,3}. The interest set of each agent is taken to be all the field values which affects its observation. For
instance, Z; = {9,10,1,2,3}. We resort to a static Laplacian in the simulation setup here. We also note that

in this case the inter-agent communication network is sparser than the physical network induced by measure-

ment coupling. Each agent makes a scalar observation at each time. Hence, the observation matrix for each

agent is given by a 5-sparse 10-dimensional row vector. To be specific, the observation matrices used in the
simulation setup are given by H; = [1.0,1.2,1.3,0,0,0,0,0,1.4,1.5], Hy = [1.5,1.0,1.2,1.3,0,0,0,0,0,1.4],
H;=[14,1.5,1.0,1.2,1.3,0,0,0,0,0], H, = [0,1.4,1.5,1.0,1.2,1.3,0,0,0,0], Hs = [0,0,1.4,1.5,1.0,1.2,1.3,0,0, 0],
Hs = [0,0,0,1.4,1.5,1.0,1.2,1.3,0,0], H; = [0,0,0,0,1.4,1.5,1.0,1.2,1.3,0], Hg = [0,0,0,0,0,1.4,1.5,1.0, 1.2, 1.3],
H, =[1.3,0,0,0,0,0,1.4,1.5,1.0,1.2] and Hyo = [1.2,1.3,0,0,0,0,0,1.4,1.5,1.0]. The noise covariance R is

taken to be I1g. The parameter capturing the field values is taken to be 8 = [1.2,1.3,1.4,0.8,0.7,1.1,0.9,1.0, 1.8, 0.6].
It can be seen that Assumption 7.4.3 is satisfied, by verifying Lemma 7.4.4 for the third parameter compo-

nent 03.

We carry out 500 Monte-Carlo simulations for analyzing the convergence of the parameter estimates. The
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estimates are initialized as x,(0) = 0 for n = 1,---,10. The normalized error for the n-th agent at time ¢
is given by the quantity ||x,(t) — Pz, 0| /5, as each agent’s interest set has the cardinality of 5. Figure 7.2
shows the normalized error at every agent against the time index t. In Figures 7.3 and 7.4 we compare the
performance of CZRFE to the classical distributed estimator in Kar and Moura (2011) (see (7.2) for the
corresponding update), where each agent is interested in reconstructing the entire state or the parameter
vector. We refer to the estimates of the distributed estimator in Kar and Moura (2011) as “classical” and
“classical-d” (to be specified shortly) in the sequel. In Figures 7.3 and 7.4, “Classical-d” represents the case
in the algorithm in Kar and Moura (2011), where an agent does not observe the entry to be estimated and
entirely depends on the neighborhood communication to estimate the quantity of interest. We specifically
study the estimation performance of the agents in the “Classical-d” case, as these are the agents that tend
to increase the communication overhead considerably by being interested in estimates of components that

they do not directly observe, relying on other agents possibly far off to obtain the desired information. Note



CHAPTER 7. COMMUNICATION EFFICIENT DISTRIBUTED ESTIMATION: RANDOM FIELDS
ESTIMATION 119

03 Entry wise esti Comparison

= CIRFE
0.25 == Classical
Classical-d

0.2
015

0.1F

008 \\.‘_
B

500 1000 1500 2000 2500 3000
Time Steps

lle3 (6. (2) — O)]|

Figure 7.5: CZRFE: Comparison of eg 8" estimation error

Entry wise esti Ci ison
0.5 y T — T

= CIRFE
~— Classical
0.4 Classical-d | 1

03

led (6a(t) — O]

0.2

0.1

1500 2000 2500 3000

Time Steps

500 1000

Figure 7.6: CZRFE: Comparison of e 8" estimation error

that, in the current simulation setup, such class of agents do not exist for the proposed CZRFE algorithm.
It can be observed from figures 7.3 and 7.4 that the estimation error in CZRFE is higher than that of the
classical distributed estimator but at the same time exchanging 5-dimensional or even smaller dimensional
messages as opposed to 10-dimensional messages in the case of the classical consensus+innovations estimator
in Kar and Moura (2011). This analysis brings about an inherent trade-off between estimation error and
the dimension of the messages exchanged between agents. It is also to be noted that the agents in case of
CIRFE store b-dimensional vectors at each time step as opposed to 10-dimensional vectors in the case of
the classical. An intuitive way to interpret the higher estimation error is noting the fact that, effective for
the algorithm CZRFE, the estimation procedure for each entry of the parameter 8 effectively happens over
a line graph, whereas for the Classical and “Classical-d” procedures the communication graph to which the
estimation procedure conforms to is a ring graph. In order to demonstrate the effectiveness of the algorithm
CIRFE, we consider a line graph, where the agents have the same sensing model as in the previous case
except for the two edges of the line graph. Thus, agent 1 and 10’s observations are dependent on agent 2 and
agent 9’s state. Furthermore, we assume that each agent’s observation is physically coupled with the states
of the agents’ in its one-hop neighborhood. The interest set for the 1st and 10th agents are taken to be {1, 2}
and {9, 10} respectively. All the other agents, have interest sets of cardinality three, i.e, itself and its one-hop
neighborhood. In Figures 7.5 and 7.6 we compare the performance of CZRFE to the classical distributed
estimator in Kar and Moura (2011) (see (7.2) for the corresponding update), with the aforementioned line
graph setup. For the “classical-d” case, the agent selected was the farthest end of the graph. It is well
known that under a line graph, the performance of a distributed protocol is affected due to poor connectivity.
It can be seen from figures 7.5 and 7.6 that the performance of CZRFE closely resembles that of the classical
benchmark algorithm with respect to an agent which observes the particular entry. However, for agents far

away from the agent which observes the particular entry, CZRFE outperforms them. Intuitively speaking,
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while in this case, the communication protocol for each entry of the parameter in CZRFE conforms to a
line graph, where the maximum number of vertices in each is 3, for the benchmark the line graph consists
of 10 agents. In order to reinforce the effectiveness of CZRFE, we ran experiments on a 30 node line graph,
where each agent except the nodes numbered 1, 2, 29 and 30, have an interest set of cardinality 5. The
nodes numbered 1, 2, 29 and 30 are assumed to have interest sets of cardinality 3, 4, 4 and 3 respectively.
For instance the interest sets of agents 1 and 2 are given by {1,2,3} and {1, 2, 3,4} respectively. We assume
that the physical coupling which affects each agent’s observation is limited to its two-hop neighborhood. In
Figures 7.7 and 7.8 we compare the performance of CZRFE to the classical distributed estimator in Kar and
Moura (2011) (see (7.2) for the corresponding update), with the aforementioned line graph setup. For the
“classical-d” case, the agent selected was the farthest end of the graph as in the previous case. It can be seen
from figures 7.7 and 7.7 that the performance of CZRFE closely resembles that of the classical benchmark
algorithm with respect to an agent which observes the particular entry. However, for agents far away from
the agent which observes the particular entry, CZRFE outperforms them.

Technically speaking, in the classical case, an agent which is diameter number of steps away from a particular
agent requires diameter number of time steps to fuse information from the other agent for an entry which it
does not observe. In contrast with the classical case, the estimation of a particular entry of the parameter
effectively happens over the induced subgraph with respect to the particular entry which typically will have
smaller diameter as compared to the original graph. In conclusion, forcing an agent to obtain estimates of all
parameter components may actually slow down the overall process in many scenarios of interest (especially
situations involving large graphs with poor connectivity), as some of these components are only observed at

agents geographically distant from the agent under consideration.
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7.7 Summary of Contributions

Generalized consensus+innovations: Through CZRFE, we illustrated that the classical con-
sensus-+innovations framework is a special case of CZRFE. In particular, we extended the idea of
consensus to a heterogeneous version which exhibits consensus to subspaces which is common to a few
agents. Such a construction, also threw light on the necessity of looking beyond global observability

and connectivity of the graph for establishing consistency of the estimate sequence.

Lower Dimensional Message Exchange: We propose a scheme, namely CZRFE, where each entity
reconstructs only a subset of the components of the state modeled by a vector parameter, and thereby
also reducing the dimension of messages being communicated among the agents. Under mild conditions
of the connectivity of the network, we establish consistency of the estimate sequence at each agent with
respect to the components of the parameters in its interest set. The proposed scheme allows hetero-
geneity in terms of agents’ objectives, while still allowing for inter-agent collaboration. Technically
speaking, the heterogeneity in terms of agents’ objectives seeks for consensus in agents’ estimates only
in terms of the components in their interest sets rather than the entire high-dimensional parameter
vector as in the case of other distributed estimation algorithms proposed in Kar and Moura (2011); Das
and Mesbahi (2006); Schizas et al. (2008a); Lopes and Sayed (2008); Stankovic et al. (2007); Schizas
et al. (2008b); Ram et al. (2010b); Sahu and Kar (2016).

7.8 Conclusion and Future Directions

In this chapter, we have proposed a consensus + innovations type algorithm, CZRFE, for estimating a

high-dimensional parameter or field that exhibits a cyber-physical flavor. In the proposed algorithm, every

agent updates its estimate of a few components of the high-dimensional parameter vector by simultaneous

processing of neighborhood information and local newly sensed information and in which the inter-agent

collaboration is restricted to a possibly sparse communication graph. Under rather generic assumptions we

establish the consistency of the parameter estimate sequence and characterize the asymptotic variance of the

proposed estimator. A natural direction for future research consists of considering models with non-linear

observation functions and extension of the proposed algorithm CZRF€E to quantized communication schemes
in the lines of Kar et al. (2012) and Zhang et al. (2017).
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Chapter 8

Communication Efficient Stochastic

Optimization: First Order

8.1 Introduction

Distributed optimization and learning algorithms attract a great interest in recent years, thanks to their
widespread applications including distributed estimation in networked systems, e.g., Kar and Moura (2011),
distributed control, e.g., Bullo et al. (209), and big data analytics, e.g., Daneshmand et al. (2015).

In this chapter, we study communication efficient distributed stochastic optimization algorithms that oper-
ate over random networks and minimize smooth strongly convex costs. We consider standard distributed
stochastic gradient methods where at each time step, each node makes a weighted average of its own and
its neighbors’ solution estimates, and performs a step in the negative direction of its noisy local gradient.
Before going to the communication efficient version, we first study distributed stochastic optimization over
random networks. The underlying network is allowed to be randomly varying, similarly to, e.g., the models
in Lobel and Ozdaglar (2011); Lobel et al. (2011); Jakovetic et al. (2014b). More specifically, the network is
modeled through a sequence of independent identically distributed (i.i.d.) graph Laplacian matrices, where
the network is assumed to be connected on average. (This translates into the requirement that the alge-
braic connectivity of the mean Laplacian matrix is strictly positive.) Random network models are highly
relevant in, e.g., internet of things (IoT) and cyber physical systems (CPS) applications, like, e.g., predictive
maintenance and monitoring in industrial manufacturing systems, monitoring smart buildings, etc. Therein,
networked nodes often communicate through unreliable/intermittent wireless links, due to, e.g., low-power
transmissions or harsh environments.

We show that, by carefully designing the consensus and the gradient weights (potentials), the considered dis-
tributed stochastic gradient algorithm achieves the order-optimal O(1/k) rate of decay of the mean squared
distance from the solution (mean squared error — MSE). This is achieved for twice continuously differen-
tiable strongly convex local costs, assuming also that the noisy gradients are unbiased estimates of the true
gradients and that the noise in gradients has bounded second moment. To the best of our knowledge, this
is the first time an order-optimal convergence rate for distributed strongly convex stochastic optimization
has been established for random networks. For the communication efficient first order distributed stochastic
optimization, we propose a novel method that is shown to achieve the O(1/(Ceomm)*/?>~¢) MSE communi-
cation rate. At the same time, the proposed method retains the order-optimal O(1/(Ceomp)) MSE rate in

terms of the computational cost, the best achievable rate in the corresponding centralized setting.

123
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8.2 Related Work

We now briefly review the literature. In the context of the extensive literature on distributed optimization,
the most relevant to our work are the references on: 1) distributed strongly convex stochastic (sub)gradient
methods; and 2) distributed (sub)gradient methods over random networks (both deterministic and stochastic
methods). For the former thread of works, several papers give explicit convergence rates under different
assumptions. Regarding the underlying network, references Tsianos and Rabbat (2012); Towfic et al. (2016)
consider static networks, while the works Yuan et al. (2018); Vanli et al. (2017); Nedic and Olshevsky (2016)
consider deterministic time-varying networks.

References Tsianos and Rabbat (2012); Towfic et al. (2016) consider distributed strongly convex optimiza-
tion for static networks, assuming that the data distributions that underlie each node’s local cost function
are equal (reference Tsianos and Rabbat (2012) considers empirical risks while reference Towfic et al. (2016)
considers risk functions in the form of expectation); this essentially corresponds to each nodes’ local func-
tion having the same minimizer. References Yuan et al. (2018); Vanli et al. (2017); Nedic and Olshevsky
(2016) consider deterministically varying networks, assuming that the “union graph” over finite windows of
iterations is connected. The papers Tsianos and Rabbat (2012); Towfic et al. (2016); Yuan et al. (2018);
Vanli et al. (2017) assume undirected networks, while Nedic and Olshevsky (2016) allows for directed net-
works but assumes a bounded support for the gradient noise. The works Tsianos and Rabbat (2012); Yuan
et al. (2018); Vanli et al. (2017); Nedic and Olshevsky (2016) allow the local costs to be non-smooth, while
Towfic et al. (2016) assumes smooth costs, as we do here. With respect to these works, we consider random
networks, undirected networks, smooth costs, and allow the noise to have unbounded support.

Distributed optimization over random networks has been studied in Lobel and Ozdaglar (2011); Lobel et al.
(2011); Jakovetic et al. (2014b). References Lobel and Ozdaglar (2011); Lobel et al. (2011) consider non-
differentiable convex costs and no (sub)gradient noise, while reference Jakovetic et al. (2014b) considers
differentiable costs with Lipschitz continuous and bounded gradients, and it also does not allow for gradient
noise, i.e., it considers methods with exact (deterministic) gradients.

Finally, we review the class of works that are concerned with designing distributed methods that achieve
communication efficiency, e.g., Tsianos et al. (2012, 2013); Jakovetic et al. (2016); Lan et al. (2017); Wang
et al. (2016); Sahu et al. (2018e,d). In Wang et al. (2016), a data censoring method is employed in the
context of distributed least squares estimation to reduce computational and communication costs. However,
the communication savings in Wang et al. (2016) are a constant proportion with respect to a method
which utilizes all communications at all times, thereby not improving the order of the convergence rate.
References Tsianos et al. (2012, 2013); Jakovetic et al. (2016) also consider a different setup than we do here,
namely they study distributed optimization where the data is available a priori (i.e., it is not streamed).
This corresponds to an intrinsically different setting with respect to the one studied here, where actually
geometric MSE convergence rates are attainable with stochastic-type methods, e.g., Mokhtari and Ribeiro
(2016). In terms of the strategy to save communications, references Tsianos et al. (2012, 2013); Jakovetic
et al. (2016); Lan et al. (2017) consider, respectively, deterministically increasingly sparse communication, an
adaptive communication scheme, and selective activation of agents. These strategies are different from ours;
we utilize randomized, increasingly sparse communications in general. In references Sahu et al. (2018e,d),
we study distributed estimation problems and develop communication-efficient distributed estimators. The
problems studied in Sahu et al. (2018e,d) have a major difference with respect to the current chapter in that,
in Sahu et al. (2018e,d), the assumed setting yields individual nodes’ local gradients to evaluate to zero at

the global solution. In contrast, the model assumed here does not feature such property, and hence it is
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more challenging.

8.3 Problem Setup

The network of N agents in our setup collaboratively aim to solve the following unconstrained problem:

N
min > fi(x), (8.1)
i=1

xERd 4

where f; : R — R is a convex function available to node i, i = 1, ..., N. We make the following assumption

on the functions f;(-):

Assumption 8.2.1. For all ¢ = 1,..., N, function f; : R? — R is twice continuously differentiable with
Lipschitz continuous gradients. In particular, there exist constants L,z > 0 such that for all x € R,

pI=XV2fi(x) < L1

From Assumption 8.2.1 we have that each f;, ¢ = 1,---, N, is strongly convex with modulus p. Using

standard properties of convex functions, we have for any x,y € R%:

Ji¥) = Fi30) + V()T (y =) + Slx =yl

IV/i(x) = VLI < Lx =yl

We consider distributed stochastic zeroth order optimization to solve (8.1) over random networks. Inter-
agent communication is modeled by a sequence of independent and identically distributed (i.i.d.) undirected
random networks: at each time instant & = 0,1, ..., the underlying inter-agent communication network is
denoted by G(k) = (V,E(k)), with V = {1,..., N} being the set of nodes and E(k) being the random set
of undirected edges. The edge connecting node i and j is denoted as {i,j}. The time-varying random
neighborhood of node i at time k (excluding node 7) is represented as Q;(k) = {j € V : {i,j} € E(k)}.
The graph Laplacian of the random graph G(k) at time k is given by L(k) € RV*Y  where L(k) is given by
Li;(k) = —1, if {i,j} € B(k), i # j; Liy(k) = 0, if {i,j} ¢ B(k), i # j; and Lys(k) = — ¥, Ly (k). Tt is to
be noted that the Laplacian at each time instant is symmetric and a positive semidefinite matrix. As the
considered graph sequence is i.i.d., we have that E[L(k)] = L. Let the graph corresponding to L be given
by G = (V,E).

We make the following assumption on G.

Assumption 8.2.2. The inter-agent communication graph is connected on average, i.e., G is connected. In

other words, A2(L) > 0.

We denote by |£| the cardinality of a set of Laplacians chosen from the total number of possible Lapla-
cians (necessarily finite) so as to ensure p = infre. P (L(t) = L) > 0.

8.3.1 Gradient noise model and the algorithm

We consider the following distributed stochastic gradient method to solve (8.1). Each node 4, i = 1,..., N,
maintains over time steps (iterations) k = 0, 1, ..., its solution estimate x; (k) € R™. Specifically, for arbitrary
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deterministic initial points x;(0) € R™, ¢ = 1,..., N, the update rule at node ¢ and k = 0,1, ..., is as follows:
xi(k+1) = xi(k) =B Y, (xi(k)—x;(k)) (8.2)
J€Q;i (k)

— a (VSfilxi(k)) +vi(k)) -

The update (8.2) is performed in parallel by all nodes i = 1,..., N. The algorithm iteration is realized as
follows. First, each node ¢ broadcasts x;(k) to all its available neighbors j € Q;(k), and receives x;(k) from
all j € Q;(k). Subsequently, each node 4, i = 1,..., N makes update (8.2), which completes an iteration. In
(8.2), ay; is the step-size that we set to o, = ag/(k + 1), k = 0,1, ..., with ap > 0; and Sy, is the (possibly)
time-varying weight that each node assigns to all its neighbors. We set 8, = o/(k +1)", k= 0,1, ..., with
v € [0,1/2]. Here, Sy > 0 is a constant that should be taken to be sufficiently small; e.g., one can set
Bo = 1/(1 4+ 0), where 6 is the maximal degree (number of neighbors of a node) across network. Finally,
v;(k) is noise in the calculation of the f;’s gradient at iteration k.

For future reference, we also present algorithm (8.2) in matrix format. Denote by x(k) = [x] (k), -+ ,x} (k)
RN™ the vector that stacks the solution estimates of all nodes. Also, define function F : RN™ — R, by
F(x)= Zf\il fi(x), withx = [x],--- ,X]T\,]T € RY™. Finally, let W}, = (I — Ly,)®1L,,, where L;, = 85, L(k).
Then, for k = 0,1, ..., algorithm (8.2) can be compactly written as follows:

]T

x(k+1) = Wix(k) — o (VF(x(k)) + v(k)). (8.3)

We make the following standard assumption on the gradient noises. First, denote by Fj the history of
algorithm (8.2) up to time k; that is, Fy, k = 1,2, ..., is an increasing sequence of sigma algebras, where Fy,
is the sigma algebra generated by the collection of random variables { L(s), v;(t)},i=1,....,N,s=0,...,k—1,
t=0,..,k—1.

Assumption 8.3.2. For each i = 1,..., N, the sequence of measurement noises {Vv;(k)} satisfies for all
k=0,1,...

E[vi(k) | Fr] = 0, almost surely (a.s.)
E[[[vi(k)[1?| Fi] < crlxi(B)I” + 02, as., (8.4)

where c; and o? are nonnegative constants.

It is to be noted that assumption 8.3.2 is trivially satisfied, when {v;(k)} is an i.i.d. zero-mean, finite second
moment, noise sequence such that v;(k) is also independent of the history Fi. However, the assumption

allows the noise to be dependent on the current iterate at all times.

8.3.2 A machine learning motivation

The optimization-algorithmic model defined by Assumptions 8.2.1 and 8.3.2 subsumes, e.g., important ma-
chine learning applications. Consider the scenario where f; corresponds to the risk function associated with
the node ¢’s local data, i.e.,

filx) =Eq,~p, [4 (x;d;) ] + P;(x). (8.5)

Here, P; is node 4’s local distribution according to which its data samples d; € R? are generated; ¢;(-;-) is a

loss function that is convex in its first argument for any fixed value of its second argument; and ¥ : R™ — R
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is a strongly convex regularizer. Similarly, f; can be an empirical risk function:

fi) = — [ S tixidsy) | + w0, (8.6)

where d; ;, j = 1, ...,n;, is the set of training examples at node i. Examples for the loss ¢;(+; ) include the

following:
1
li(x;a,b;) = 3 (a/x — bi)2 (quadratic loss) (8.7)
li(x;a3,b;) = In(1+ exp(fbi(a;rx))) (logistic loss)

For the quadratic loss above, a data sample d; = (a;, b;), where a; is a regressor vector and b; is a response
variable; for the logistic loss, a; is a feature vector and b; € {—1,+41} is its class label. Clearly, both the risk
(8.5) and the empirical risk (8.6) satisfy Assumption 8.2.1 for the losses in (8.7).

We next discuss the search directions in (8.2) and Assumption 8.3.2 for the gradient noise. A common search

direction in machine learning algorithms is the gradient of the loss with respect to a single data point':
gi(x) = V¥, (x;d;) + VI,(x).

In case of the risk function (8.7), d; is drawn from distribution P;; in case of the empirical risk (8.6), d;
can be, e.g., drawn uniformly at random from the set of data points d; ;, j = 1, ..., n;, with repetition along
iterations. In both cases, gradient noise v; = g;(x) — V f;(x) clearly satisfies assumption (8.3.2). To see this,
consider, for example, the risk function (8.5), and let us fix iteration k& and node #’s estimate x;(k) = x;.
Then,

Elvi(k) | Fi] = E[gi(k) — Vfi(xi(k)) [ xi(k) = xi]
= E[V{ (xi(k);di) [ xi(k) = xi] + V,(x;)
= (Vfi(xi) + V¥i(x))
= Eaq,~p [Vl (x;d))] + VT,(x)
= (EBanr [V (xd)] + VEi(x;)) = 0.

Further, for the empirical risk, assumption (8.3.2) holds trivially. For the risk function (8.5), assump-
tion (8.3.2) holds for a sufficiently “regular” distribution P;. For instance, it is easy to show that the
assumption holds for the logistic loss in (8.7) when P; has finite second moment, while it holds for the square
loss in (8.7) when P; has finite fourth moment.

Note that our setting allows that the data generated at different nodes be generated through different
distributions P;, as well as that the nodes utilize different losses ¢;’s and regularizers ¥;’s. Mathematically,
this means that Vf;(2*) # 0, in general. In words, if a node i relies only on its local data d;, it cannot
recover the true solution z*. Nodes then engage in a collaborative algorithm (8.2) through which, as shown

ahead, they can recover the global solution x*.

1Similar considerations hold for a loss with respect to a mini-batch of data points; this discussion is abstracted for simplicity.
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8.4 Performance Analysis

8.4.1 Statement of main results and auxiliary lemmas

We are now ready to state our main result.

Theorem 8.4.1. Consider algorithm (8.2) with step-sizes ay, = 5 oand By = (kfi"l),,, where By > 0,
ag > 2N/u, and v € [0,1/2]. Then, for each node i’s solution estimate x;(k) and the solution x* of
problem (8.1), there holds:

E [lxi(k) —x*[*] = O(1/k).

We remark that the condition ap > 2 N/u can be relaxed to require only a positive g, in which case the
rate becomes O(In(k)/k), instead of O(1/k).? Also, to avoid large step-sizes at initial iterations for a large
ayp, step-size ay, can be modified to ay, = ag/(k + ko), for arbitrary positive constant kg, and Theorem 8.4.1
continues to hold. Theorem 8.4.1 establishes the O(1/k) MSE rate of convergence of algorithm (8.2); due to
the assumed f;’s strong convexity, the theorem also implies that E [f(x;(k)) — f(x*)] = O(1/k). Note that
the expectation in Theorem 8.4.1 is both with respect to randomness in gradient noises and with respect
to the randomness in the underlying network. The O(1/k) rate does not depend on the statistics of the
underlying random network, as long as the network is connected on average (i.e., satisfies Assumption 8.2.2.)
The hidden constant depends on the underlying network statistics, but simulation examples suggest that
the dependence is usually not strong (see Section 4).

Proof strategy and auxiliary lemmas. Our strategy for proving Theorem 8.4.1 is as follows. We
first establish the mean square boundedness (uniform in k) of the iterates x;(k), which also implies the
uniform mean square boundedness of the gradients V f;(x;(k)) (Subsection 3-B). We then bound, in the
mean square sense, the disagreements of different nodes’ estimates, i.e., quantities (x;(k) — x;(k)), showing
that E[||x;(k) — x;(k)||?] = O(1/k) (Subsection 3-C). This allows us to show that the (hypothetical) global
average of the nodes’ solution estimates X(k) = + Zivzl x;(k) evolves according to a stochastic gradient
method with the gradient estimates that have a sufficiently small bias and finite second moment. This allows
us to show the O(1/k) rate on the mean square error at the global average, which in turn allows to derive a
similar bound at the individual nodes’ estimates (Subsection 3-D).

In completing the strategy above, we make use of the following Lemma; the Lemma is a minor modification
of Lemmas 4 and 5 in Kar and Moura (2011).

Lemma 8.4.2. Let z(k) be a nonnegative (deterministic) sequence satisfying:
2(k+1) < (1 —r1(k)) z1(k) + ra(k),

where {r1(k)} and {r2(k)} are deterministic sequences with

a2

ay < ’rl(k‘) < 1 and Tg(k') < m,

RS

with a1, as,01,02 > 0. Then, (a) if 6 = da = 1, there holds: z(k) = O(1); (b) if 61 = 1/2 and 62 = 3/2, then
z(k) =O(1/k); and (c) if 61 =1, 62 =2, and a; > 1, then z(k) = O(1/k).

2This subtlety comes from equation (32) ahead and the requirement that cog > 1. If cap < 1, it can be shown that in (8.32)
the right hand side modifies to a O(In(k)/k) quantity.
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Subsequent analysis in Subsections 3-b until 3-d restricts to the case when v = 1/2, i.e., when consensus

weights equal 8 = (kfﬁ That is, for simplicity of presentation, we prove Theorem 8.4.1 for case v = 1/2.

As it can be verified in subsequent analysis, the proof of Theorem 8.4.1 extends to a generic u € [0,1/2) as
well. As another step in simplifying notations, throughout Subsections 3-b and 3-c, we let m = 1 to avoid

extensive usage of Kronecker products; again, the proofs extend to a generic m > 1.

8.4.2 Mean square boundedness of the iterates

This Subsection shows the uniform mean square boundedness of the algorithm iterates and the gradients

evaluated at the algorithm iterates.

Lemma 8.4.3. Consider algorithm (8.2), and let Assumptions 1-8 hold. Then, there exist nonnegative

constants c; and cay such that, for all k =0,1, ..., there holds:
E[[x(®)[*] < ¢, and E[||VE(x(K))[*] < coy-.

Proof.
Denote by x° = z*1y and recall (8.3). Then, we have:

x(k+1)—x° = Wg(x(k) —x°) (8.8)
— ag (VF(x(k)) — VF(x%)
—  agpv(k) — ay VF(x°).

By mean value theorem, we have:

VE(x(k)) — VF(x°) (8.9)

1
= |: L VQF (XO + S(X(/C) — XO)) ds (X(k) B XO)
= Hk (X(k) — XO) .

Note that LI = Hy, = pI. Using (8.9) in (8.8) we have:

x(k+1) —x° = (Wi — oHy) (x(k) — x°) (8.10)
— OékV(k) — OékVF(XO).

Denote by ¢(k) = x(k) — x° and by &(k) = (W — o Hy) (x(k) — x°) — ax VF(x°). Then, there holds:

E[I¢(k + 1)I* | Fr] < [€K)I?
— 20 (k) "E[v(k) | Fi] + aR E[[[v(K)[|* | Fi]
< &P + N a (co [x(B)|* + c,), as., (8.11)

where we used Assumption 8.3.2 and the fact that £(k) is measurable with respect to Fr. We next bound
l€(K)||?. Note that |[W — ap Hy|| < 1 — pay for sufficiently large k. Therefore, we have for sufficiently
large k:

IEER < (1= pan) IC(R) | + ar [IVE )] (8.12)
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We now use the following inequality:

1
(a+b)?<(1+0)a®+ (1 + 9> b2, (8.13)
for any a,b € R and 6 > 0. We set 0 = %7, with ¢g > 0. Using the inequality (8.13) in (8.12), we have:
2 Co 2
<[1 1-—
@I < (14 225 ) (- awn)

< Il + (14250 atgwree e

Next, for ¢y < app, the last inequality implies:

eI < (1- 22 lew® (8.14)
+ 7 IVEGIP,

for some constants ¢, ca > 0. Combining (8.14) and (8.11), we get:

i+ DA < (1297 Iewre
ch
+ 1 (8.15)

for some ¢}, ch > 0. Taking expectation in (8.15) and applying Lemma 8.4.2, it follows that E[||¢(k)||*] =
E[|lx(k) — x°||?] is uniformly (in k) bounded from above by a positive constant. It is easy to see that the
latter implies that E[ ||x(k)||?] is also uniformly bounded. Using the Lipschitz continuity of VF, we finally
also have that E[||VF(x(k))||?] is also uniformly bounded. The proof of Lemma 8.4.3 is now complete.

8.4.3 Disagreement bounds

Recall the (hypothetically available) global average of nodes’ estimates X(k) = + Zfil x;(k), and denote
by X;(k) = x;(k) — X(k) the quantity that measures how far apart is node i’s solution estimate from the
global average. Introduce also vector X(k) = (X1(k),...,Xn(k)) T

x(k) = (I—J)x(k), where we recall J = +11"7. We have the following Lemma.

, and note that it can be represented as

Lemma 8.4.4. Consider algorithm (8.2) under Assumptions 1-3. Then, there holds:
E[[|x(k)[*] = O(1/k).

As detailed in the next Subsection, Lemma 8.4.4 is important as it allows to sufficiently tightly bound the
bias in the gradient estimates according to which the global average X(k) evolves.

Proof. 1t is easy to show that the process {X(k)} follows the recursion:

%(k+1) = WE)X(K) — ap 1 - 3) (VEx(K)) + v(k)), (8.16)
w (k)
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where W(k) =W(k)—J =I-L(k)—J. Note that, E [||w(k)||2] < ¢7 < oo, which follows due to the mean
square boundedness of x(k) and VF(x(k)). Then, we have:

Ik + DI < ||W )| 1K) | + e [ wiR)-

We now invoke Lemma 4.4 in Kar et al. (2013b) to note that, after an appropriately chosen k1, we have for
vk 2 k17

1%k + DI < (1= 7(k)) [IXF)[ + ax [[wE)], (8.17)

with (k) being a Fj-adapted process that satisfies (k) € [0,1], a.s., and:

C9

E [r(k)|Fr] > csfr = T

a.s., (8.18)

for some constants cg, cog > 0. Using (8.13) in (8.17), we have:

IR (k+ DI* < (14 68) (1= (k) |X(R)|?

1
n Q+)amwwm%
0r

for 0, = —49+. Then, we have:
(k+1)2

Eﬁ&@+nﬁv4g@+m»@—gﬁﬂﬁ)Wﬂmﬁ

1
+ <1 + 9> a%E[ ||W(k)||2 | Fr.], a.s.
k

Next, for ¢19 < ¢g (c10 can be chosen freely), we have:

ED&%+DW]§(1%iiﬁ)EUﬂMV] (8.19)
i c+121)%

Utilizing Lemma 8.4.2, inequality (8.19) finally yields E [Hi(k + 1)||2] = O (). The proof of the Lemma is
complete.

8.4.4 Proof of Theorem 8.4.1

We are now ready to prove Theorem 8.4.1.
Proof.
Consider global average X(k) = % >_,,_; x;(k). From (8.16), we have:

1 & 1 &
%(k+1) = x(k) — aj NZW (xi(k)) + Zw(k)
i=1 'Lizk)
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which implies:

%(k+1) =%(k) — %

N
§:j Y fi (xi(k))
~V i (=(k)) + Y f; (%(K))] - (k).
Recall f(-) = YN, fi(-). Then, we have:
%(k+1) =x(k) = SV f (X(K))

N
— % [Z Vfi(xi(k)) =V fi (x(k))] — apvi(k),

which implies:

where

2

e(k) = N¥(k) + Y _ (Vfi (xi(k)) — Vf; (X(K))).-

i=1

e(k)

Note that, |V f; (x;(k)) — Vi (X(k))|| < L||x:(k) —%(k)|| = L||%;(k)||. Thus, we can conclude for

N
e(k) = (Vi (xi(k)) — V f; (X(k)))

i=1

the following;:

E[lle()I’] < (,jfl).

(8.20)

(8.21)

(8.22)

(8.23)

Note here that (8.21) is an inexact gradient method for minimizing f with step size a,/N and the random

gradient error e(k) = Nv(k) + €(k). The term N¥V(k) is zero-mean, while the gradient estimate bias is

induced by €(k); as per (8.23), the bias is at most O(1/k) in the mean square sense.

With the above development in place, we rewrite (8.20) as follows:

g

%(k+1) =%(k) - %Vf ®(k)) — “Ee(k) — anv(k).

N

This implies, recalling that x* is the solution to (8.1):

(8.24)

(8.25)

(8.26)
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By the mean value theorem, we have:

VIR - 1) = | [ 9ot x| s

Hy

x (x(k) —x"), (8.27)

where it is to be noted that NL = Hy %= Nu. Using (8.27) in (8.24), we have:

®(k+1) —x*) = [I - %ﬁk} (®(k) — x*) (8.28)
- %e(kz) — apv(k)

Denote by m(k) = [I — %H;] (X(k) — x*) — %t€(k). Then, (8.28) is rewritten as:
(X(k+1) —x*) =m(k) — apv(k), (8.29)
and so:

%k +1) = x*I* < [m(k)|* — 20,m(k) TV (k)
o SR

The latter inequality implies:

E[|%(k+1) = x*|* [ Fi] < m(k)]?
— 2cm(k) E[V(k) | Fi] + RE[ V()| | i, as.

Taking expectation, using the fact that E[V(k) | Fi ] = 0, Assumption 8.3.2, and Lemma 8.4.3, we obtain:

E[I(k +1) - x*|°] < E[llm(k)]?] + G (8.30)

for some constant c17 > 0. Next, using (8.13), we have for m(k) the following:

with ¢z = /N, because uI < Hy, < L1. After choosing 0}, = (kCngl) such that c19 < agc18/2 = oo pu/(2N)

and after taking expectation, we obtain:

Bl lm(1)17] < (1= 1207 ) BlI(h) - %]+ 2 (831
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where ca0 > ag po/(2N) > 1 (because ap > 2N/u) and co; is a positive constant. Combining (8.31) and
(8.30), we get:

_ * C20 — *
B [l + 1) - 7] < (1= 12 ) 1) -1

C21 + Ci7
k+1)2  (k+1)%

1

Invoking Lemma 8.4.2, the latter inequality implies:

E [||i(k +1) - x*\ﬂ < (8.32)

(k+1)’
for some constant coo > 0. Therefore, for the global average X(k), we have obtained the mean square rate
O (%) Finally, we note that,

[[xi (k) = x| < [|3%(k) = x| + ||x: (k) = x(R)| - (8.33)
~————

xi(k)

After using:
2 ~ 2 - 12
[Ixi (k) —x*[I” < 2% (R)|I” + 2 [Ix(k) —x"|7,

and taking expectation, it follows that E |||x;(k) — X*HQ} =0 (3), foralli=1,..,N. The proof is complete.

8.5 Communication Efficient Distributed Stochastic Optimization

In this section, we develop the communication efficient distributed stochastic optimization. We consider
distributed stochastic gradient methods to solve (8.1). That is, we study algorithms of the following form:

xi(k+1) =xi(k) = Y yi(k) (xi(k) — x; (k)

J€Q; (k)

— akgi(xi(k)), (834)

where the weight assigned to an incoming message v; j(k) and the neighborhood of an agent Q;(k) are
determined by the specific instance of the designated communication protocol. The approximated gradient
g:(x;(k)) is specific to the optimization, i.e., whether it is a zeroth order optimization or a first order
optimization scheme. Technically speaking, a first order optimization scheme approximates the gradient as
an unbiased estimate of the gradient. In the case of first order optimization, the agents query a stochastic
first order oracle (SFQ) and receive unbiased estimates of the gradient. In subsequent sections, we will
explore the gradient approximations in greater detail. Before stating the algorithms, we first discuss the

communication scheme. Specifically, we adopt the following model.

8.5.1 Communication Scheme

The inter-node communication network to which the information exchange between nodes conforms to is
modeled as an undirected simple connected graph G = (V,E), with V' = [1---N] and E denoting the
set of nodes and communication links. The neighborhood of node n is given by Q, = {l € V| (n,l) € E}.
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The node n has degree d,, = |Q,|. The structure of the graph is described by the N x N adjacency
matrix, A = AT = [A,], Ay = 1,if (n,]) € E, A,;; = 0, otherwise. The graph Laplacian L = D — A

is positive semidefinite, with eigenvalues ordered as 0 = A (L) < A(L) < --- < An(L), where D is

given by D = diag (d; - --dy). Thus, L corresponds to the maximal graph, i.e., the graph of all allowable

communications. We now describe our randomized communication protocol that selects a (random) subset

of the allowable links at each time instant for information exchange.

For each node i, at every time k, we introduce a binary random variable v; 5, where
Vre = {pk with probability (i (8.35)

0 otherwise,

where 1); 1’s are independent both across time and the nodes, i.e., across k and i respectively. The random
variable 1; , abstracts out the decision of the node i at time k£ whether to participate in the neighborhood
information exchange or not. We specifically take py and (i of the form

P _ Co
= e T e e (8:36)

where 0 < 7 < % and 0 < € < 7. Furthermore, define 5 to be

_ 2 Bo
Br = (prCr)” = Gt 1) (8.37)

where 8y = p2¢2. With the above development in place, we define the random time-varying Laplacian L(k),
where L(k) € RV*N abstracts the inter-node information exchange as follows:

—Vik V) k {i,jteEi#]
Lij(k) =40 i#j,{i,j} ¢ E (8.38)
D Viktik 1=

The above communication protocol allows two nodes to communicate only when the link is established
in a bi-directional fashion and hence avoids directed graphs. The design of the communication protocol
as depicted in (8.35)-(8.38) not only decays the weight assigned to the links over time but also decays the
probability of the existence of a link. Such a design is consistent with frameworks where the agents have
finite power and hence not only the number of communications, but also, the quality of the communication
decays over time. We have, for {i,j} € F and i # j:

o 2_ o, __ Bo
2
E[L2,(k)] = (p3C)” = (kioif){ﬂ. (8.39)
Thus, we have that, the variance of L; ;(k) is given by,
2 2
Var (Lo (k) = 2020 Do (8.40)

k+ D) (k+ 1)z

Define, the mean of the random time-varying Laplacian sequence {L(k)} as Ly = E[L(k)] and L(k) =
L(k) — L. Note that, E [f;(k)} =0, and
AN®Bop} 4N?53

- {Hi(k)m SAN'E [f‘?’j(k)] Tkt 1)t (k+ 127 (8.41)
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where ||-|| denotes the £5 norm. The above equation follows by relating the £5 and Frobenius norms.
We also have that, L, = 8L, where

-1 {i,jy €Ei#]
> Lig i=1.

Technically speaking, the communication graph at each time k encapsulated as L(k) need not be connected
at all times, although the graph of allowable links G is connected.. In fact, at any given time k, only a
few of the possible links could be active. However, since Lj = BxL, we note that, by Assumption 8.2.2,
the instantaneous Laplacian L(k) is connected on average.The connectedness in average basically ensures
that over time, the information from each agent in the graph reaches other agents over time in a symmetric
fashion and thus ensuring information flow, while providing the leeway for the instantaneous communication
graphs at different times to be not connected.

We employ a primal algorithm for solving the optimization problem in (8.1). In particular, the update in
(8.34) can then be written in a vector form as follows:

x(k+ 1) = Wix(k) — anG(x(k)), (8.43)

Where X(k) = [XI(k)7 7XL(]€):|T € RNd7 F(X) = Zf\]:1 fi(xi)v X = [xil',”_ 7X; S RNda é(x(k)) =
&) (xi(k)),---,8" (xn(k))]" and W, = (I - L(k)) ® I;. We state an assumption on the weight sequences

}T

before proceeding further.

Assumption 8.5.1. The weight sequence «y, is given by ag/(k + 1), where ag > 1/u. For the sequence py,
as defined in (8.36), it is chosen in such a way that,
4N*

0o < " (f) (8.44)

Communication Cost Define the communication cost Cy to be the expected per-node number of trans-
missions up to iteration k, i.e.,

k-1
Ck =E Zﬂ{node C transmits at s} | » (845)

s=0
where I 4 represents the indicator of event A. Note that the per-node communication cost in (8.45) is the
same as the network average of communication costs across all nodes, as the activation probabilities are
homogeneous across nodes. We now proceed to the main results pertaining to the proposed communication

efficient first order optimization schemes.

8.6 Convergence rates: Statement of main results and interpretations

We state the main result concerning the mean square error at each agent ¢ next, while the proof is relegated

to Appendix G.

Theorem 8.6.1. Consider algorithm (8.2) with step-sizes ap = 124 and B =

i} where By > 0 and
Qg > 2//1.

Bo
(k+1)1/2 ’
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1) Then, for each node i’s solution estimate x;(k) and the solution x* of problem (8.1), , Vk > 0 there holds:

32NL?A 000
1223 (L) B3 (k + 1)

E [flcs(k) —7[1*] < 2045 +

4A1,00053

R T sk 1)

(8.46)
where, A1 oo = 2||[VF(x(k))||*+4cuqoo (N, ao)+4No? and goo (N, 0) = E [lIx(k2) — x“||2]+%2a3 (2cuN Ix°]1? + Noo)+
4@57’;0”‘2, ke = max{ko,k1}, ko = inf{k|p’ai < 1} and ki = inf {k|& > 2cuar}, with M}, and Qj decaying

faster than the rest of the terms.
2) The communication cost is given by,

k
:[$6] ot
t=1
leading to the following MSE-communication rate:
E [||xi(/<) - x*u?] =0 (ck‘%“) , (8.47)

where ¢ can be arbitrarily small.

We remark that the condition g > 2/ can be relaxed to require only a positive «g, in which case the rate
becomes O(In(k)/k), instead of O(1/k). Also, to avoid large step-sizes at initial iterations for a large ay,
step-size oy, can be modified to ar = ag/(k + ko), for arbitrary positive constant kg, and Theorem 8.6.1
continues to hold. Theorem 8.6.1 establishes the O(1/k) MSE rate of convergence of algorithm (8.2); due to
the assumed f;’s strong convexity, the theorem also implies that E[f(x;(k)) — f(x*)] = O(1/k).

8.7 Simulation example

We provide a simulation example on fs-regularized logistic losses and random networks where links fail
independently over iterations and across different links, with probability pg.;1. The simulation corroborates
the derived O(1/k) rate of algorithm (8.2) over random networks and shows that deterioration due to increase
of pgaq is small.

We consider empirical risk minimization (8.6) with the logistic loss in (8.7) and the regularization functions
set to W,(x) = £[|x[|?, i = 1,..., N, where £ > 0 is the regularization parameter that is set to £ = 0.5.

The number of data points per node is n; = 10. We generate the “true” classification vector 2’ = ((x}) 7, zf) "
by drawing its entries independently from standard normal distribution. Then, the class labels are generated
as b;; = sign ((X&)Ta@ o+ eij), where ¢;;’s are drawn independently from normal distribution with zero
mean and standard deviation 2. The feature vectors a; j, j = 1,...,n;, at node 7 are generated as follows:
each entry of each vector is a sum of a standard normal random variable and a uniform random variable
with support [0, 5i]. Different entries within a feature vector are drawn independently, and also different
vectors are drawn independently, both intra node and inter nodes. Note that the feature vectors at different
nodes are drawn from different distributions.

W, ap = ﬁ, k =0,1,... Here, 0 is the
maximal degree across all nodes in the network and here equals § = 6. Algorithm (8.2) is initialized with

x;(0) =0, forall i = 1,..., N.

The algorithm parameters are set as follows. We let S =
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We consider a connected network G with N = 10 nodes and 23 links, generated as a random geometric graph:
nodes are placed randomly (uniformly) on a unit square, and the node pairs whose distance is less than a
radius are connected by an edge. We consider the random network model where each (undirected) link in
network G fails independently across iterations and independently from other links with probability pgaj.
We consider the cases pgj € {0; 0.5; 0.9}. Note that the case pgj = 0 corresponds to network G with all
its links always online, more precisely, with links failing with zero probability. Algorithm (8.2) is then run
on each of the described network models, i.e., for each pgy € {0; 0.5; 0.9}. This allows us to assess how
much the algorithm performance degrades with the increase of pg,;. We also include a comparison with the

following centralized stochastic gradient method:

N

LSV (y(); k), k) (8.48)

Y(k+1)ZY(k)—m‘

where (a;(k),b;(k)) is drawn uniformly from the set (a;;,b;;), j = 1,...,n;. Note that algorithm (8.48)
makes an unbiased estimate of Ef\il Vfi(y(k)) by drawing a sample uniformly at random from each node’s
data set. Algorithm (8.48) is an idealization of (8.2): it shows how (8.2) would be implemented if there
existed a fusion node that had access to all nodes’ data. Hence, the comparison with (8.48) allows us
to examine how much the performance of (8.2) degrades due to lack of global information, i.e., due to
the distributed nature of the considered problem. Note that step-size in (8.48) is set to 1/N(k + 1) for
a meaningful comparison with (8.2), as this is the step-size effectively utilized by the hypothetical global
average of the nodes’ iterates with (8.2). As an error metric, we use the mean square error (MSE) estimate
averaged across nodes: 3 ZZ\; l|x:(k) — x*|2.

Figure 1 plots the estimated MSE, averaged across 100 algorithm runs, versus iteration number k for different
values of parameter pg in log;-log;, scale. Note that here the slope of the plot curve corresponds to the
sublinear rate of the method; e.g., the —1 slope corresponds to a 1/k rate. First, note from the Figure that,
for any value of pgay, algorithm (8.2) achieves on this example (at least) the 1/k rate, thus corroborating our
theory. Next, note that the increase of the link failure probability only increases the constant in the MSE
but does not affect the rate. (The curves that correspond to different values of pg; are “vertically shifted.”)
Interestingly, the loss due to the increase of pg,; is small; e.g., the curves that correspond to pgy = 0.5
and pgayg = 0 (no link failures) practically match. Figure 1 also shows the performance of the centralized
method (8.48). We can see that, except for the initial few iterations, the distributed method (8.2) is very
close in performance to the centralized method. In Figure 8.2, the test error of the communication efficient
first order optimization scheme is compared with the test error of the benchmark scheme which refers to the
optimization scheme with the communication graph abstracted by a static Laplacian in terms of iterations
or equivalently the number of queries per agent to the stochastic first order oracle, i.e., gradient evaluations.
Figure 8.3 demonstrates the superiority of the proposed communication efficient first order optimization
scheme in terms of the test error versus communication cost as compared to the benchmark as predicted by
Theorem 8.6.1. For example, at the same relative test error level, the proposed algorithm uses up to 3x less

number of transmissions as compared to the benchmark scheme.

8.8 Contributions

e O(1/k) rate of decay: We showed that, by carefully designing the consensus and the gradient weights
(potentials), the considered distributed stochastic gradient algorithm achieves the order-optimal O(1/k)
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Figure 8.1: Estimated MSE versus iteration number k for algorithm (8.2) with link failure probability
Prail = 0 (red, solid line); 0.5 (blue, dashed line); and 0.9 (green, dash-dot line). The Figure also shows the
performance of the centralized stochastic gradient method in (8.48) (black, dotted line).
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Figure 8.2: Communication Efficient 1st order Optimization: Test Error vs Iteration
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Figure 8.3: Communication Efficient 1st order Optimization: Test Error vs Communication Cost

rate of decay of the mean squared distance from the solution (mean squared error — MSE). This is
achieved for twice continuously differentiable strongly convex local costs, assuming also that the noisy
gradients are unbiased estimates of the true gradients and that the noise in gradients has bounded
second moment. To the best of our knowledge, this is the first time an order-optimal convergence rate

for distributed strongly convex stochastic optimization has been established for random networks.

e O(1/(Ceomm)*?~¢) MSE communication rate: We developed novel methods for first order dis-
tributed stochastic optimization, based on a probabilistic inter-agent communication protocol that
increasingly sparsifies agent communications over time. For the first order distributed stochastic opti-
mization, we propose a novel method that is shown to achieve the O(1/(Ceomm)*/®>~¢) MSE communi-
cation rate. At the same time, the proposed method retains the order-optimal O(1/(Ccomp)) MSE rate

in terms of the computational cost, the best achievable rate in the corresponding centralized setting.

8.9 Conclusion

In this chapter, we considered a distributed stochastic gradient method for smooth strongly convex opti-
mization. Through the analysis of the considered method, we established for the first time the order optimal
O(1/k) MSE convergence rate for the assumed optimization setting when the underlying network is randomly
varying. Furthermore, we have developed and analyzed a novel class of methods for distributed stochastic
optimization of the first order that are based on increasingly sparse randomized communication protocols.
We have established for the proposed first order method explicit mean square error (MSE) convergence rates
with respect to (appropriately defined) computational cost Cgomp and communication cost Ceomm. The
proposed first order method achieves the O(1/(Ceomm)*/?~¢) MSE communication rate, while maintaining
the order-optimal O(1/(Cecomp)) MSE computational rate. Numerical examples on real data demonstrate

the communication efficiency of the proposed methods.



Chapter 9

Communication-Efficient Stochastic

Optimization: Zeroth Order

9.1 Introduction

Stochastic optimization has taken a central role in problems of learning and inference making over large
data sets. Many practical setups are inherently distributed in which, due to sheer data size, it may not be
feasible to store data in a single machine or agent. Further, due to the complexity of the objective functions
(often, loss functions in the context of learning and inference problems), explicit computation of gradients
or exactly evaluating the objective at desired arguments could be computationally prohibitive. The class of
stochastic optimization problems of interest can be formalized in the following way:

min f(x) = minEgop [F(x;€)],

where the information available to implement an optimization scheme usually involves gradients, i.e.,

VF(x;€) or function values of F(x;&) itself. However, both the gradients and the function values are
only unbiased estimates of the gradients and the function values of the desired objective f(x). Moreover,
due to huge data sizes and distributed applications, the data is often split across different agents, in which
case the (global) objective reduces to the sum of N local objectives, F(x;&) = Zil F;(x; &), where N
denotes the number of agents. Such kind of scenarios are frequently encountered in setups such as empirical
risk minimization in statistical learning Vapnik (1998). In order to address the aforementioned problem
setup, we study zeroth distributed stochastic strongly convex optimization over networks.
There are N networked nodes, interconnected through a preassigned possibly sparse communication graph,
that collaboratively aim to minimize the sum of their locally known strongly convex costs. We focus on
zeroth and first order distributed stochastic optimization methods, where at each time instant (iteration) k,
each node queries a stochastic zeroth order oracle (SZ0) for a noisy estimate of its local function’s value at
the current iterate (zeroth order optimization). In the proposed stochastic optimization methods, an agent
updates its iterate at each iteration by simultaneously assimilating information obtained from the neighbor-
hood (consensus) and the queried information from the relevant oracle (innovations). In the light of the
aforementioned distributed protocol, our focus is then on examining the tradeoffs between the communica-
tion cost, measured by the number of per-node transmissions to their neighboring nodes in the network; and
computational cost, measured by the number of queries made to SZO (zeroth order optimization).

Contributions. Our main contributions are as follows. We first analyze a distributed zeroth order optimiza-
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tion scheme for strongly convex functions utilizing Kiefer Wolfowitz stochastic approximation. Furthermore,
we develop novel methods for zeroth order distributed stochastic optimization, based on a probabilistic
inter-agent communication protocol that increasingly sparsifies agent communications over time. For the
proposed zeroth order method, we establish the O(1/(Ceomm)®/?~¢) mean square error (MSE) convergence
rate in terms of communication cost Ceomm, where ¢ > 0 is arbitrarily small. At the same time, the method
achieves the order-optimal O(1/ (Ccomp)z/ 3) MSE rate in terms of computational cost Ceomp in the context
of strongly convex functions with second order smoothness.

The achieved results reveal an interesting relation between the zeroth and first order distributed stochastic
optimization. Namely, as we show here, the zeroth order method achieves a slower MSE communication
rate than the first order method due to the (unavoidable) presence of bias in nodes’ local functions’ gradient
estimation. Interestingly, increasing the degree of smoothness' p in cost functions coupled with a fine-tuned
gradient estimation scheme, adapted to the smoothness degree, effectively reduces the bias and enables the
zeroth order optimization mean square error to scale as O(1/(Ceomp)P~1/P). Thus, with increased smooth-
ness and appropriate gradient estimation schemes, the zeroth order optimization scheme gets increasingly
close in mean square error of its first order counterpart. In a sense, we demonstrate that the first order
(bias-free) stochastic optimization corresponds to the limiting case of the zeroth order stochastic optimiza-
tion when p — oo.

In more detail, the proposed distributed communication efficient stochastic methods work as follows. They
utilize an increasingly sparse communication protocol that we recently proposed in the context of distributed
estimation problems Sahu et al. (2018e). Therein, at each time step (iteration) k, each node participates
in the communication protocol with its immediate neighbors with a time-decreasing probability pi. The
probabilities of communicating are equal across all nodes, while the nodes’ decisions whether to communi-
cate or not are independent of the past and of the other nodes. Upon the transmission stage, if active, each
node makes a weighted average of its own solution estimate and the solution estimates received from all of
its communication-active (transmitting) neighbors, assigning to each neighbor a time-varying weight 8. In
conjunction with the averaging step, the nodes in parallel assimilate the obtained neighborhood information
and the local information through a local gradient approximation step — based on the noisy functions esti-
mates only — with step-size ay.

By structure, the proposed distributed zeroth and first order stochastic methods are of a similar nature,
expect for the fact that rather than approximating local gradients based on the noisy functions estimates in
the zeroth order case, the first order setup assumes noisy gradient estimates are directly available.

Brief literature review. We now briefly review the literature. In the context of the extensive literature on
distributed optimization, the most relevant to our work are the references that fall within the following three
classes of works: 1) distributed strongly convex stochastic optimization; 2) distributed optimization over
random networks (both deterministic and stochastic methods); and 3) distributed optimization methods

that aim to improve communication efficiency.

9.2 Related Work

While we pursue stochastic optimization in this chapter, the case of deterministic noiseless distributed
optimization has seen much progress (Boyd et al. (2011); Shi et al. (2015); Yuan et al. (2016, 2017)) and
more recently accelerated methods (Jakovetic et al. (2014a); Xi and Khan (2017)). For the first class of works,

IDegree of smoothness p refers to the function under consideration being p-times continuously differentiable with the p-th
order derivative being Lipschitz continuous.
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several papers give explicit convergence rates in terms of the iteration counter k, that here translates into
computational cost Ceomp Or equivalently number of queries to SZO or SFO, under different assumptions.
Regarding the underlying network, references Tsianos and Rabbat (2012); Towfic et al. (2016) consider
static networks, while the works Yuan et al. (2018); Vanli et al. (2017); Nedic and Olshevsky (2016) consider
deterministic time-varying networks. They all consider first order optimization.

References Tsianos and Rabbat (2012); Towfic et al. (2016) consider distributed first order strongly convex
optimization for static networks, assuming that the data distributions that underlie each node’s local cost
function are equal (reference Tsianos and Rabbat (2012) considers empirical risks while reference Towfic
et al. (2016) considers risk functions in the form of expectation); this essentially corresponds to each nodes’
local function having the same minimizer. References Yuan et al. (2018); Vanli et al. (2017); Nedic and
Olshevsky (2016) consider deterministically varying networks, assuming that the “union graph” over finite
windows of iterations is connected. The papers Tsianos and Rabbat (2012); Towfic et al. (2016); Yuan et al.
(2018); Vanli et al. (2017) assume undirected networks, while Nedic and Olshevsky (2016) allows for directed
networks and assumes a bounded support for the gradient noise. The works Tsianos and Rabbat (2012);
Yuan et al. (2018); Vanli et al. (2017); Nedic and Olshevsky (2016) allow the local costs to be non-smooth,
while Towfic et al. (2016) assumes smooth costs, as we do here. With respect to these works, we consider
random networks (that are undirected and connected on average), smooth costs, and allow the noise to
have unbounded support. The authors of Hajinezhad et al. (2017) propose a distributed zeroth optimization
algorithm for non-convex minimization with a static graph, where a random directions-random smoothing
approach was employed.

For the second class of works, distributed optimization over random networks has been studied in Lobel
and Ozdaglar (2011); Lobel et al. (2011); Jakovetic et al. (2014b). References Lobel and Ozdaglar (2011);
Lobel et al. (2011) consider non-differentiable convex costs, first order methods, and no (sub)gradient noise,
while reference Jakovetic et al. (2014b) considers differentiable costs with Lipschitz continuous and bounded
gradients, first order methods, and it also does not allow for gradient noise, i.e., it considers methods with
exact (deterministic) gradients. Reference Jakovetic et al. (2018) considers distributed stochastic first order
methods and establishes the method’s O(1/k) convergence rate. References Sahu et al. (2018b) considers a
zeroth order distributed stochastic approximation method, which queries the SZO 2d times at each iteration
where d is the dimension of the optimizer and establishes the method’s O(1/k'/?) convergence rate in terms
of the number of iterations under first order smoothness.

In summary, each of the references in the two classes above is not primarily concerned with studying com-
munication rates of distributed stochastic methods. Prior work achieves order-optimal rates in terms of
computational cost (that translates here into the number of iterations k), both for the zeroth order, e.g.,
Sahu et al. (2018b), and for the first order, e.g., Jakovetic et al. (2018), distributed strongly convex op-
timization.?In contrast, we establish here communication rates as well. This chapter and our prior works
Sahu et al. (2018b,c) distinguish further from other works on distributed zeroth order optimization, e.g., Ha-
jinezhad et al. (2017); Duchi et al. (2015), in that, not only the gradient is approximated through function
values due to the absence of first order information, but also the function values themselves are subject to
noise. Reference Sahu et al. (2018¢) considers a communication efficient zeroth order approximation scheme,
where the convergence rate is established to be O(1/k'/?) and the MSE-communication is improved to
O(1/(Ceomm)?/>=¢). In contrast to Sahu et al. (2018c), with additional smoothness assumptions we improve
the convergence rate to O(1/k%/%) and the MSE-communication is further improved to O(1/(Ceomm)®/?~¢).

2The works in the first two classes above utilize a non-diminishing amount of communications across iterations, and hence
they achieve at best the O(1/(Ccomm)) (first order optimization) and O(1/(Ceomm)'/?) communication rates.
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Finally, we review the class of works that are concerned with designing distributed methods that achieve
communication efficiency, e.g., Tsianos et al. (2012, 2013); Jakovetic et al. (2016); Lan et al. (2017); Wang
et al. (2016); Sahu et al. (2018e,d). In Wang et al. (2016), a data censoring method is employed in the
context of distributed least squares estimation to reduce computational and communication costs. However,
the communication savings in Wang et al. (2016) are a constant proportion with respect to a method
which utilizes all communications at all times, thereby not improving the order of the convergence rate.
References Tsianos et al. (2012, 2013); Jakovetic et al. (2016) also consider a different setup than we do here,
namely they study distributed optimization where the data is available a priori (i.e., it is not streamed).
This corresponds to an intrinsically different setting with respect to the one studied here, where actually
geometric MSE convergence rates are attainable with stochastic-type methods, e.g., Mokhtari and Ribeiro
(2016). In terms of the strategy to save communications, references Tsianos et al. (2012, 2013); Jakovetic
et al. (2016); Lan et al. (2017) consider, respectively, deterministically increasingly sparse communication, an
adaptive communication scheme, and selective activation of agents. These strategies are different from ours;
we utilize randomized, increasingly sparse communications in general. In references Sahu et al. (2018e,d),
we study distributed estimation problems and develop communication-efficient distributed estimators. The
problems studied in Sahu et al. (2018e,d) have a major difference with respect to the current setup in that,
in Sahu et al. (2018e,d), the assumed setting yields individual nodes’ local gradients to evaluate to zero at
the global solution. In contrast, the model assumed here does not feature such property, and hence it is
more challenging.

Finally, we comment on the recent paper Lan et al. (2017) that develops communication-efficient distributed
methods for both non-stochastic and stochastic distributed first order optimization, both in the presence
and in the absence of the strong convexity assumption. For the stochastic, strongly convex first order
optimization, Lan et al. (2017) shows that the method therein gets e-close to the solution in O(1//€)
communications and with an O(1/€) computational cost. The current setup has several differences with
respect to Lan et al. (2017). First, reference Lan et al. (2017) does not study zeroth order optimization.
Second, this work assumes for the gradient noise to be independent of the algorithm iterates. This is a strong
assumption that may be not satisfied, e.g., with many machine learning applications. Third, while we assume
here twice differentiable costs, this assumption is not imposed in Lan et al. (2017). Finally, the method in Lan
et al. (2017) is considerably more complex than the one proposed here, with two layers of iterations (inner
and outer iterations). In particular, the inner iterations involve solving an exact minimization problem which
necessarily points to the usage of an off-the-shelf solver, the computation cost of which is not factored into

the computation cost in Lan et al. (2017).

9.3 Model and the proposed algorithms

The network of N agents in our setup collaboratively aim to solve the following unconstrained problem:

min > fi(x), (9.1)

x€ERI £
i=

where f; : R? — R is a strongly convex function available to node i, i = 1,..., N. We make the following

assumption on the functions f;(-):

Assumption 9.3.1. For all i = 1,..., N, function f; : R? — R is twice continuously differentiable with
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Lipschitz continuous gradients. In particular, there exist constants L, > 0 such that for all x € R,
pI=Vfi(x) <L L

From Assumption 9.3.1 we have that each f;, i =1,--- , N, is p-strongly convex. Using standard properties
of strongly convex functions, we have for any x,y € R%:

i) 2 £i() + VAT (v = %) + Sllx -],

IVfi(x) = Vi)l < Llx =yl

We also have that from assumption 9.3.1, the optimization problem in (9.1) has a unique solution, which
we denote by x* € R%. Throughout the chapter, we use the sum function which is defined as f : R? —
R, f(x) = 32N, fi(x). We consider distributed stochastic gradient methods to solve (9.1). That is, we study
algorithms of the following form:

xi(k+1) =xi(k) = Y 7i(k) (xi(k) — x;(k))

JjEQ; (k)

— axgi(xi(k)), (9.2)

where the weight assigned to an incoming message 7; ;(k) and the neighborhood of an agent €;(k) are
determined by the specific instance of the designated communication protocol. The approximated gradient
gi(x;(k)) is specific to the optimization, i.e., whether it is a zeroth order optimization or a first order opti-
mization scheme. Technically speaking, as we will see later, a zeroth order optimization scheme approximates
the gradient as a biased estimate of the gradient while a first order optimization scheme approximates the
gradient as an unbiased estimate of the gradient. The variation in the gradient approximation across first
order and zeroth order methods can be attributed to the fact that the oracles from which the agents query for
information pertaining to the loss function differ. For instance, in the case of the zeroth order optimization,
the agents query a stochastic zeroth order oracle (SZ0) and in turn receive noisy function values (unbiased
estimates) for the queried point. However, in the case of first order optimization, the agents query a stochas-
tic first order oracle (SFQO) and receive unbiased estimates of the gradient. In subsequent sections, we will
explore the gradient approximations in greater detail. We first focus on a distributed zeroth order scheme for
random networks. In the sequel, we will turn our attention to communication efficient zeroth order schemes.
We consider distributed stochastic zeroth order optimization to solve (9.1) over random networks. Inter-
agent communication is modeled by a sequence of independent and identically distributed (i.i.d.) undirected
random networks: at each time instant k£ = 0, 1, ..., the underlying inter-agent communication network is
denoted by G(k) = (V,E(k)), with V = {1, ..., N} being the set of nodes and E(k) being the random set
of undirected edges. The edge connecting node i and j is denoted as {i,j}. The time-varying random
neighborhood of node ¢ at time k (excluding node 7) is represented as Q;(k) = {j € V : {i,j} € E(k)}.
The graph Laplacian of the random graph G(k) at time k is given by L(k) € RV*N  where L(k) is given by
Lij(k) = —1, i {5, j} € B(k), i # ji Lis(k) = 0, if {i,j} ¢ B(k), i # j; and Ly(k) = — 5, Ly (k). Tt is to
be noted that the Laplacian at each time instant is symmetric and a positive semidefinite matrix. As the
considered graph sequence is i.i.d., we have that E[L(k)] = L. Let the graph corresponding to L be given
by G = (V,E).

We make the following assumption on G.

Assumption 9.3.2. The inter-agent communication graph is connected on average, i.e., G is connected. In

other words, \y(£) > 0.
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9.4 Distributed Kiefer Wolfowitz type Optimization

We employ a distributed Kiefer Wolfowitz stochastic approximation (KWSA) type method to solve (9.1).
Each node i, i = 1, ..., N, in our setup maintains a local copy of its local estimate of the optimizer x;(k) € R?
at all times. In order to carry out the optimization, each agent ¢ makes queries to a stochastic zeroth order

oracle at time k, from which the agent obtains noisy function values of f;(x;(k)). Denote the noisy value of

fi(+) as ﬁ() where,
Fixi(k)) = fi(xi(k)) + i (k). (9.3)

Due to the unavailability of the analytic form of the functionals, the gradient can not be evaluated and
hence, we resort to a gradient approximation. In order to approximate the gradient, each agent makes two
calls to the stochastic zeroth order oracle corresponding to each dimension. For instance, for dimension
je{1,---,d} agent i queries for f;(x;(k)+cre;) and f;(x;(k) —cxe;) at time k and obtains ﬁ(xl(k) +cre;)
and ﬁ(xz(k‘) — cie;) respectively, where ¢ is a carefully chosen time-decaying potential (to be specified

soon). Denote by g;(x;(k)) the approximated gradient, obtained as for each j € {1,--- ,d} :

~ o~

fi (xi(k) + cxej) — fi (xi(k) — cxey)

.
e; gi(xi(k)) = 20,
T _ i (xi(k) + crej)
= o] g () = LT 0e)
_ fixilk) —eney) 0;5 (k) — @f,j(k)7 (9.4)
2Ck QCk
where f);r ;(k) and 9; ;(k) denote the measurement noise corresponding to the measurements fi (xi(k) + crej)
and f; (x;(k) — crej) respectively. The vectors Vi (k) € R? and v; (k) € R? stack all the component wise
measurement noise at a node i and are given by v; (k) = f}i‘l(k), e ,GIN (k;)] and v; (k) = [@Z_l(k), e ,f)Z_N(k)}

~

respectively. For the rest of this section, we define v;(k) = (v (k) — v; (k)) /2. Using the mean value the-

orem, we have,

V; k
B (xi(K) = VF(x() + PG () + Y12, (95)
where
TV2f(xi(k) + teie;
e Pulxi(h)) = 2 L) o
B e/ V2 f(xi(k) — cra; e;)e;
2 b
where 0 < aij,a;j < 1. Finally, for arbitrary deterministic initializations x;(0) € R i =1,...,N, the
optimizer update rule at node i and k = 0,1, ..., is given as follows:

xi(k+1) =x;(k) = B > (xi(k) —x;(k))

JEQ (k)

— agi(x;i(k)). (9.6)
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It is to be noted that unlike first order stochastic gradient methods, where the algorithm has access to
unbiased estimates of the gradient. The local gradient estimates g;(-) used in (9.6) are biased (see (9.5)) due
to the unavailability of the exact gradient functions and their approximations using the zeroth order scheme
in (9.54). The update is carried on in all agents parallely in a synchronous fashion. The weight sequences
{ag}, {c} and {Bi} are given by ai, = ag/(k + 1), cx = co/(k + 1)? and Bx = Bo/(k + 1)7 respectively,
where ag, cg, Sg > 0. We state an assumption on the weight sequences before proceeding further.

Assumption 9.4.1. The constants ag, § > 0 and 7 € (0, 1) are chosen such that,
o 9
Y%k <. (9.7)

Denote by x(k) = [x] (k),---, x5 (k)] € R¥Y, P(x(k)) = [P] (x1(k)),-- ,PL (xn(k)] € RN the
vectors that stacks the local optimizers and the gradient bias terms (see (9.5))of all nodes. Also, define
function F : R¥? s R, by F(x) = Zf\il fi(xi), with x = [x],-- ,XJTV]T € RV, Finally, let W;, =
(I - L) ® 14, where Ly = 8 L(k). Then the update in (9.58) can be written as:

x(k+1) = Wyx(k)

— ay, (VF(x(k)) + exP(x(k)) + V(’“)) . (9.8)

Ck

Let Fj denote the history of the proposed algorithm up to time k. Given that the sources of randomness
in our algorithm are the noise sequence {v(k)} and the random network sequence {L}, F, is given by the

o-algebra generated by the collection of random variables { L(s), v;(s)},i=1,...., N, s =0,...,k — 1.

Assumption 9.4.2. For each i = 1,..., N, the sequence of measurement noises {v;(k)} satisfies for all
k=0,1,..:

E[v;(k)| Fix] = 0, almostsurely (a.s.)
E[[[:(B)[1* | Fi] < erllxi(B)])* + 02, as., (9.9)
where ¢y and o? are nonnegative constants.

It is to be noted that assumption 9.4.2 is trivially satisfied, when {v;(k)} is an i.i.d. zero-mean, finite second
moment, noise sequence such that v;(k) is also independent of the history Fi. However, the assumption

allows the noise to be dependent on the current iterate at all times.

9.5 Performance Analysis: Distributed KWSA

9.5.1 Main Result and Auxiliary Lemmas

We state the main result concerning the mean square error at each agent ¢ next.

Theorem 9.5.1. 1) Consider the optimizer estimate sequence {x(k)} generated by the algorithm (9.6).

Let assumptions 9.3.1-9.4.2 hold. Then, for each node i’s optimizer estimate x;(k) and the solution x* of
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problem (9.1), Vk > ko there holds:

64NA1 042
E |||x;(k) — x*||*| < 2R =0
[Iith) = x| < 2R + s s
4(L — pw)®N2dc 8A] ol
(k+1)26 pgﬁoco(k+1)2 27—26

4Na0 (choo(N d, a, o) + NJl)
cp(k +1)1-20 ’

(9.10)

where, ky = max { ko, (4|B|p3)/e — 1}, At oo = 6¢1qoo(N, d, g, co)+6N 03 and oo (N, d, g, co) = E [||x(k0) — XOHQ} +

VNd(L— Nd(L—p)?a2c2 | op(2¢sN|x°||*+No? )2 2coVNA(L—p) ||V F(x°
Nd(L_plooey | Ne(L—pPode] 4 o 2bl ol il ) T 4lEGN? | 2030V NAL— I FCDN  fy phe fatter ko

s given by kg = inf {k’ B> (L - p)VNdey, + 20"0‘" } Ry, is a term which decay faster than the rest of

the terms.

2) In particular, the rate of decay of the RHS of (9.67) is given by (k+1)7% , where §; = min {1 — 25,2 — 27 — 26, 25}.
By, optimizing over T and 0, we obtain that for T =1/2 and 6 = 1/4 and hence,

64NA1 a2
E |||Ixi(k) — x*[|*| < 2Ry + 2070
{HX( ) — x| } = alvg ucgp%ﬂg(k+1)0'5
4(L — w)®?N2dc} 8A1 00

pu(k 41)05 p2Bicg(k+1)05

+4Na0(quoo(N,dﬂo,Co)‘*‘NUl),O 1 Vi
Gl +1)07 SR

2

Theorem 9.5.1 establishes the O(1/k'/2) MSE rate of convergence of the algorithm (9.6); due to the as-
sumed f;’s strong convexity, the theorem also implies that E [f(x;(k)) — f(x*)] = O(1/k'/?). Note that the
expectation in Theorem 9.5.1 is both with respect to randomness in gradient noises and with respect to the
randomness in the underlying network. The O(1/k'/?) rate is independent of the statistics of the underlying
random network, as long as the network is connected on average.

From (9.10), it might seem that the dependence of the upper bound is linear in terms of d. However, on
tuning the constants ag < d='/°, By =< d~/1% and ¢y =< d=3/19, the dependence of E |||x;(k) — X*H2:| can be
reduced to d?/5. Tt is to be noted that the upper bound derived in (9.10) matches with that of the minimax
bound for (centralized) zeroth order optimization with twice continuously differentiable cost functions as
derived in Duchi et al. (2015). The sublinear rate of convergence of zeroth order optimization algorithms in
the context of KWSA can be attributed to the biased gradients. For better finite time convergence rates,
bias-reduction techniques such as the “twicing trick” and finite difference interpolation techniques can be
used.

Proof strategy and auxiliary lemmas. Establishing the main result in Theorem 9.5.1 involves three
crucial steps which are outlined in the subsections 9.5. 5.3 and 9.5.4. Subsection 9.5.2 concerns with
the mean square boundedness of the iterates x;(k), Wthh also implies the mean square boundedness of the
gradients V f;(x;(k)). In subsection 9.5.3, the mean square error of the disagreements of a node’s optimizer
estimate with respect to the network averaged optimizer estimate .i.e., X(k) := % Z].V 1 xi(k), is character-
ized in terms of k and the algorithm parameters. Finally, subsection 9.5.4 characterizes the optimality gap of
the networked average optimizer estimate sequence with respect to the optimizer of (9.1) and on combining

the result from subsection 9.5.3, the result follows.
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9.5.2 Mean square boundedness of the iterate sequence

This subsection shows the mean square boundedness of the algorithm iterates.

Lemma 9.5.2. Let the hypotheses of Theorem 9.5.1 hold. In addition assume that, |[VF(1y @ x*)|| is

bounded. Then, we have,

E [Ihe(k) = x°I*] < g1y (N, d, a0, c0)

n VNA(L — p)agey .~ NdA(L — p)?adcd

) 1426
Oz% (20fNHX0||2—|—N02) 4||VF(XO)H2
31— 25) 2

= qOO(Na d7 g, CO)a
where [||x(k0) - XOHQ} < Gy (N, d, a0, co) and ko = inf {k’ 4> (L—p)VNdey + 2”“" } .
Proof.

x(k +1) = Wix(k)
- ‘ZL: (e VE(x(k)) + EP(x(k)) + v(k)) . (9.11)

Denote x° = 15 ® *. Then, we have,

x(k+1) —x° = Wi(x(k) — x°)
—ai (VF(x(k)) = VF(x%))

- j—:v(k) —  VF(x°) — aperP(x(k)). (9.12)
By Leibnitz rule, we have,
VF(x ( )) — VE(x?)
- [ [0 sl ) 5] el )
= Hy (x(k) ~ x°). (9.13)

By Lipschitz continuity of the gradients and strong convexity of f(-), we have that LI »> Hy %= pI. Denote
by ¢(k) = x(k) — x° and by &(k) = (Wi — apHy) (x(k) — x°) — ag, VF(x°). Then, there holds:

E[I¢(k + D))" | Fr] < E [[lE®) 1] Fi ]

— 204 [€(k) " Fi | E[v(k)| Fi ] + od EL|v(k)|*| Fi
+ afet P (x(k) P (x(k)) = 20, P T (x(k) E [6(k)|Fi]
+ P (x(k) " E[v(k)| 7. (9.14)

We use the following inequalities:

— 20, P (x(k)) (I - BxL — aHy) (x(k) — x°)
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< 2ancr |[P(x(k))| |T = L — arHel| [[x(k) — x°|
< VNA(L = parer (1= par) (1+[Ix(k) = x°|*)
< VNA(L — p)agex + VNA(L — p)oer ||x(k) — x°|)?,

arciP T (x(k))P(x(k)) < Nd (L — p)? acj,
and
2
o
—SE[Ilv(R)I* 7] < *f 7N [Ix (k)| + N ’
Ck
o o
< 2% cr |Ix(k) = x°|I* + 55 (ch Ix°|* + No?) .
o
Then from (9.14), we have,

E[I¢(k + 1)* | 7] SE“|£(]€)||2|]:1¢]
+VNA(L — p)agex||¢(k )||2+2 CfHC( )|

2
+ % (20f %01 + Naz) + VNA(L — p)agcey
ke

+ Nd(L — p)? aici + 203 ciVNA(L — p) |[VF(x°)] .

We next bound E [[|€(k)||?| Fi ]. Note that [|[W — oy Hi|| < 1 — pay. Therefore, we have:

IR < (1= o) [CR) + e [VE(x)]-

We now use the following inequality:

(a+b)?<(1+60)a®+ (1+;>b2,

for any a,b € R and 6 > 0. We set § = pay. Using the inequality (9.20) in (9.19), we have:

€I < (14 ) (1 — ) 1R 2
N (1 n f) IIVE )P

< (1= app) (R + 225 IIVF( ).

Using (9.21) in (9.18), we have,
o o
E[I¢(k + DI | Fe] < 2= HIVF)* + ISP
2
X (1 —agp+ VNI(L — p)ager, + Q%ng)
Oé% o2 2
+ = (ZCf Ix°)|” + No ) + VNA(L — p)akcs
k

+ Nd (L — p)? aicp 4 2aicx VNA(L — p) [[VE(x°)]] .

(9.15)

(9.16)

(9.17)

(9.18)

(9.19)

(9.20)

(9.21)

(9.22)
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Define kg as follows:

P
ko :inf{k : % > (L — p)VNdey, + Ccff"f}
k

It is to be noted that kg is necessarily finite as ¢, — 0 and ()qcc,;2 — 0 as k — oo.

Proposition 9.5.3. Let the hypotheses of Theorem 9.5.1 hold. Then, we have Yk > kq,

VF(x°)|?
E[I¢(k + 1)]1?] < qro (N, d, g, co) + 4”/52”

n VNA(L — p)agey ~ Nd(L — p)?adcd

1) 1+26
o2
of (2¢sN || + No?) o/ Na(L — ) |VEG)|
2(1—20) 1406

= qOO(Na da CYO,CO)

O
With the above development in place, we can bound the variance of the noise process {v(k)} as follows:
2 ~ 2
E vl 17] < 0.58 [|[3* (k)| | 7]
~ 2
+0.58 |||~ ()||* 175
< 2¢1400 (N, d, g, co) + 2N (a2 n ||x*||2) . (9.23)
| —
0,2
1

9.5.3 Disagreement Bounds

We now study the disagreement of the optimizer sequence {x;(k)} at a node i with respect to the (hypothet-
ically available) network averaged optimizer sequence, i.e., X(k) = + Zi\il x;(k). Define the disagreement
at the i-th node as X;(k) = x;(k) — X(k). The vectorized version of the disagreements X;(k), ¢ =1,--- , N,
can then be written as x(k) = (I — J)x(k), where J = & (1y ® I) (1y ® L) = +1n1] ® I;. We have

the following Lemma;:
Lemma 9.5.4. Let the hypotheses of Theorem 9.5.1 hold. Then, we have Yk > ki

4A17OCO[%
VLB 4+ 1777

E[Ik(k+DIF| < Qu +

1
:O(kz_za_zf)

where Qy, is a term which decays faster than (k4 1)"2127+20 gnd ky = (4|E|pd)"/ — 1.

As detailed in the next Subsection, Lemma 9.5.4 plays a crucial role in providing a tight bound for the bias

in the gradient estimates according to which the global average X(k) evolves.
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Proof. The process {X(k)} follows the recursion:

X(k+1) = Wix(k)
_ %’: (I—J) (e VE(x(K)) + v(k) + P (x(k))), (9.24)

w(k)

where W, = Wy, —J = (I-L;)®I;—J. Using (9.20) in (9.24), we have,

2
IIx(k+1

+<1+

__ 2
We, now bound the term E [HWki(k)H |]7k}

~—

I < (1+ ) Wik

012 ~ 2
) Sl (9.25)
k

SRS

E U]W(k)i(k)“z |]-'k] =% (k)E [VNVQ(k) - J|fk] %(k)
=% (k) (1 — 2B L + BIL° + L(k)® — J) %(k)
< (1-2B)s (L) + BiAR ()

4|E|fop? ~
A~ agtiEl ) %)

2
< (1 2800 (L) + %) IR

< (1= Bede (L)) %K) (9.26)

+

where the last inequality holds for k& > (4|E|p2)'/¢ — 1 = k;. Then, we have, Yk > k;,

E (IR0 + 1)1 1] < (14 00) (1 - B () %G8

+ (1 + 91k> Zé%E [||w(;<;)||2 |]-'k.} : (9.27)

where

E [Iw(k)| 17| < 36 VP Ge(k)|? + 3E [Iv (k)] 1 7]
+3¢; | P (x (k)|
< 3¢t [|[VF(x(k))[I” + 3ci Nd(L — p)?
+ 6¢qoo(N, d, g, co) + 6No?
=E [||w(k)||2} <3 (2¢s + AL?) goo (N, d, a0, o)
+3¢2Nd(L — p)? + 6No?
= 6¢1qoo (N, d, g, co) + 6No7
Al,00
+3ciNd(L — 11)? 4+ 3c; L?qoo (N, d, g, c0) = Ay,

2
CcrA2 00
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=E [||w(k)||2} < . (9.28)
With the above development in place, we then have,
B[Rk + DIP] < (1+6) (1 - Bz (L)) IK(R)
+ (1 + Hlk) Zzi%Ak. (929)

In particular, we choose 6(k) = %’“)\2 (L).

Proposition 9.5.5. Let the hypotheses of Theorem 9.5.1 hold. Then, we have k > ko = max{kq, k1} where
ki = (4|E|p)" -1,

4A17OOOZ(2)
X2 (L) 2R (k + 1)2-27—20

E [l + DI < Qu +
Hence, we have the disagreement given by,

E[I%(k+DJ?] =0 <1€2—216—2> .

9.5.4 Proof of Theorem 9.5.1

In this subsection, we complete the proof of Theorem 9.5.1 by characterizing the optimality gap of the net-

work averaged optimizer estimate sequence and then combining it with the result obtained in Lemma 9.5.4.

Denote X(k) = + >, _; x;(k). From (9.24), we have,

= (V) + P (x(R))) - (9-30)
Recall that f(-) = Zivzl fi(-). Then, we have,
R(k+1) = X(k) = TV (%(k))
_ % [Z Vfi(xi(k)) — Vfi (X(k)):|

o (V(k) + P (x(k)))
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= %(k+1) = %(k) = 1= [xV [ (X()) + e(k)], (9.31)
Ck
where
e(k) = N (k)
+ NP (x(k) + e 3 (Vfi (xi (k) = Vi (R(R))) - (9-32)
e(k)

Note that, ¢ ||V fi (x:(k)) — Vi X(k))|| < e L ||xi(k) —X(k)|| = e, L ||xi(k)||. We also have that, ||§ (x(k))” <
(L — p)Vdc?. Thus, we can conclude that, Yk > ko

N

e(k) = cx > (Vi (xi(k)) — V fi (X(k))) + NP (x(k))

i=1
= |le(k)||” < 2NL?c; ||%(k)||> + 2(L — p)>Ndc},
2 2 o N2A72 g4
S E [le(t)] < o Stecto | AL ) Fdes
A3 (L) 3B (k +1)2=27 (k+1)

ANL2Qpc?

TEE (9.33)

With the above development in place, we rewrite (9.31) as follows:

X(k+1) = X(k) = VI (X(R) ~ 7elk) = 5 (k)

— * _ — _ *_%
=Xk+1)—x"=%(k)—x N

VI XEK) -V (x)

=0

Qg Qg _
_ che(k) — av(k), (9.34)

By Leibnitz rule, we have,

Vfx(k) = Vf(x")
= [/:0 Vi (x" + 5 (X(k) — x)) ds} x(k) — x7), (9.35)

Hy,
where it is to be noted that NL = Hy %= Nu. Using (9.35) in (9.34), we have,

(=(k+1) = x") = [1- ] (x(k) - x")
o .

- NCke(k) - av(k). (9-36)

Denote by m(k) = [I — S¢Hy| (x(k) — x*) — ~2-€(k) and note that m(k) is conditionally independent from

vV (k) given the history Fj. Then (9.36) can be rewritten as:

®(k+1) —x*) = m(k) — %:v(k)
= [®(k+1) —x"||* < [m(k)|?

_ z%:m(k)Tv(k) + %ik % (k)| (9.37)
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Using the properties of conditional expectation and noting that E [v(k)|F] = 0, we have,

B [Ix(k+ 1) = "I 17 < im0 + S (oW 7]

= E [[R(k + 1) = x"|| <E[[[m(®)|P’]

202 oo (N, d, o, co) + No?
| 20k (erae fom) o). (9.38)

Using (9.20), we have for m(k),

Im(B) < (14 0) 1~ S| k) —

N
(14 ) g et
<00 (1= £29) Jww - <P
(14 ) iy et (9.39)
On choosing 6, = fi‘{, we have for all & > ko,

E (o)1) < (1- 742 ) i) - x°IF]

16L% A1 cocid 4 4(L — p)®Ndaocl
WF () AR+ 125 | (ki 1)
+ Schg
p(k +1)%
— * (12 j25e%)
_ < _ o
= E [I%(k+1) x||}_(1 N(k+1))

X E [I%(k) - x"|I°]
16L% A socid 4 4(L — p)®Ndaocl
13 (L) Ak + 17220 (ke + 1)1

8Qrcd . 208 (craeo(N,d, a0, c0) + No?) (9.40)
(ke + 1)% 2k + 1)2-20 . )

Then, we have Vk > ko

LB -1

Kk 2 3
m 16L° A1 0
+ex —-— Qm —
Pl 2 2 D AR+ )

m:Lk;” I=ks

t7

k—1
L3

—1
J 4(L — p)* Ndaocd
CESEE

k
+ exp f% Z Qm

— I=ks

tg
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LB -1

0 - ~ 8Qrco 2
kCo
von| % 3 e 5t
m= 5
tg
I . Lkyf?lichﬂcq (N, d, ao, co)
0Cf 900 (N, d, a0, o
+exp | —— Om
CER R IR
m="5
tio
k LE5t-1
y2 2050NO'1
+exp N Z am Z Ak +1)2-28
etz ) iR

t11
32L%A1 w00
W8 (L) B3 (b + 1)7- 2
t12
4(L — p)>N?dc} 2N Qs
ulk+ 0% " paglk+ 1)

t13 tia

N 4N ap (Cf(;(oo(N7 d, o, co) + NO’%) (9.41)
Eulk+ )15 ' ‘

+

tis

It is to be noted that the term tg decays exponentially. The terms t7, tg, tg, t10 and t1; decay faster than
its counterparts in the terms 15, t13, t14 and 15 respectively. We note that @); also decays faster. Hence,
the rate of decay of E {Hi(kj +1)— x*||2} is determined by the terms t12, t13 and t15. Thus, we have that,
E||x(k+1)— x*||2} = O (k=%), where §; = min {1 — 26,2 — 27 — 26,26}. For notational ease, we refer to
te +t7 +tg + tg + t1o + t11 + t14 = My from now on. Finally, we note that,

i (k) = x*|| < [ (k) = x*[| + || xi(k) —x(k)
——

xi(k)
= |xi(k) — x*|* < 2% (k)| + 2 ||I%(k) — x*?
64NA1 042
= E |||xi(k) — x*||?| < 2Ry, + =0
[Iith) = x| < 2R + s s
4(L — p)?>N2dc3 8A; s}
(k+1)26 p,CBOCO(k+1)2 27—26
4Na0 (crqoo(N,d, o0, co) + No?)
Au(k +1)1-2
* 1 >
~E [||xi(k) ~x ||2} -0 <M> , Vi, (9.42)

where 07 = min {1 — 20,2 — 27 — 26,26} and Ry = M}y + Q. By, optimizing over 7 and J, we obtain that
for 7 =1/2 and ¢ = 1/4,

B [lxi) - x12] =0 (). v

Before stating the communication efficient algorithm, we first discuss the communication scheme. Specifi-
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cally, we adopt the following model.

Communication Scheme

The inter-node communication network to which the information exchange between nodes conforms to is
modeled as an undirected simple connected graph G = (V, E), with V = [1--- N] and E denoting the set
of nodes and communication links. The neighborhood of node n is given by Q,, = {l € V| (n,l) € E}. The
node n has degree d,, = |2,|. The structure of the graph is described by the N x N adjacency matrix,
A=AT =[A,], Ay =1, if (n,]) € E, A,; = 0, otherwise. The graph Laplacian L = D — A is
positive semidefinite, with eigenvalues ordered as 0 = A\ (L) < Ao(L) < --- < An(L), where D is given by
D = diag (d; - - - dy). We make the following assumption on L.

Assumption 9.5.1. The inter-agent communication graph is connected on average, i.e., L is connected. In
other words, A\a(L) > 0.

Thus, L corresponds to the maximal graph, i.e., the graph of all allowable communications. We now describe
our randomized communication protocol that selects a (random) subset of the allowable links at each time
instant for information exchange.
For each node 7, at every time k, we introduce a binary random variable v; 5, where
Pk with probability (i
Yik = { (9.43)

0 otherwise,

where 1; 1’s are independent both across time and the nodes, i.e., across k and ¢ respectively. The random
variable 1; , abstracts out the decision of the node i at time £ whether to participate in the neighborhood
information exchange or not. We specifically take py and (i of the form

__ po _ Go
Pk = (k+1)6/27 Ck - (k+1)(7/276/2)7 (944)

where 0 < 7 < % and 0 < € < 7. Furthermore, define 85 to be

_ 2 Po
Br = (prlr)” = G+ (9.45)

where 3y = p2¢2. With the above development in place, we define the random time-varying Laplacian L(k),
where L(k) € RV*Y abstracts the inter-node information exchange as follows:

— i kVj,k {i,jlebi#j
Lij(k) =140 i#j,{i,j} ¢ E (9.46)
D Vikk =]

The above communication protocol allows two nodes to communicate only when the link is established
in a bi-directional fashion and hence avoids directed graphs. The design of the communication protocol
as depicted in (3.27)-(9.46) not only decays the weight assigned to the links over time but also decays the
probability of the existence of a link. Such a design is consistent with frameworks where the agents have
finite power and hence not only the number of communications, but also, the quality of the communication
decays over time. We have, for {i,j} € F and i # j:

Bo

E L ()] = — (o) = Bk = — -
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2
2 PoB
E [L?g(k)] = (Pi(k) = U€+071)OT+E~ (9-47)

Thus, we have that, the variance of L; (k) is given by,

Var (L; ;(k)) = G folp)‘)T+e @ 501)%' (9.48)

Define, the mean of the random time-varying Laplacian sequence {L(k)} as Ly = E[L(k)] and L(k) =
L(k) — Ly. Note that, E [i(k)} =0, and
AN®Bop} AN?58

E Mi(k)m < 4N’E [i?,j(k)] SHED Gy (9.49)

where ||-|| denotes the £5 norm. The above equation follows by relating the £5 and Frobenius norms.
We also have that, L, = (5L, where

-1 {ijyekEi#j
=YLy i=1.

Technically speaking, the communication graph at each time k encapsulated as L(k) need not be connected
at all times, although the graph of allowable links G is connected.. In fact, at any given time k, only a
few of the possible links could be active. However, since L = BxL, we note that, by Assumption 9.5.1,
the instantaneous Laplacian L(k) is connected on average.The connectedness in average basically ensures
that over time, the information from each agent in the graph reaches other agents over time in a symmetric
fashion and thus ensuring information flow, while providing the leeway for the instantaneous communication
graphs at different times to be not connected.

We employ a primal algorithm for solving the optimization problem in (9.1). In particular, the update in
(9.2) can then be written in a vector form as follows:

x(k 4+ 1) = Wix(k) — arG(x(k)), (9.51)

where x(k) = [x[(k),---,xk(k)] € RY: F(x) = YV, filxi), x = [x[,-.x}] € RV, G(x(k)) =
& (xi(k)),---,8" (xn(k))]" and Wi, = (I-L(k)) ® I,. We state an assumption on the weight sequences

}T

before proceeding further.

Assumption 9.5.2. The weight sequence «y, is given by ag/(k + 1), where ag > 1/u. For the sequence py,
as defined in (5.3), it is chosen in such a way that,

4N?
X (L)

P < (9.52)

In the following sections, we propose two different approaches to solve the optimization problem in (9.1).
The first approach involves zeroth order optimization, while the second approach involves a first order

optimization. We first study the zeroth order approach to the problem in (9.1).

9.6 Communication Efficient Zeroth Order: RDSA

We employ a random directions stochastic approximation (RDSA) type method from Nesterov and Spokoiny

(2011) adapted to our distributed setup to solve (9.1). Each node ¢, ¢ =1, ..., N, in our setup maintains a local
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copy of its local estimate of the optimizer x;(k) € R? at all times. In addition to the smoothness assumption

in 2.3.1, we define additional smoothness assumptions in the context of zeroth order optimization.

Assumption 9.6.1. For all i = 1, ..., N, the functions f; : R? — R have their Hessian to be M-Lipschitz,

ie.,
IV fi(x) = V2 fiw)ll < M ||x — ||, ¥i =1,--- , N.

In order to carry out the optimization, each agent ¢ makes queries to the SZO at time k, from which the
agent obtains noisy function values of f;(x;(k)). Denote the noisy value of f;(-) as f;(-) where,

Filxa(k)) = fi(x(k)) + B (ks xi (k)), (9.53)

where the first argument in v;(k;x;(k)) is the iteration number, and the second argument is the point

at which the SZO oracle is queried. The properties of the noise v;(k;x;(k)) are discussed further ahead.
Typically due to the unavailability of the analytic form of the functionals in zeroth order methods, the
gradient cannot be explicitly evaluated and hence, we resort to a gradient approximation. In order to
approximate the gradient, each agent makes three calls to the stochastic zeroth order oracle. For instance,
agent i queries for fi(xi(k) + cxzix), fi(xi(k) + cxzix/2) and fi(x;(k)) at time k and obtains f;(x;(k) + cxzir),
fi(xi(k) + cxzix/2) and ﬁ(xl(k)) respectively, where ¢, is a carefully chosen time-decaying constant and z; j,
is a random vector (to be specified soon) such that E [zi7kzzk} =1,

Denote by g;(x;(k)) the approximated gradient which is given by:

& 0a(k) = 28 (xi(k), 5 ) - & (k). cn)

2
B 4ﬁ' (Xz(k) + %‘sz) - 4J?i (Xz(k))z
= r i,k
- ﬁ (xi(k) + crzik) — ﬁ (Xz(k))zl . (9.54)
Ck o .

where g; (-, ) represents a first order finite difference operation and 61,02 € [0, 1]. Note that, the gradient
approximation derived in (9.54) involves the noise in the retrieved function value from the SZO differently
from other RDSA approaches such as in Duchi et al. (2015); Nesterov and Spokoiny (2011). The finite
difference technique used in (9.54) resembles, the twicing trick commonly used in Kernel density estimation
which is employed so as to reduce bias and approximately eliminate the effect of the second degree term from
the bias. It is also to be noted that the number of queries made to the SZO at every gradient approximation
is 3. Thus, we can write,

gi(xi(k)) = Vfi (xi(k)) + E g (i (k)| Fx] = V fi (xi(k))

cpbi(xi(k))
+ i) — Elg ()| A] + 2z (9.55)
h; (x;(k))
where
gz(xz(k)) = e (XZ(k) ! %Zk) 2k (Xl(k))zzk
_ Ji(xi(k) +enmin) — fi (%K) . (9.56)

Ck
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vi(k;x:(k)) =4 (ﬁ (Xz(k) + %sz) — fi (Xz(k) + %kzzk))

= 3(filxi(k)) — fixi(k))) — (i (xi(k) + cxzie)
— Ji (xi(k) + cx2i k), (9.57)

and, Fj denotes the history of the proposed algorithm up to time k. Given that the sources of randomness
in our algorithm are the noise sequence {v(k;x(k))}, the random network sequence {L(k)} and the random
vectors for directional derivatives {z}, Fi is given by the o-algebra generated by the collection of random
variables { L(s), v(k;x(k)), zis}, 1 =1,...N, s =0,....,k — 1.

In general, the higher order smoothness imposed by Assumption 2.4.1 allows us to use a higher order finite
difference approximation for estimating the gradient. Due to assumption 9.5.2, the bias in the gradient
estimate by employing a second order finite difference approximation of the gradient is of the order O(c3).
Instead, a first order finite difference approximation of the gradient would have yielded a bias of O(c). More
generally, an assumption involving p-th order smoothness of the loss functions would have enabled usage of

a p-th degree finite difference approximation of the gradient thus leading to a bias of O(c}).

Assumption 9.6.2. The z; ;s are drawn from a distribution P such that E [z; 1z, ] = 14, s1(P) = E [||zi.x]|"]
and s»(P) =E [||z;,[|°] are finite.

We provide two examples of two such distributions. If z; ;s are drawn from N (0, 1), then E [||z; x| !] = d(d+2)
and E [||zi,]|°] = d(d + 2)(d + 4). If z; ;s are drawn uniformly from the lo-ball of radius v/d, then we have,
|z k|l = Vd, E[|lzix]'] = d* and E [||z:x]|*] = d>. For the rest of the chapter, we assume that z;’s are
sampled from a normal distribution with E [z; 2, ;] = Is or uniformly from the surface of the l-ball of

radius v/d.

Remark 9.6.1. The RDSA scheme (see, for example Nesterov and Spokoiny (2011)) used here is similar
to the simultaneous perturbation stochastic approximation scheme (SPSA) as proposed in Spall (1992). In
SPSA, each dimension i of the optimization iterate is perturbed by a random variable ;. However, instead
of RDSA where the directional derivative is taken along the sampled vector z, the directional derivative in
case of SPSA is along the direction [1/Aq,--- ,1/Aq] which thus needs boundedness of the inverse moments
of the random wvariable A;. The particular choice for A;’s is taken to be the Bernoulli distribution with
A;’s taking values 1 and —1 with probability 0.5. It is to be noted that at each iteration, both RDSA and
SPSA approximate the gradient by making two calls to the stochastic zeroth order oracle as opposed to d
calls in the case of Kiefer Wolfowitz Stochastic Approzimation (KWSA) (see, Kiefer and Wolfowitz (1952)

for example).

For arbitrary deterministic initializations x;(0) € R, i =1,...,N, the optimizer update rule at node 7 and
k=0,1,..., is given as follows:

xi(k+1) = x;(k) — Z i ks ke (xi(k) — x5 (k))

JEQ; (k)

where g;(-) is as defined in (9.55). Comparing to the general update in (9.2), the time-varying weight ~; ;(k)

at agent ¢ to the incoming message from agent j is given by 1; k.
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Remark 9.6.2. The main intuition behind the randomized activation albeit in a controlled manner for both
the zeroth order and first order optimization methods is the fact that in expectation both the updates exactly

reduce to the update where the communication graph between agents is realized by the expected Laplacian.

It is to be noted that unlike first order stochastic gradient methods, where the algorithm has access to
unbiased estimates of the gradient, the local gradient estimates g;(-) used in (9.58) are biased (see (9.55))
due to the unavailability of the exact gradient functions and their approximations using the zeroth order
scheme in (9.54). The update is carried on in all agents parallely in a synchronous fashion. The weight
sequences {a}, {cx} and {Bx} are given by o, = ao/(k + 1), cx = co/(k +1)° and B, = Bo/(k + 1)7
respectively, where ag,co, 5o > 0. We state an assumption on the weight sequences before proceeding
further.

Assumption 9.6.3. The sequence ¢y, is given by:

1
Cr = W7 (9.59)
where § > 0. The constant § > 0 is chosen in such a way that,
o 9
S % <o (9.60)
C
k=1 k
The update in (9.58) can be written as:
x(k +1) = Wix(k) — ax VF(x(k)) — arcib(x(k))
— arh(x(k)), (9.61)

where b(x(k)) = [b] (x1(k)), - bk (xn(k))] € R¥® and h(x(k)) = [h] (xi(k)), -, hi (xn (k)] € RV

We state an assumption on the measurement noises next.

Assumption 9.6.4. For each ¢ = 1,..., N, the sequence of measurement noises {v;(k;x;(k))} satisfies for
all k=0,1,...:

E[v;i(k; xi(k)) | Fr,2i,k] = 0, almostsurely (a.s.)
E[v; (k; x:(k))? | Fr, zix] < col|xi(k)||> + 0, as., (9.62)

where ¢, and o2 are nonnegative constants.

Assumption 9.6.4 is standard in the analysis of stochastic optimization methods, e.g., Towfic et al. (2016). Tt
is stated in terms of noise v;(k;x;(k)) in (9.57) rather then directly in terms of the SZO noises in equation
(9.53), for notational simplicity. An equivalent statement can be made in terms of the noises in (9.53). The
assumption about the conditional independence between the random directions z; j and the function noise
v;(k;x;(k)) is mild. It merely formalizes the model that we consider, namely that, given history Fj, drawing
a random direction sample z; ;, and querying function values from the SZO are performed in a statistically

independent manner.
We remark that by Assumption 9.6.4,

B [vi(k; xi(k))2i k| Fi] = E [2i kB [vi (k; %i (k)| Fr, 2i k] | Fr]
= E [va(k;x(k)) | F] = 0. (9.63)
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and,

E [||vi (k; % (k))zi k|| | Fx]
=E [||zik]|* E [v (k; xi (k)| Fe, 2] | Fr]
<E [|lzikl?] (collxi(k)]* + 03), (9.64)

where if z; ;;’s are sampled from a normal distribution with E [ziykz;k} = I, or uniformly from the surface

of the lo-ball of radius v/d, then we have,
E [[Jvi (ks xi (k)21 | Fie] < d (collxi(R)]* + 07) - (9.65)

Communication Cost Define the communication cost Ci to be the expected per-node number of trans-
missions up to iteration k, i.e.,

k—1
Ck =E Z H{nuds C transmits at s} | » (966)

s=0
where I4 represents the indicator of event A. Note that the per-node communication cost in (9.66) is the
same as the network average of communication costs across all nodes, as the activation probabilities are
homogeneous across nodes. We now proceed to the main results pertaining to the proposed zeroth order

optimization scheme.

9.7 Convergence rates: Statement of main results and interpretations

In this section, we state the main results while the proofs are relegated to Appendix H.

9.7.1 Main Results: RDSA
We state the main result concerning the mean square error at each agent ¢ next.

Theorem 9.7.1. 1) Consider the optimizer estimate sequence {x(k)} generated by the algorithm (9.58).
Let assumptions 9.53.1-9.5.2 and 9.6.1-9.6./ hold. Then, for each node i’s optimizer estimate x;(k) and the
solution x* of problem (9.1), Vk > 0 there holds:

6ANL? Ay o00]
W33 (L) ARk + )22
16NM?d*(P)c} 8A 1 c00]
TM)+2Q’“+ 2 (T 221’ 0272 —26
W 1) % (@) Rk + 1
N 4N ap (dcvqoo(N7 d, a0, co) + dNO'%)
Pk + 113 |

E [lxi(k) = x" 1] < 20 +

(9.67)

where, A o = 6deygoo(N, d, a0, c0)+6dN03 and goo(N, d, a0, co) = E [[x(kz) — x°|[*] 44 ITEGE 4 VN (E)Meoch |

Ns2(P)M2a2c | dad(2¢u NIIx°|2+No2) | 022V Nsy (P)M|VF(x°)| |, 2Na2cdsy(P) | 4a2c2Nsi(P) o\ (12 _
16(1+405) c2(1-28) + 1425 + 1545 + 1126 IVE &), k2 = max{ko, k1 },

ko = inf{k|u*ai < 1} and ki = inf {k|% > YN (P)Mc + Zdegor +4akciNsl(P)L2}, with My, and Qy, decaying
k

4
faster than the rest of the terms.

2) In particular, the rate of decay of the RHS of (9.67) is given by (k+1)7%, where §; = min {1 — 24,2 — 27 — 26,46}.
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By, optimizing over T and 8, we obtain that for 7 =1/2 and § = 1/6,

32NL2A1 o0
1223 (L) 383 (k +1)2/3
16NM?2d?(P)c? 8A s

2 (2/?300 +2Qk + 2 (T 2Lz 0
w2(k+1) A2 (L) B3c3(k + 1)2/3

ANao (devgos (N, d, a0, co) + dN o2
+ = ( i g 02 CBO) 01) =0 (%) ) Vi.
pcg (k + 1)/ ks

E [lxi(k) " |*] < 205 +

3) The communication cost is given by,

k
£|3-¢] -0 (%),
t=1
and the MSE-communication rate is given by,
E [Hxi(k) - x*|\2] -0 (c;8/9+<) , (9.68)

where { can be arbitrarily small.

Theorem 9.7.1 asserts an O (C,; 8/ 9+C) MSE-communication rate can be achieved while keeping the MSE

decay rate at O (k_%). The performance of the zeroth order optimization scheme depends explicitly on

32NL2 A ol and 8A1, ool
1222 (L) c2 B2 (k+1)0-5 A2(L)B2c2 (k+1)0-5"

particular, communication graphs which are well connected, i.e., have higher values of Ay (L) will have lower

the connectivity of the expected Laplacian through the terms In

MSE as compared to a counterpart with lower values of Ay (f)

If higher order smoothness assumptions are made, i.e., a p-th order smoothness assumption is made which
is then exploited by means of a p-th degree finite difference gradient approximation, then by repeating the
same proof arguments, the rate in terms of iteration count can be shown to improve to O (kfﬁ) The

8M2d?(P)c
12 (kt1)2p° and

C_4p
. The corresponding MSE-communication rate improves to O <Ck, ) <>.

improvement can be attributed to a better bias-variance tradeoff as illustrated by the terms

4Na0(dcuqoo(N,d,ao,co)-&-dNUf)
ped (k+1)1-28

9.8 Simulations

9.8.1 Distributed KWSA

We provide a simulation example pertaining to {>-regularized logistic losses in random network characterized
by link failures independent across iteration and links with probability pgi. To be specific, we consider
lo-regularized empirical risk minimization with logistic loss, where the regularization function is given by
U;(x) = £|x||?, i = 1,..,N, with x = 0.3. In our simulation setup, each node has access to n; = 10
data points. The class labels and the classification vector given by b;; = sign ((x’l)Tai’j + ) + eij) and
o' = ((x})7,2)) " respectively have €;;s and the entries of 2/ drawn independently from standard normal
distribution. The feature vectors a; ;, j = 1,...,n;, across different nodes i = 1,--- , N and across different
entries are drawn independently from different distributions. To be specific, at node i, a;;, j = 1,...,n;
is generated by adding a standard normal random variable and an uniform random variable with support

[0, 51].
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We set 8, = W7 ap = %H7 cp = m, k=0,1,..., where # = 7 is the maximum degree across
nodes. The optimizer estimate at each node is initialized as x;(0) =0,V i=1,...,N.

We consider a connected network G with NV = 10 nodes and 23 links, generated as an instance of a random
geometric graph. The random network model assumes link failures independent across iterations and links
with probability pg.j, where pay € {0; 0.5; 0.7}. The case pgj = 0 corresponds to the case where none of
the links fail. We also include a comparison with the centralized zeroth order KWSA based optimization
method:

N
ylk+1) = () = gy O Vo ((8): au(k). bu(k)) (9.69)

where (a;(k),b;(k)) is drawn uniformly from the set (a;;,b;;), j = 1,...,n;. Algorithm (9.69) shows
how (9.58) would be implemented if there existed a fusion node with access to all nodes’ data. Hence, the
comparison with (9.69) allows us to study the degradation of (9.6) due to lack of global model information.
The step size for (9.69) is set to 1/N(k + 1). As an error metric, we use the mean square error (MSE)
estimate averaged across nodes: % vazl l|xi(k) — x*||2.

Figure 9.1 plots the estimated MSE, averaged across 100 algorithm runs, versus iteration number k for
prait € {0; 0.5; 0.7} in logyy-logyy scale. The slope of the plot curve corresponds to the sublinear rate of
the method; e.g., the —1/2 slope corresponds to a 1/k%® rate. It is to be noted that for all values of pa,
the algorithm (9.58) achieves on this example (at least) the 1/k%-5 rate, thus corroborating our theory. The
increase of the link failure probability only increases the constant in the MSE but does not affect the rate
but the curves are only vertically shifted. Interestingly, the loss due to the increase of pg,; is small; e.g.,
the curves that correspond to pgj = 0.5 and pg.iy = 0 (no link failures) practically match. Figure 9.1 also
shows the performance of the centralized method (9.69). We can see that, the distributed method (9.6) is

very close in performance to the centralized method.

== Centralized
— p'a“=0.7
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Figure 9.1: Estimated MSE versus iteration number & for algorithm (9.58) with link failure probability
praii = 0 (blue, solid line); 0.5 (red, solid line); and 0.7 (pink, solid line). The Figure also shows the
performance of the centralized stochastic gradient method in (9.69) (black, dashed line).

9.8.2 Communication Efficient RDSA

In this section, we provide evaluations of the proposed communication efficient zeroth order optimization

algorithm on the Abalone dataset (Lib). To be specific, we consider ¢5-regularized empirical risk minimization
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for the Abalone dataset, where the regularization function is given by W;(x) = 1[|x||>. We consider a 10

node network for both the zeroth and first order optimization schemes. The Abalone dataset has 4177 data
points out of which 577 data points are kept aside as the test set and the other 3600 is divided equally
among the 10 nodes resulting in each node having 360 data points. For the zeroth order optimization,
we compare the proposed undirected sequence of Laplacian constructions based optimization scheme and
the static Laplacian (Benchmark) based optimization schemes. The benchmark scheme is characterized by
the communication graph being static and thereby resulting agents connected through a link to exchange
messages at all times. The data points at each node are sampled without replacement in a contiguous
manner. The vectors z; ;s for evaluating directional derivatives were sampled from a normal distribution
with identity covariance. Figure 9.2 compares the test error for the three aforementioned schemes, where
it can be clearly observed that the test error is indistinguishable in terms of the number of iterations or
equivalently in terms of the number of queries to the stochastic zeroth oracle. Figure 9.3 demonstrates the
superiority the proposed algorithm in terms of the test error versus communication cost as compared to the
benchmark as predicted by Theorem 9.7.1. For example, at the same relative test error level, the proposed

algorithm uses up to 3x less number of transmissions as compared to the benchmark scheme.
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Figure 9.2: Communication Efficient RDSA: Test Error vs Iterations
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Figure 9.3: Communication Efficient RDSA: Test Error vs Communication Cost
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9.9 Contributions

e Non-Asymptotic Rates for Distributed KWSA: Through the distributed KWSA algorithm, we
specifically characterized non-asymptotic rates of the algorithm in terms of the different algorithm
parameters and the network connectivity. While asymptotic properties of KWSA in terms of almost
sure convergence and asymptotic normality of the optimizer sequence has been studied in Kiefer and
Wolfowitz (1952), to the best of our knowledge this is the first time a non-asymptotic characterization
of a distributed implementation of KWSA has been obtained.

e Bias-Reduced Communication Efficient RDSA: We proposed a communication efficient dis-
tributed zeroth order scheme akin to the RDSA scheme albeit using three function evaluation at each
epoch which in spirit draws from the twicing trick in kernel density estimation. In addition to the twic-
ing trick, we have established for the proposed zeroth order method explicit mean square error (MSE)
convergence rates with respect to (appropriately defined) computational cost Ceomp and communica-
tion cost Ceomm. Specifically, the proposed zeroth order method achieves the O(1/(Ceomm)®°~¢) MSE
communication rate, which significantly improves over the rates of existing methods, while maintaining
the order-optimal O(1/(Ceomp)?/?) MSE computational rate.

9.10 Conclusion and Future Directions

In this chapter, we have developed and analyzed a novel class of methods for distributed stochastic op-
timization of the zeroth and first order that are based on increasingly sparse randomized communication
protocols. We have established for the proposed zeroth order method explicit mean square error (MSE) con-
vergence rates with respect to (appropriately defined) computational cost Coomp and communication cost
Ceomm- Specifically, the proposed zeroth order method achieves the O(1/ (Ccomm)s/ 9=¢) MSE communication
rate, which significantly improves over the rates of existing methods, while maintaining the order-optimal
O(1/(Ceomp)?®) MSE computational rate. Numerical examples on real data demonstrate the communica-
tion efficiency of the proposed methods. Future directions include extending the communication efficient

scheme to non-convex and non-smooth functions.



Chapter 10

Zeroth Order Frank Wolfe

10.1 Introduction

In this chapter, we aim to solve the following stochastic optimization problem:

min f (x) = min Eyp [F (x;¥)], (10.1)
where C € R? is a closed convex set. This problem of stochastic constrained optimization has been a focus of
immense interest in the context of convex functions Bubeck et al. (2015) and non-convex functions especially
in the context of deep learning Goodfellow et al. (2016). Solutions to the problem (10.1) can be broadly
classified into two classes: algorithms which require a projection at each step, for example, projected gradient
descent Bubeck et al. (2015) and projection free methods such as the Frank-Wolfe algorithm Jaggi (2013).
Furthermore, algorithms designed to solve the above optimization problem access various kinds of oracles,
i.e., first order oracle (gradient queries) and zeroth order oracle (function queries). In this chapter, we focus
on a stochastic version of projection free method, namely Frank-Wolfe algorithm, with access to a zeroth
order oracle.

Derivative free optimization or zeroth order optimization is motivated by settings where the analytical form of
the function is not available or when the gradient evaluation is computationally prohibitive. Developments in
zeroth order optimization has been fueled by various applications ranging from problems in medical science,
material science and chemistry Gray et al. (2004); Marsden et al. (2008); Gray et al. (2004); Deming et al.
(1978); Marsden et al. (2007). In the context of machine learning, zeroth order methods have been applied
to attacks on deep neural networks using black box models Chen et al. (2017), scalable policy optimization
for reinforcement learning Choromanski et al. (2018) and optimization with bandit feedback Bubeck et al.
(2012). For the problem in (10.1), it is well known that the primal sub-optimality gap of first order schemes
are dimension independent. However, algorithms which involve a projection operator might be expensive in
practice depending on the structure of C. Noting the potentially expensive projection operators, projection
free methods such as Frank-Wolfe Jaggi (2013) have had a resurgence. Frank-Wolfe avoids the projection
step, and only requires access to a linear minimization oracle, which can be implemented efficiently and needs
to be solved to a certain degree of exactness. Stochastic versions of Frank-Wolfe have been studied in both
the convex Hazan and Kale (2012); Hazan and Luo (2016); Mokhtari et al. (2018) and non-convex Reddi
et al. (2016) setting with access to stochastic first order oracles (SFO). However, convergence of stochastic

Frank-Wolfe with access to only stochastic zeroth order oracle (SZO) remains unexplored.

167
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Reference Setting Memory Primal Rate Oracle
Jaggi (2013) Det. Convex - O(1/t) SFO
Hazan and Kale (2012) Stoch. Convex o(t) O(1/tY/?) SFO
Mokhtari et al. (2018) Stoch. Convex 0(1) O(1/t/3) SFO
Lacoste-Julien (2016) Det. Non-convex - O(1/t/?) SFO
Reddi et al. (2016) Stoch. Non-convex  O(v/t) O(1/tY/4) SFO
RDSA [Theorem 10.5.2(1)]  Stoch. Convex 1 O(d'/3/t1/3) SZ0
I-RDSA [Theorem 10.5.2(2)]  Stoch. Convex m O((d/m)Y/3/t*/3)  SZO
KWSA [Theorem 10.5.2(3)]  Stoch. Convex d O(1/t'/3) SZO
I-RDSA [Theorem 10.5.3] Stoch. Non-convex m O((d/m)/3 jt*/%)  SZ0

Table 10.1: Convergence of Frank-Wolfe: Det. refers to deterministic while stoch. refers to stochastic.
Memory indicates the number of samples at which the gradients needs to be tracked in the first order case.
In the zeroth order case, it indicates the number of directional derivatives being evaluated at one sample.
The rates correspond to the rate of decay of E[f (x¢) — f (x*)] in the convex setting and the Frank-Wolfe
duality gap in context of the non-convex setting.

10.2 Related Work

Algorithms for convex optimization with access to a SZO have been studied in Wang et al. (2018); Duchi
et al. (2015); Liu et al. (2018); Sahu et al. (2018b), where in Liu et al. (2018) to address constrained
optimization a projection step was considered. In the context of projection free methods, Frank and Wolfe
(1956) studied the Frank-Wolfe algorithm for smooth convex functions with line search which was extended to
encompass inexact linear minimization step in Jaggi (2013). Subsequently with additional assumptions, the
rates for classical Frank-Wolfe was improved in Lacoste-Julien and Jaggi (2015); Garber and Hazan (2015).
Stochastic versions of Frank-Wolfe for convex optimization with number of calls to SFO at each iteration
dependent on the number of iterations with additional smoothness assumptions have been studied in Hazan
and Kale (2012); Hazan and Luo (2016) so as to obtain faster rates, while Mokhtari et al. (2018) studied the
version with a mini-batch size of 1. In the context of non-convex optimization, a deterministic Frank-Wolfe
algorithm was studied in Lacoste-Julien (2016), while Reddi et al. (2016) addressed the stochastic version
of Frank-Wolfe and further improved the rates by using variance reduction techniques. Table 10.1 gives
a summary of the rates of various algorithms. For the sake of comparison, we do not compare our rates
with those of variance reduced versions of stochastic Frank-Wolfe in Reddi et al. (2016); Hazan and Luo
(2016), as our proposed algorithm does not employ variance reduction techniques which tend to incorporate
multiple restarts and extra memory in order to achieve better rates. However, note that our algorithm can
be extended so as to incorporate variance reduction techniques.

In this chapter, we study a setting of the stochastic Frank-Wolfe where a small batch-size (independent
of dimension or the number of iterations) is sampled at each epoch while having access to a zeroth order
oracle. Unlike, the first order oracle based stochastic Frank-Wolfe, the zeroth order counterpart is only
able to generate biased gradient estimates. We focus on three different zeroth order gradient approximation
schemes, namely, the classical Kiefer Wolfowitz stochastic approximation (KWSA) Kiefer and Wolfowitz
(1952), random directions stochastic approximation (RDSA) Nesterov and Spokoiny (2011); Duchi et al.
(2015), and an improvized RDSA (I-RDSA). KWSA samples directional derivatives along the canonical

basis directions at each iteration, while RDSA samples one directional derivative at each iteration, and I-
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RDSA samples m < d directional derivatives at each iteration. Naive usage of the biased gradient estimates
in the linear minimization step, in addition to the stochasticity of the function evaluations, can lead to
potentially diverging iterate sequences.

To circumvent the potential divergence issue due to non-decaying gradient noise and bias, we use a gradient
averaging technique used in Yang et al. (2016); Ruszczynski (2008); Mokhtari et al. (2018) to get a surro-
gate gradient estimate which reduces the noise and the associated bias. The gradient averaging technique
intuitively reduces the linear minimization step to that of an inexact minimization if the exact gradient was
available. For each of the zeroth order optimization schemes, i.e., KWSA, RDSA, and I-RDSA, we derive
primal sub-optimality bounds and Frank-Wolfe duality gap bounds and quantify the dependence in terms
of the dimension and the number of epochs. We show that the primal sub-optimality gap to be of the
order O(d/3/T*/3) for RDSA, which improves to O((d/m)'/?/T'/3) for LRDSA, and O(1/T"/3) for KWSA
at the cost of additional directional derivatives. The dimension dependence in zeroth order optimization
is unavoidable due to the inherent bias-variance trade-off but nonetheless, the dependence on the number
of iterations matches that of its first order counterpart in Mokhtari et al. (2018). Furthermore, we also
derive rates for non-convex functions and show the Frank-Wolfe duality gap to be O(d/3/T*/*), where the
dependence on the number of iterations matches that of its first order counterpart in Reddi et al. (2016).
To complement the theoretical results, we also demonstrate the efficacy of our algorithm through empirical
evaluations on datasets. In particular, we perform experiments on a dataset concerning constrained black
box non-convex optimization, where generic first order methods are rendered unusable and show that our

proposed algorithm converges to a first order stationary point.

10.3 Frank-Wolfe: First to Zeroth Order

In this paper, the objective is to solve the following optimization problem:

min f (x) = min Eyp [F (x;¥)], (10.2)
where C € R? is a closed convex set, the loss functions and the expected loss functions, F (-;y) and f(-)
respectively are possibly non-convex. However, in the context of the optimization problem posed in (10.2),
we assume that we have access to a stochastic zeroth order oracle (SZO). On querying a SZO at the iterate
x¢, yields an unbiased estimate of the loss function f(-) in the form of F (x;;y:). Before proceeding to the
algorithm and the subsequent results, we revisit preliminaries concerning the Frank-Wolfe algorithm and

zeroth order optimization.

10.3.1 Background: Frank-Wolfe Algorithm

The celebrated Frank-Wolfe algorithm is based around approximating the objective by a first-order Taylor
approximation. In the case, when exact first order information is available, i.e., one has access to an

incremental first order oracle (IFO), a deterministic Frank-Wolfe method involves the following steps:

ve = argmin(V f (x¢) , v)

(10.3)
Xi+1 = (1 — yi41) X + Y1 Ve,
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where v, = A linear minimization oracle (LMO) is queried at every epoch. Note that, the exact

2
2
minimization in (3.1) is a linear program! and can be performed efficiently without much computational
overload. It is worth nothing that the exact minimization in (3.1) can be replaced by an inexact minimization

of the following form, where a v € C is chosen to satisfy,
(Vf(xt),v) < argflneig(Vf (xt),v) +%Ch,
and the algorithm can be shown to retain the same convergence rate (see, for example Jaggi (2013)).

10.3.2 Background: Zeroth Order Optimization

The crux of zeroth order optimization consists of gradient approximation schemes from appropriately sampled
values of the objective function. We briefly describe the few well known zeroth order gradient approximation
schemes. The Kiefer-Wolfowitz stochastic approximation (KWSA, see Kiefer and Wolfowitz (1952)) scheme
approximates the gradient by sampling the objective function along the canonical basis vectors. Formally,

gradient estimate can be expressed as:

=% F(x; +crey) — F (x43y)

z e (10.4)

g(xey

i=1

where ¢; is a carefully chosen time-decaying sequence. KWSA requires d samples at each step to evaluate

the gradient. However, in order to avoid sampling the objective function d times, random directions based

gradient estimators have been proposed recently (see, for example Duchi et al. (2015); Nesterov and Spokoiny

(2011)). The random directions gradient estimator (RDSA) involves estimating the directional derivative

along a randomly sampled direction from an appropriate probability distribution. Formally, the random
directions gradient estimator is given by,

F(xi + czgy) — F (xi3y)

g(x;y,2:) = o Z, (10.5)

where z; € R? is a random vector sampled from a probability distribution such that E l:ZtZ;r } =1I;and ¢ is
a carefully chosen time-decaying sequence. With ¢; — 0, both the gradient estimators in (10.4) and (10.5)
turn out to be unbiased estimators of the gradient V f(x;).

10.4 Zeroth Order Stochastic Frank-Wolfe: Algorithm & Analysis

In this section, we start by stating assumptions which are required for our analysis.

Assumption 10.4.1. In problem (10.2), the set C is bounded with finite diameter R.

Assumption 10.4.2. F is convex and Lipschitz continuous with \/E {||V$F(X; )||2} < L, forall x € C.

Assumption 10.4.3. The expected function f(-) is convex. Moreover, its gradient Vf is L-Lipschitz

continuous over the set C, i.e., for all z,y € C

IVix) =Vl < Lix =yl (10.6)

I Technically speaking, when C is given by linear constraints.
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Algorithm 1 Deterministic Zeroth Order Frank Wolfe

Require: Input, Loss Function F(x), L (Lipschitz constant for the gradients), Convex Set C, Sequences

_ 2 _L"/t,
’Yt_t+1vct_ d

Output: : x7 or 7 Zthl X¢.
1: Initialize xg € C
2: fort=0,1,...,T—1do
3. Compute g(x;) = 3%, Wei,
4:  Compute vy = argmingec (8, g(x¢)),
5. Compute x;11 = (1 —7) X¢ + 74 Ve
6: end for

Assumption 10.4.4. The z;’s are drawn from a distribution p such that M(u) = E [||zt||6} is finite, and
for any vector g € R%, there exists a function s(d) : N — R, such that,

E|li(g. 200zl | < s(d) lgl*-

Assumption 10.4.5. The unbiased gradient estimates, VF (x;y) of Vf(x), i.e., Ey p [VF (x;y)] = Vf(x)
satisfy
E[IVF (x,y) - V/®)IF| <o (10.7)

We note that Assumptions 10.4.1-10.4.3 and 10.4.5 are standard in the context of stochastic optimization.
Assumption 2.4.2 provides for the requisite moment conditions for the sampling distribution of the directions
utilized for finding directional derivatives so as to be able to derive concentration bounds. In particular, if u
is taken to be uniform on the surface of the R? Euclidean ball with radius v/d, then we have that M (u) = d®
and s(d) = d. Moreover, if u is taken to be N (0,1,), then M(u) = d(d + 2)(d + 4) ~ d* and s(d) = d. For
the rest of the paper, we take p to be either uniform on the surface of the R¢ Euclidean ball with radius v/d
or N (0,1,). Before getting into the stochastic case, we demonstrate how a typical zeroth order Frank-Wolfe

framework corresponds to an inexact classical Frank-Wolfe optimization in the deterministic setting.

10.4.1 Deterministic Zeroth Order Frank-Wolfe

The deterministic version of the optimization in (10.2) can be re-stated as follows:

in F' (x). 10.8

mi F (x) (10.8)

In order to elucidate the equivalence of a typical zeroth order Frank-Wolfe framework corresponds to
an inexact classical Frank-Wolfe optimization, we restrict our attention to the Kiefer-Wolfowitz stochastic
approximation (KWSA) for gradient estimation. In particular, the KWSA gradient estimator in (10.4) can

be expressed as follows:

d

F(x; +ce;) — F(x
g(Xt):Z L tct) ( t)ez‘
i=1
4 e
= VF(x¢) + Z %(ei, V2F(x; + \icre;)e; e, (10.9)
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where A € [0,1]. The linear optimization step with the current gradient approximation reduces to:

(v,8(xt)) = (v, VF(x1))
d

+ 5 D (e VIE(x: + hreres)en) (v, e))
i=1
. . ctLRd
< . .
= I\péél(v, g(x:)) < rsnel(r:1<s, VF(x¢)) + 5 (10.10)

—

In particular, if ¢; is chosen to be ¢; = 4+ and v, = we obtain the following bound characterizing the

2
1
primal gap:

Theorem 10.4.1. Given the zeroth order Frank-Wolfe algorithm in Algorithm 1, we obtain the following

bound:

— Q’I’LS

F(x:) — F(x") Y

(10.11)
where Qs = max{2(F(xo) — F(x*)),4ALR?}.

The proof of the above theorem is relegated to Appendix I. Theorem 10.4.1 asserts that with appropriate
scaling of ¢, i.e., the smoothing parameter for the zeroth order gradient estimator, the iteration dependence
of the primal gap matches that of the classical Frank-Wolfe scheme. In particular, for a primal gap of €, the
number of iterations needed for the zeroth order scheme in algorithm 1 is O (%), while the number of calls
to the linear minimization oracle and zeroth order oracle are given by O (%) and O (%) respectively.

In summary, Theorem 10.4.1 shows that the deterministic zeroth order Frank-Wolfe algorithm reduces to
the inexact classical Frank-Wolfe algorithm with the corresponding primal being dimension independent.
However, the dimension independence comes at the cost of querying the zeroth order oracle d times at each
iteration. In the sequel, we will focus on the random directions gradient estimator in (10.5) for the stochastic

zeroth order Frank-Wolfe algorithm.

10.4.2 Zeroth Order Stochastic Frank-Wolfe

In this section, we formally introduce our proposed zeroth order stochastic Frank-Wolfe algorithm. A naive
replacement of V f(xy) by its stochastic counterpart, i.e., VF(xy; yx) would make the algorithm potentially
divergent due to non-vanishing variance of gradient approximations. Moreover, the naive replacement would
lead to the linear minimization constraint to hold only in expectation and thereby potentially also making

the algorithm divergent. We use a well known averaging trick to counter this problem which is as follows:

d; = (1 —pt) de—1 + prg (e, ¥t) s (10.12)

where g (x;,y:) is a gradient approximation, dg = 0 and p; is a time-decaying sequence. Technically speaking,
such a scheme allows for E [Hdt —Vf(xt) HQ} to go to zero asymptotically. With the above averaging scheme,

we replace the linear minimization and the subsequent steps as follows:

di = (1 — pt) ds—1 + prg (Xe, yt)

\7 argrvnelg< £, V)

Xt4+1 = (1 — ’7,54.1) Xt + Yt+1Vie- (1013)
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We resort to three different gradient approximation schemes for approximating g (x;,y:). In particular, in
addition to the the KWSA scheme and the random directions scheme, as outlined in (10.4) and (10.5), we
employ an improvised random directions gradient estimator (I-RDSA) by sampling m directions at each

time followed by averaging, i.e., {z;,}/" for which we have,

gm (Xt; Y, Zi,t)

1<~ (F y) — F (x4
:mz< (¢ + e12itiY) (Xt’y)zu). (10.14)

Ct

It is to be noted that the above gradient approximation scheme uses more exactly one data point while
utilizing m directional derivatives. In order to quantify the benefits of using such a scheme, we present the
statistics concerning the gradient approximation of RDSA and I-RDSA. We have from Duchi et al. (2015)
for RDSA,

EZtNM,)’tNP [g(x; Yt Zt)} = vf (X) +cLv (X, Ct)

Eaopyir 805y 2)|1°] < 25(@)E [IVFxy0)”
2
+ %L2M(u), (10.15)

Using (10.15), similar statistics for the improvised RDSA gradient estimator can be evaluated as follows:

C
Ez,wu,ytN'P [gm(x; Yt, Zt)] = Vf (X) + iLV (X7 Ct)

Baremyier [l Gzl < (11 +m) FL2M ()
+2 (1 + sf;”) [|VF Xyt \ﬂ (10.16)

where [|v (x,¢;)|| < 3E [||z||3] As we will see later the I-RDSA scheme improves the dimension dependence
of the primal gap, but it comes at the cost of m calls to the SZO. We are now ready to state the zeroth
order stochastic Frank-Wolfe algorithm which is presented in algorithm 2. Before the main results, we first
study the evolution of the gradient estimates in (10.12) and the associated mean square error. The following

Lemma studies the error of the process {d;} as defined in (10.12).

Lemma 10.4.2. Let Assumptions 10.4.1-10.4.5 hold. Given the recursion in (10.12), we have that ||V f (x:)—
d.||? satisfies

1) for the RDSA gradient approzimation scheme

E[[Vf(x:) = del’] < 2p70” + 4p7 LT + 8pi's(d) L]

2L2 2.2
202 LM () + % + %c,?L?M(u)
T
+ (1= 2)E[IVF(xe1) — dia ] (10.17)

2) for the I-RDSA gradient approximation scheme

E [va(xt) - dt||2] < 2p? (02 + 2L§)
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Algorithm 2 Stochastic Gradient Free Frank Wolfe

Require: Input, Loss Function F(z), Convex Set C, number of directions m, sequences v; = tJ%S,

(pesc)npsa = (7scs :
Pt; Ct)RDSA di73(t+8)2/3 7 d3/2(t+8)1/3

_ 4 2v/m
(pt,ct)1-rDSA = ((1+d)1/3(t+8)2/37 d3/2(t+8)1/3>

_ 4 2
(ptsct) kwsa = ((t+8)2/3’ 72 (11 8)1/3 ) :

Output: x7 or % ZtT;()l X.
1: Initialize xg € C
2: fort=20,2,...,T—1do
3:  Compute

KWSA:
d x¢tcreiy) —F(xes
g(xuy) =i Hoet C‘T) L Y)ez'

RDSA: Sample z; ~ N(0,1,),

. _ F(xitcezey) —F(xey
g(xt7Y7Zt) - (xeter fct) (e )Zt

I-RDSA: Sample {z; +}!", ~ N(0,1,),

. _ 1 m F(x¢+ciziy) —F(xey)
g(XtQ’aZt) = m 21':1 cr Zi¢

Compute d; = (1 — p) dy—1 + 18 (X4, y1)
Compute vy = argmingec (s, dt)),
Compute xy4+1 = (1 — ) x¢ + Ve

end for

Pt s(d)
+ ﬁchgM(M) +8p} (1 + m) Li

1+m 212 R%?2
() a2
m Pt

+ (1 - %) E[[IVf(xi-1) — di—1 ] (10.18)

3) for the KWSA gradient approximation scheme

E[|Vf(x:) — de|?] < 2pf0” + 2ppcidL?

2L2R2 2
+ I (1= PR [V (ki) — dea 2] (10.19)
Pt 2

We use the following Lemma so as to study the dynamics of the primal gap.

Lemma 10.4.3. Consider the zeroth order Frank Wolfe Algorithm in 1. Let Assumptions 10.4.1-10.4.5
hold. Then, the primal gap F(xty1) — F(x*) satisfies

F(xp41) — F(x*) < (1= y41) (F (%) — F(x%))
LR2%2+1

+ Y1 R VF(x) — de + 5

(10.20)

With the above recursions in place, we can now characterize the finite time rates of the mean square errors
for the different error approximation schemes. In particular, using Lemma 10.4.2, we first state the main

result concerning the setting, where the objective is convex.
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10.5 Main Results

In this section, we state the main results, while the proofs are relegated to Appendix I. We first state the

main results concerning the primal gap of the proposed algorithm.

Primal Gap: We state the main results involving the different gradient approximation schemes for the

primal gap, which provide a characterization of E [f(x;) — f(x*)].

Theorem 10.5.1. Let Assumptions 10.4.1-10.4.5 hold. Let the sequence ~y; be given by v = p%g.
1) Then, we have the following primal sub-optimality gap for the algorithm in 2, with the RDSA gradient

approximation scheme:

1/3
Elf(x) — f(x")] =0 ((tjg)l/g> : (10.21)

2) In case of the I-RDSA the gradient approzimation scheme, the primal sub-optimality gap is given by,

m)1/3
Ew@oﬂfno(gﬁgmg. (10.22)

3) Finally, for the KWSA gradient approximation scheme, the primal sub-optimality gap is given by,

105~ 10 = 0 (s ) (10.23)
Theorem 10.5.1 quantifies the dimension dependence of the primal gap to be d'/3. At the same time the
dependence on iterations, i.e., O(T~'/3) matches that of the stochastic Frank-Wolfe which has access to first
order information as in Mokhtari et al. (2018). The improvement of the rates for LlRDSA and KWSA are
at the cost of extra directional derivatives at each iteration. The number of queries to the SZO so as to
obtain a primal gap of €, i.e., E[f(x;) — f(x*)] < € is given by O (E%), where the dimension dependence is

consistent with zeroth order schemes and cannot be improved on as illustrated in Duchi et al. (2015)

Dual Gap: We state the main results involving the different gradient approximation schemes for the dual
gap, which provide a characterization of G (x) = maxyec(VF(x),x — v).
Theorem 10.5.2. Let Assumptions 10.4.1-10.4.5 hold. Let the sequence v, be given by v, = H%g,

1) Then, we have the following dual gap for the algorithm in 2, with the RDSA gradient approzimation

scheme:

t=0,-- ,T—1 2T
LR*In(T + 7 "+ RY2
+ n; 7,9 +2T @47y, (10.24)

where Q = 32d~1/3¢2 4 64d~'/3L3 + 128d2/3L3 + 2L2R2d?/3 + 416d2/3L? and Q' = max{2(f(x0) —
f(x*)),2R\/2Q + LR?/2}.
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2) In case of the I-RDSA the gradient approzimation scheme, the dual gap is given by,

E min g (X(t)) < 7(F(X0) B F(X*))

t=0,-- ,T—1 2T
LR?In(T +7 + R2Q;,
+ n; 7, Qi +2T Qir o 7203, (10.25)

where Qi = 32(1 +d/m) ™% 02 4128 (1 + d/m)** L2 + 64 (1 + d/m) "/ L2 4+ 2L2R2 (1 + d/m)*/* +
416 (1 + d/m)** L2 and Q), = max{2(f(xo) — f(x*)), 2Rv2Q;, + LR?/2.

3) Finally, for the KWSA gradient approximation scheme, the dual gap is given by,

F min g (X(t)) < 7(F(X0) — F(X*))

t=0,--- ,T—1 2T
LR2In(T +7 4 RV2Qkw
+ n:(r 1), O +2T Qo (4 7y2/3 (10.26)

where Qg = max {4V f(x0)—do||?, 320°+32L?+2L*R?} and Q;m = max{2(f(x0)—f(x*)), 2RV Qrw+
LR?/2}.

Theorem 10.5.2 quantifies the dimension dependence of the Frank-Wolfe duality gap to be d'/3. At the same
time the dependence on iterations, i.e., O(T~'/3) matches that of the primal gap and hence follows that the
number of queries to the SZO so as to obtain a Frank-Wolfe duality gap of ¢, i.e., E [min;—g,... 7—1 G (x(t))] < e
is given by O (e%) In particular, theorem 10.5.2 asserts that the initial conditions are forgotten as O(1/T).

10.5.1 Zeroth-Order Frank-Wolfe Non-Convex

We employ the following algorithm for the non-convex stochastic Frank-Wolfe:

Algorithm 3 Stochastic Gradient Free Frank-Wolfe

Require: Input, Loss Function F(z), Convex Set C, number of directions m. Sequences v = ﬁ,

(pt7 Ct) = ((1+$)1/L§(t+8)2/3 ’ (d3/22(£)1/3)>
Output: x7.
1: Initialize xg € C
2: fort=0,1,..
3:  Compute
Sample {zi,t}}il NN(O,Id), g(xey, 2¢) = % Z?; F(xt,"!‘ctzi,tc;t}')_F(xt;}') Zis
4 Compute dy = (1 — ps) de—1 + prg (X1, y)
5:  Compute v; = argmingec (s, dy)),
6:  Compute x;11 = (1 —7) %t +7vy.
7: end for

T —1do

)

We use the following assumption concerning the smoothness of the non-convex loss function.

Assumption 10.5.1. The gradients V f are L-Lipschitz continuous over the set C, i.e., for all z,y € C

IVix) =Vl < Lix =yl
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Theorem 10.5.3. Let Assumptions 10.4.5-10.5.1 hold. Then, we have the following dual gap for iterations
t=0,1,---,T — 1 for the algorithm as described in (10.13)

6x(0)] < 1% =o(<d/m>”3), (1027)

E min
oo T

t=0 — T1/4 T1/4

where Q' = max{9'/3(f(x0) — f(x*)), QueR(d/m)/3}.

Theorem 10.5.3 quantifies the dimension dependence of the Frank-Wolfe duality gap for non-convex functions
to be d'/3. At the same time the dependence on iterations, i.e., O(T‘1/4) matches that of the rate of SFW
in Reddi et al. (2016) and hence follows that the number of queries to the SZO so as to obtain a Frank-Wolfe

J44/3

€

duality gap of €, i.e., E[mini—q.. 7—1 G (x(t))] < € is given by O (

10.6 Experiments

We now present empirical results for zeroth order Frank-Wolfe optimization with an aim to highlight three
aspects of our method: (i) it is accurate even in stochastic case (Section 10.6.1) (ii) it scales to relatively

high dimensions (Section 10.6.2) (iii) it reaches stationary point in non-convex setting (Section 10.6.3).

Methods and Evaluation We look at the optimality gap | f(Zoptimizer) — f(2*)| as the evaluation metric,
where Zoptimizer denotes the solution obtained from the employed optimizer and x* corresponds to true
solution. Most existing zero order optimization techniques like Nelder-Mead simplex (Nelder and Mead,
1965) or bound optimization by quadratic approximation (BOBYQA; Powell 2009) can only handle bound
constraints, but not arbitrary convex constraints as our method can. Thus, for all experiments, we could
compare proposed zeroth order stochastic Frank-Wolf (0-FW) only with COBYLA, a constrained optimizer
by linear approximation, which is popular in engineering fields (Powell, 1994). For experiments where SFO is
available, we additionally compare with stochastic proximal gradient descent (PGD) and first order stochastic
Frank-Wolfe method (1-FW).

10.6.1 Stochastic Lasso Regression

To study performance of various stochastic optimization, we solve a simple lasso regression on the dataset
covtype (n = 581012, d = 54) from libsvim website’. We use the variant with feature values in [0,1] and
solve the following problem:
: 1 T [|2
min |y —-X'w

i 5y 12
where X € R™*9 represents the feature vectors and y € R™ are the corresponding targets.
For the 0-FW, we used I-RDSA with m = 6. This problem represents a stochastic setting and from Figure
10.1a we note that the performance of 0-FW matches that of 1-FW in terms of the number of oracle calls

to their respective oracles in spite of the dimension involved being d = 54.

10.6.2 High Dimensional Cox Regression

To demonstrate efficacy of zeroth order Frank-Wolfe optimization in a moderately high dimensional case, we

look at gene expression data. In particular, we perform patient survival analysis by solving Cox regression

2 Available at https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
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(also known as proportional hazards regression) to relate different gene expression profiles with survival time
(Sohn et al., 2009). We use the Kidney renal clear cell carcinoma dataset®, which contains gene expression
data for 606 patients (534 with tumor and 72 without tumor) along with survival time information. We
preprocess the dataset by eliminating the rarely expressed genes, i.e. we only keep genes expressed in 50%
of the patients. This leads to a feature vector x; of size 9376 for each patient i. Also, for each patient 7, we
have the censoring indicator variable y; that takes the value 0 if patient is alive or 1 if death is observed with
t; denoting the time of death. In this setup, we can obtain a sparse solution to cox regression by solving the
following problem (Park and Hastie, 2007; Sohn et al., 2009):

. 1
min —
lwll:<10 10

n
Z yi { —x; x + log Z exp(ijw)
i=1 JER:

where R; is the set of subjects at risk at time ¢;, i.e. R; = {j :t; > t;}.

This problem represents a high-dimensional setting with d = 9000. For this setup, we take m = 900 for the
I-RDSA scheme of our proposed algorithm. Due to the unavoidable dimension dependence of zeroth order
schemes, Figure 10.1b shows the gap between 1-FW and 0-FW to be around 2x and thereby reinforcing the
result in Theorem 10.5.1 (2)

10.6.3 Black-Box Optimization

Finally, we show efficacy of zeroth order Frank-Wolfe optimization in a non-convex setting for a black-box
optimization. Many engineering problems can be posed as optimizing forward models from physics, which are
often complicated, do not posses analytical expression, and cannot be differentiated. We take the example
of analyzing electron back-scatter diffraction (EBSD) patterns in order to determine crystal orientation of
the sample material. Such analysis is useful in determining strength, malleability, ductility, etc. of the
material along various directions. Brute-force search has been the primary optimization technique in use
(Ram et al., 2017). For this problem, we use the forward model of EBSD provided by EMSoft*. There are
d = 6 parameters to optimize over the L-ball of radius 1.

This problem represents a non-convex black box optimization setting for which we used m = 1 for the
I-RDSA, i.e. RDSA. Figure 10.1¢ shows that our proposed algorithm converges to a first order stationary

point there by showing the effectiveness of our proposed algorithm for black-box optimization.

10.7 Contributions

¢ Dimension dependence of d'/3: We proposed a zeroth order Frank-Wolfe method for which we
showed that in the deterministic case it reduces to the inexact version of Frank-Wolfe method. In
particular, when per epoch only one directional derivative is sampled, we showed that the primal gap
and Frank-Wolfe gap have a dependence of d'/3 which is the best known dimension dependence among

all zeroth order schemes.

3 Available at http://gdac.broadinstitute.org
4Software is available at https://github.com/EMsoft-org/EMsoft
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10.8 Conclusion and Future Directions

In this chapter, we proposed a stochastic zeroth order Frank-Wolfe algorithm. The proposed algorithm does
not depend on hard to estimate quantities like Lipschitz constants and thus is easy to deploy in practice.
For the proposed algorithm, we quantified the rates of convergence of the proposed algorithm in terms of the
primal gap and the Frank-Wolfe duality gap, which we showed to match its first order counterpart in terms
of iterations. In particular, we showed that the dimension dependence, when one directional derivative is
sampled at each iteration to be O(d'/?). We demonstrated the efficacy of our proposed algorithm through
experiments on multiple datasets. Natural future directions include extending the proposed algorithm to

non-smooth functions and incorporating variance reduction techniques to get better rates.
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Figure 10.1: Comparison of proposed zeroth order Frank-Wolfe (0-FW) with first order Frank-Wolfe (1-FW),
proximal gradient descent (PGD), and another zero order constrained optimaztion by linear approximation

(COBYLA) on various problems.



Chapter 11

Conclusions

The thesis develops methodology and algorithms to study distributed inference and optimization problems
in resource constrained networked setups. Typical examples that fall under the scope of this study include
cyberphysical systems and IoTs, which are typically deployed outside of a data center and hence have
no central coordinator. Also, the aforementioned systems are deployed in random environments and are
constrained in terms of resources, like communication bandwidth, computational power and sensing power
in lieu with finite battery power. The networked entities need to collaborate with each other through local
information exchange in terms of functions of data and not the data itself so as to be able to address the
task at hand. The main thrust of this thesis centers around the fact that the energy needed to communicate
is a few orders higher than the resources needed to sense data or perform local computations. In light of the
aforementioned fact, one aspect of our work focuses on development of communication efficient distributed
inference schemes. We explore different aspects of communication efficiency in terms of communicating in
an increasingly sparse manner and reducing dimensions of messages. We study the performance of these
distributed schemes keeping in mind the trade-off between optimality in terms of convergence rate and the
communication cost. A major thrust of this thesis is to develop optimization schemes for loss functions
which are analytically intractable and involve expensive gradient computations. We develop and explore
communication efficient schemes for gradient free optimization and establish the communication optimality
trade-off for them. The technical tools used in the study include mixed time scale stochastic approximation,
large deviation theory and optimization. Our methods are generic and of independent interest to the general

theory of these classical disciplines. We recapitulate the main contributions of this thesis.

Chapter 2 Distributed Sequential Detection: This chapter studies the problem of distributed sequen-
tial detection in the context of multi-agent networks. The proposed sequential detection procedure CZS PRT
was inspired from Wald’s SPRT. We derive thresholds for the proposed distributed sequential detection pro-
cedure which guarantee the algorithm to terminate while adhering to the pre-specified error tolerances. In
particular, we established the dependence of the thresholds in terms of the network connectivity. In addition
to the thresholds of the procedures, we characterized the tails of the stopping time distribution of CZSPRT
and showed its proximity with respect to its centralized counterpart. The thresholds and stopping time dis-
tribution of the algorithm CZSPRT facilitate the comparison of the expected stopping time of the proposed
algorithm to that of its counterpart and quantifying the dependence in terms of the network connectivity.
In this chapter, we also provide a computationally tractable version of the stopping time distribution of the

classical SPRT procedure.

181
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Chapter 3 Distributed Composite Hypothesis Testing: This chapter studies the problem of recur-
sive distributed composite hypothesis testing, where one of the hypotheses admits infinite parameterization.
In such setups, it is customary to have an inherent maximization scheme to estimate the underlying param-
eter parameterizing the alternate hypothesis. We proposed algorithms CZGLRT — L and CZLGRT — NL
catering to linear and non-linear observation models respectively, where the aforementioned maximization
and the decision statistic update are performed parallely and in an online manner ,i.e., as and when a new
sample is collected. We characterize the convergence of the maximization to the true underlying parameter
and algorithm parameters which ensure the decay of the probabilities of error concerning the hypothesis
testing procedure at hand. In particular, for CZGLRT — L, we establish the exponential decay of the prob-
abilities of error by studying concentration bounds for quadratic forms of Wishart matrices. Furthermore,
we also considered a noisy communication model imposed to the setup in CZGLRT — L, for which we de-
rived algorithm parameters as a function of every agent’s local connectivity so as to ensure asymptotically

decaying probabilities of errors.

Chapter 4 Communication Efficient Distributed Detection: This chapter studies convergence in
probability of products of random, independent, but not identically distributed stochastic and symmetric
matrices Wy, where the topologies that underline the matrices have time-varying distributions. In particular,
the chapter is motivated by the convergence properties of product of stochastic matrices that it is typically
encountered while analyzing the probabilities of errors in distributed simple hypothesis testing. Technically

Sp eaklng? € C}laIaCtEIlze tlle fOHO lIlg qua‘Iltlt} .
E Y (H A || — ) ) )

We show that the limit in (11.1) exists, and moreover we compute exactly the limit R. Specifically, we show
that R is given by the minimal vertex cut of the baseline graph, where the nodes’ associated cut costs are de-
fined by the nodes’ limiting activation probabilities.We demonstrate the significance of the studied non-i.i.d.
matrix model and the derived rate R in the context of consensus+innovations distributed detection. More
precisely, we consider a distributed detector with a randomized and time-varying sparsified communication
protocol, where neighborhood communications are probabilistically sparsified in a time varying fashion with
the goal of reducing the detector’s communication cost.By utilizing result (4.1), we first show theoretically
that the detector with time-varying and sparsified protocol can be designed to achieve asymptotic optimality
at all signal-to-noise ratio (SNR) regimes; this is achieved when the activation probabilities corresponding

to each node converge to unity, possibly at a very slow rate, e.g., as 1 — Q(1/log(t)).

Chapter 5 Communication Efficient Linear Parameter Estimation: CREDO This chapter stud-
ies the problem of communication efficient distributed linear parameter estimation, where we improve the
communication cost of the distributed scheme without compromising on the optimality in terms of the con-
vergence rate. We propose a scheme CREDQO, where each node at time ¢t communicates only with a certain
probability that decays sub linearly to zero in ¢. That is, communications are increasingly sparse, so that
communication cost scales as O(t%), where the growing rate ¢ is a tunable parameter strictly less than one
that can go down to 0.5. We show that, despite significantly lower communication cost, the proposed method
achieves the best possible O(1/t) rate of MSE decay in time ¢ (¢ also equals to per-worker number of data
samples). Importantly, this result translates into significant improvements in the rate at which MSE decays

with communication cost C; —namely from O(1/C;) with existing methods to O(1/C2~) with the proposed
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method, where ¢ > 0 arbitrarily small. CREDQO is build around the restriction that at each sampling epoch,
the communication graph is restricted to being undirected. With further relaxation which allows for the
communication graph to be directed while still being undirected in expectation, we show that the commu-
nication cost can be further reduced to O(t%) where § can be arbitrarily small. Hence, for the directed
CREDO, we show that the MSE decays with communication cost as O(C, Y C), where ¢ > 0 is arbitrarily
small. From a technical standpoint, the number of time scales involved in the proposed algorithm is 3 which

further generalizes the consensus+innovations framework.

Chapter 6 Distributed Weighted Non-linear Least Squares: CIWN LS The chapter focuses on
distributed nonlinear least squares estimation in distributed information settings. This chapter proposes a
distributed recursive algorithm, namely, the CZWN LS (Consensus+ innovations Weighted Nonlinear Least
Squares), which is of the consensus + innovations form Kar et al. (2012). We specifically focus on a setting
in which the agents make i.i.d observations sequentially over time, only possess local model information,
and update their parameter estimates by simultaneous assimilation of the information obtained from their
neighboring agents (consensus) and current locally sensed information (innovation). We show that our
recursive distributed estimator generates parameter estimate sequences that are strongly consistent at each
agent. Furthermore, we also show that the proposed distributed estimation algorithm CZWN LS yields
order-optimal pathwise convergence rate under certain smoothness conditions on the sensing model and
characterize the asymptotic covariance of the estimator. Technically speaking, we quantify the inherent
trade-off between the optimality of the estimation scheme in terms of the asymptotic covariance and the
sharing of model information among the agents. Following as in lines of Chapter 5, we also develop a
communication efficient version of CZWAN LS, namely CREDO — N L, for which we focus on a single time
scale consensus+innovations algorithm. For CREDO — N L, we show that the MSE decays as O(l/CtQ_C) in

terms of communication cost C¢, where ¢ > 0 is arbitrarily small.

Chapter 7 Communication Efficient Distributed Estimation: Random Fields Estimation The
chapter focuses on a heterogeneous setup which involves distributed linear parameter estimation, where
estimating the entire parameter at each agent is prohibitive due to excessive communication and mem-
ory overhead. Instead of estimating the entire parameter, agents choose to estimate only a few entries
of the entire parameter, referred to as their interest set. We propose a scheme, namely CZRFE, where
each entity reconstructs only a subset of the components of the state modeled by a vector parameter, and
thereby also reducing the dimension of messages being communicated among the agents. The proposed
scheme allows heterogeneity in terms of agents’ objectives, while still allowing for inter-agent collaboration.
Through CIRFE, we address communication efficiency for the class of distributed inference algorithm of
the consensus+innovations form by reducing the dimension of vectors exchanged among the agents. In par-
ticular, we extended the idea of consensus to a heterogeneous version which exhibits consensus to subspaces
which is common to a few agents. Under mild conditions of the connectivity of the network, we establish
consistency of the estimate sequence at each agent with respect to the components of the parameters in its

interest set.

Chapter 8 Communication Efficient Distributed Optimization: First Order The chapter focuses
on first order distributed optimization schemes over random networks. We showed that, by carefully de-
signing the consensus and the gradient weights (potentials), the considered distributed stochastic gradient

algorithm achieves the order-optimal O(1/k) rate of decay of the mean squared distance from the solution
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(mean squared error — MSE). This is achieved for twice continuously differentiable strongly convex local
costs, assuming also that the noisy gradients are unbiased estimates of the true gradients and that the noise
in gradients has bounded second moment. We developed novel methods for first order distributed stochas-
tic optimization, based on a probabilistic inter-agent communication protocol that increasingly sparsifies
agent communications over time. For the first order distributed stochastic optimization, we propose a novel
method that is shown to achieve the O(1/(Ceomm)*?~¢) MSE communication rate. At the same time, the
proposed method retains the order-optimal O(1/(Ceomp)) MSE rate in terms of the computational cost, the

best achievable rate in the corresponding centralized setting.

Chapter 9 Communication Efficient Distributed Optimization: Zeroth Order The chapter fo-
cuses on optimization setups involving loss functions which do not admit to analytical forms and hence
the associated gradient computations are analytically intractable. We first analyze a distributed zeroth
order optimization scheme for strongly convex functions utilizing Kiefer Wolfowitz stochastic approxima-
tion. Furthermore, we develop novel methods for zeroth order distributed stochastic optimization, based on
a probabilistic inter-agent communication protocol that increasingly sparsifies agent communications over
time. We proposed a communication efficient distributed zeroth order scheme akin to the RDSA scheme
albeit using three function evaluation at each epoch which in spirit draws from the twicing trick in kernel
density estimation. In addition to the twicing trick, we have established for the proposed zeroth order
method explicit mean square error (MSE) convergence rates with respect to (appropriately defined) compu-
tational cost Ccomp and communication cost Ceomm. Specifically, the proposed zeroth order method achieves
the O(1/(Ceomm)®°~¢) MSE communication rate, which significantly improves over the rates of existing

methods, while maintaining the order-optimal O(1/(Ceomp)?/®) MSE computational rate.

Chapter 10 Zeroth Order Frank Wolfe The chapter focuses on stochastic constrained optimization
involving stochastic zeroth order oracles. We develop a zeroth order projection free algorithm in lines of
the celebrated Frank Wolfe algorithm so as to address the problem at hand. In particular, we establish
the equivalence of the zeroth order Frank Wolfe scheme with that of the classical Frank Wolfe method in
a deterministic optimization setting. n this chapter, we proposed a stochastic zeroth order Frank-Wolfe
algorithm. The proposed algorithm does not depend on hard to estimate quantities like Lipschitz constants
and thus is easy to deploy in practice. For the proposed algorithm, we quantified the rates of convergence
of the proposed algorithm in terms of the primal gap and the Frank-Wolfe duality gap, which we showed
to match its first order counterpart in terms of iterations. In particular, we showed that the dimension
dependence, when one directional derivative is sampled at each iteration to be O(dl/ 3). We demonstrated

the efficacy of our proposed algorithm through experiments on multiple datasets.
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Appendix A

Spectral Graph Theory: Preliminaries

Spectral Graph Theory For an undirected graph G = (V, E), V denotes the set of agents or vertices with
cardinality |V| = N, and E the set of edges with |E| = M. The unordered pair (i,7) € E if there exists an
edge between agents ¢ and j. We only consider simple graphs, i.e., graphs devoid of self loops and multiple
edges. A path between agents i and j of length m is a sequence (i = pg,p1,--+ ,pm = j) of vertices, such
that (ps, pe41) € B, 0 <t <m—1. A graph is connected if there exists a path between all the possible agent
pairings. The neighborhood of an agent n is given by Q,, = {j € V|(n,j) € E}. The degree of agent n is
given by d,, = |Q,|. The structure of the graph may be equivalently represented by the symmetric N x N
adjacency matrix A = [A4;;], where A;; = 11if (4,5) € E, and 0 otherwise. The degree matrix is represented
by the diagonal matrix D = diag(dy - - - dx). The graph Laplacian matrix is represented by

L=D-A. (A.1)

The Laplacian is a positive semidefinite matrix, hence its eigenvalues can be sorted and represented in the

following manner
0=X(L) <L) < - < Ay(L). (A.2)

Furthermore, a graph is connected if and only if Ay(L) > 0 (see Chung (1997) for instance).
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Appendix B

Proofs of Theorems in Chapter 2

Proof of Lemma 2.5.5. Let us define the event A% as {v}; < S4.(s) <~};}. Now, note that
Py(Ty; >t) =P (N_; AY), (B.1)
and
Py (Mo AY) < Pi(AD). (B.2)

By Proposition 2.4.2, under Hy, for any ¢, the quantity Sq;(f) is Gaussian with mean mt¢ and variance upper
2mr? (1—r2%)

bounded by % + 1= — - Hence we have, for all i = 1,2,..., N.
h
=4 +mt
Py(Ty: > 1) < Q Jd, ). (B.3)
\/th + 2mr2(1—r2t)
N 1—7r2
O

Proof of Corollary 2.5.6. For simplicity of notation, let a = % and b = ﬁ From (2.41), we have,

1 1 Npve\ oo NpyE\ oo
n log(Py(T,. > t)) > glog (exp < = C> K () — exp < = <) KX (4h)

N l h N h l
X (exp ( /12%) sin ( iﬂ% l) —exp < 'MJC > sin ( zﬂ-% l))) (B.5)
o Ye — Ve o Ye T Ve
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and letg—exp< ’”") +exp( MC).
Note that for all ¢ > 1, the limit
lim U(t,S) (B.6)

S—o0

exists and is finite (by Theorem 2.5.4), and similarly for all S > 1,
' s (—1)5+1 )
tlgrolo U(t,S) = lgrolc log Z o s2p &P (=b(s* = 1)t)

s=1

Nyt Nurh
o (2) (o0 () ¢ e (5525))

o
1 b h
= lim - log I gin ([ e
R PR v

|
2

where we use the fact that only the largest exponent in a finite summation of exponential terms contributes

(B.7)

to its log-normalised limit as ¢ — oo and

h !
, ST, , STy,
sin £ ] =(—1)°sin ik (B.8)
<’Y?—’Y<l;) = <%’}—7£>

Finally, using the fact that there exists a constant ¢5 > 0 (independent of ¢ and S) such that for all ¢,.5 > 1,

ut,s

:*\l—\

(bgz —p (—=b(s* - 1)t)> < s, (B.9)

we may conclude that the convergence in (B.6)-(B.7) are uniform in S and ¢ respectively. This in turn

implies that the order of the limits may be interchanged and we have that

lim lim U(t,S) = hm lim U(t,S) = (B.10)

t—o00 S—oo S—o0 t—o0

Hence, we have from (B.4) and (B.10),

hm 1nf log(IPl (T > t)) > —(a+b)

s
N s(=1)
4+ lim lim Elog (b E D

t—o00 S—o0

h N l N h
xsin( iw%l> (exp( M;C> —(—l)sexp< u;”)))
Ye — Ve g a

1 Sos(-1tt
—(a+b)+ lim hm log bzia . exp (—b(s* — 1)t)

S—oot

h l h
. Sﬂ-’)/c NM’YC s+1 N:u‘f}/('
—1 _ e

XSIH(V?‘%) (exp( o? )Jr( ) exp( o? )>>

| bg .
—(a+b)+ lim lim tlog( +bsm< —

S—o0 t—00 Y& — Ve
Nm o
— p) = — .
(@+b) ( 1 TaNG? —vé)2>

(B.11)
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O
Proof of Theorem 2.5.7. We use the following upper bound for QQ function in the proof below
Qz) < ——e—2/2 (B.12)
T oay2w
From (2.43),(B.12) and (B.9), we have,
lim sup — log(]P’l (T >t))
t—o0
2 (1—r —N(—} 4mt)?
I 1 1 \/% +2m 2((1177“22;) 4mt+4m1j"2<1”'2t)
< limsu 0 ( e a-r? )
PR T W (=7} +mt)
2mt 1‘2(1 r2t)
< hmsup — | log <\/ +2m A= ) _ N(ny}llﬂ)Q
t—oo U \/27T(mt — ’yd,i) 4mt+4m%
Nmt Nm’Yg,it
_4 4r2(17r2f') + 2mt 492 Nrr"(lfrr“)
taGa=my At emN Ty
1 N
= limsup - log(Py (T, > t)) < — —2.
t—o0 t ’ 4
(B.13)
O

The proof of Theorem 2.5.8 requires an intermediate result that estimates the divergence between the agent

statistics over time.

Lemma B.0.1. Let the Assumptions 2.5.1, 2./.1 and 2.4.2 hold. Then, there exists a constant c1, depending

on the network topology and the Gaussian model statistics only, such that

E, glgHSd,i(t) —Sa; (D] < (B.14)
for all agent pairs (i, 7).
Proof. Denoting by S4(t) = tPg4(t) the vector of the agent test statistics Sq,;(t)’s, we have,

Sa(t+1) =W (Sa(t) +n(t+1)). (B.15)
Let Sq(t) denote the average of the Sy;(t)’s, i.e.,

5a(t) = (1/N) (S (t) + -+ Sun(t)). (B.16)

Noting that JS4(t) = S4(t)1 and WJ = JW = J, we have from (B.15)

Vipr = (W = J) vi + g1, (B.17)
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where v; and w;, for all ¢ > 0, are given by
vy = S4(t) — Sa(t)1 (B.18)

and

It is important to note that the sequence {u;} is i.i.d. Gaussian and, in particular, there exists a constant
¢z such that Eq[|[ug]|?] < ¢z for all t.
Now, by (B.17) we obtain

Vel < Flivell + sl (B.20)

where recall r = ||[W — J|| < 1. Since the sequence {u;} is i.i.d. and Ls-bounded, an application of the
Robbins-Siegmund’s lemma (see Baldi et al. (2002)) yields

E, [sup||vt||] < ¢ < 00, (B.21)
>0

where c¢3 is a constant that may be chosen as a function of r, ¢ and E4[||vg]|]. Now, noting that, for any

pair (4,7),
E, [sup 1S4:(t) - Sa, <t>||] <E, [sup 1S0s(t) Sdu)n} LE, [sup 150, ()~ Sa®)l| <205, (B22)
t>0 t>0 t>0
the desired assertion follows. O

Proof of Theorem 2.5.8. We prove the upper bound in Theorem 2.5.8 first. Since Pq(Ty; < o0) = 1, for the

upper bound we have,

El [Td,i] = Zpl (Tdﬂ‘ > t)
t=0

i ’de + mt )
2mt 2 2(17 2t)
\/ ]7:[7, Jr mTl_TZT
i St R
-3 o) S o
N 2mt 2mr?(1—r2t) 2mt 2mr?(1— r2t)
0 D AR ”1J+1 2t g 2l
(1) RS
20
L i +mt —h+mt
X o 22)2@( )
. 2mt + 2mr2(1 27‘ t) \/M + 2mr (1;7" 2
LS;{f,;iJ-H N 1—r 122 295 1J+1 N 1—r
(3) (4)
h |2
b) AR ‘ NAh m — (N4l 2= Nm2¢?
(S) Yai | i 1 et Z e tRmETT— 4 %Nm
m dm = 2 oot 2(1 — 30+
L anlj-i-l



APPENDIX B. PROOFS OF THEOREMS IN CHAPTER 2 204

h

||

50 3Nvh m —Nm
< Vd,i " 1_Nm + 168(167111) Z 64(2]+1t)

dm o1 — emmiD)

qu
)+l

5y, 1
<ty (B.23)

dm. 1 _ i

h
where (a) is due to the upper bound derived in Lemma 2.5.5 and (b) is due to the following : 1) V¢ € [0, L’Ys; 1]

in (1), 'ygi + mt is negative and hence every term in the summation can be upper bounded by 1; 2)

Vit € [Lyd L]+ 1, Lgvd L] in (2), =y}, + mt is positive and hence every term in the summation can be upper
bounded by 1; and 3) for the terms (3) and (4), the inequality Q(z) < %e’w2/2 is used and the sums are
upper bounded by summing the resulting geometric series.

In order to obtain the lower bound, we first note that conditioned on hypothesis H;, at the stopping time
T4, an agent exceeds the threshold 7(7,1 with probability at least 1 — € and is lower than the threshold 'thi,i
with probability at most €. Moreover, with o = 8 = ¢, 7(1 i 'yd i

Now, denote by E! the event EI' = {Sy;(Ty:) > ’Yd,i} and by EZZ the event E! = {S4:(Ty;) < 'yé’i}. Since
Py(Ty,; < 00) =1, we have that

Ey [Sa:(t)] = Ey {Sd}i(t).HE?} +E, [Sd,i(t).]IEé} , (B.24)

where I[;.} denotes the indicator function. We now lower bound the quantities on the R.H.S. of (B.24). Note
that 7§,i >0 and Sg;(t) > 7371‘ on E!. Hence

1 {Sd,i(t)lEf} > ’Yg,ipl (E;l) > (1- E)’Yg,z'- (B.25)

Now recall the construction in the proof of Lemma B.0.1 and note that by (B.15) we have

Sai(t) = Sai(t —1) = > wij (Sai(t — 1) — Saj(t — 1)) + 0 (t). (B.26)
JEQ;
Hence, we have that
Sa.i(Tai) I (B.27)
> Sai(Tag = 1)Ap — > wil|Sai(Tas — 1) = Sag(Tai = DIl = (T, (B.28)
JEQ;
> Sqi(Tai— 1) I — > wi 51>1p||Sdz( ) = Sa (Ol = lIn:(Taa) I (B.29)
JEQ; =

Now, observe that on the event E!, Sy ;(Ty; — 1) > ’ylli’i a.s. Since fyfi’i < 0 and Py (E!) < € (by hypothesis),
we have that

%lmf < ’Yfi,ipl (E}) (B.30)

=i [vholpt| <Ex [Sai(Tui = 1)l (B.31)
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Note that, by Lemma B.0.1, we have

Er | Y wijsup [[Sai(t) — Sa (1] (B.32)
‘ t>0
JEQ
<Y wyk [sup 1Sa4(t) — Sa;(0)] (B.33)
Je t>0
S |Qi‘01. (B34)

Finally, by arguments similar to Wald (1973); Lorden (1970) for characterizing expected overshoots in
stopped random sums (see, in particular, Theorem 1 in Lorden (1970)) it follows that there exists a constant

¢4 (depending on the Gaussian model statistics and the network topology only) such that
By (I (Ta) ] < . (B.35)

In particular, note that, the constant ¢4 in (B.35) may be chosen to be independent of the thresholds and,
hence, the error tolerance parameter e. Substituting (B.30)-(B.35) in (B.27) we obtain

E, [sdﬂv(Td,i).uEé > ke — |uler — ea. (B.36)
This together with (B.24)-(B.25) yield

E1 [Sai(Tas)] = (1 =€)yl + e — [Quler — e (B.37)
=(1-2¢)7}; —c, (B.38)

where the last equality follows by noting that 73’1- = —*yfm and taking the constant ¢ to ¢ = |Q;|c1 + ¢4.
We note that the event {T;; = t} is independent of 7;,7 > ¢t. We also have from Theorem 2.5.1 that

Py (T4 < 00) = 1. Hence, we have,

Ta,;
E1[Sqi(Ta)] = Ea[Y e W (j)]

Jj=1

=E; Z iz, >jyei Wit =in(j)
=

o0
=Y Ei Iz, sjpe Wt By [())]
j=1

%)
- mZ]El [H{Td,iZj}eiTWTd=’7+1*j} 1
j=1

-m Z Ey [H{Td,izj}eiTWTwaj 1]
j=1
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Combining (B.39) and (B.37) we have,

(1- 25)75,1‘

C
— — < Eq[Ty, B4
L <y [Ty (5.40)

and the desired assertion follows.

Proof of Theorem 2.5.9. From (2.46), we first note that

Eq[Ty4)
Eq[T¢]

>1,Vi=1,2,...,N. (B.41)

From the upper bound for the stopping time distribution derived for the CZSPRT in (B.3), we have the
following upper bound for Eq [Ty ]

574 1
EalTas] < =+ : B.42
1[ d,z] = am 1 64?"{\;”11) ( )
We choose the threshold 7371- to be
8(k+1 2 —Nm
Vi =4 = S L) (10g(2) — tog(1 — e 7)), (B.43)

TN €

Using (B.42) and (B.43), we have

E. [Ty, LWk +1)log(2)+0(1
i sup Ll gy TR )Og(f)i 1) (B.44)
PP ET) S e (1 20) log(I5)
Noting that,
O(1
lim sup (1) — =0, (B.45)
0P (1= 26) log(=5)
we obtain
. Ey[Tas] _ 10(k+1)
1 =< . B.46
PR T 7 (B40)

Combining (B.46) and (B.41), the result follows. O



Appendix C

Proofs of Theorems in Chapter 3

C.1 Proof of Main Results : CZGLRT — NL

C.1.1 Proof of Theorem 3.7.1

Proof. The proof of Theorem 3.7.1 is accomplished in steps, the key ingredients being Lemma C.1.1 and
Lemma C.1.2 which concern the boundedness of the processes {0, (t)}, n = 1,--- , N and subsequently the
consistency of the agent estimate sequences respectively. To this end, we follow the basic idea developed
in Kar and Moura (2014), but with subtle modifications to take into account the state-dependent nature of
the innovation gains. We state Lemma C.1.1 and Lemma C.1.2 here, with the proofs relegated to Appendix
C.3.

Lemma C.1.1. Let the hypothesis of Theorem 5.7.1 hold. Then, for each n and V0* the process {6, (t)}
Pp-+ (sup 10, ()] < oo) =1 (C.1)
>0
Lemma C.1.2. Let the hypotheses of Theorem 3.7.1 hold. Then, for each n and ¥Y0*, we have,

Py- (tlirgo 0,(t) = 9*) =1 (C.2)

In the sequel, we analyze the rate of convergence of the parameter estimate sequence to the true parameter.
We will use the following approximation result (Lemma C.1.3) and the generalized convergence criterion
(Lemma C.1.4) for the proof of Theorem 3.7.1.

Lemma C.1.3 (Lemma 4.3 in Fabian (1967)). Let {b;} be a scalar sequence satisfying

c
<(1-— 1)~ 7 .
bt+1_< t+1)bt+dt(t+ )7, (C.3)
where ¢ > 7,7 > 0, and the sequence {d;} is summable. Then, we have,

limsup (t+1)7b < 0. (C4)

t—o0

207



APPENDIX C. PROOFS OF THEOREMS IN CHAPTER 3 208

Lemma C.1.4 (Lemma 10 in Dubins and Freedman (1965)). Let {J(t)} be an R-valued {Fi1+1}-adapted
process such that E[J(t)|F;] = 0 a.s. for each t > 1. Then the sum ), J(t) exists and is finite a.s. on
the set where 3, E [J2(t)|F] is finite.

We now return to the proof of Theorem 4.1.
Proof of Theorem 3.7.1. We follow closely the corresponding development in Lemma 5.9 of Kar et al.
(2013a). Define 7 € [0,1/2) such that,

Py- (tl'ggo(t +1)7 [x(8)]| = o) =1, (C.5)

where x(t) = 0(t) — 1y ® 0*. Note that such a 7 exists by Lemma C.1.2 (in particular, by taking 7 = 0). We
now analyze and finally show that there exists a 7 such that 7 < 7 < 1/2 for which the claim holds. Now,
choose a 7 € (7,1/2) and let u = (7 + 7)/2. By standard algebraic manipulations, it can be readily seen

that the recursion for {x(t)} satisfies

x(t + 1))1* = [x(0)]* - 28x" (£) (L @ Tns) x(t)

—20;x" ()G (6(t)) =7 (h (6(1)) — h (67))

+8ix T (1) (L@ Tap)?x(1)

+204Bx " (1) (L@ Ty) G (0(£)) =7 (h (0(1)) — h (67))

+af (y(t) = h(07) =T'GT (0(1)) G (0() =7 (y(t) — h (67))
+af (h(6(t) —h(67) =T'GT (0(r)

x G (0(t) =" (b (0(t)) — h (6%))

+2a,x " ()G (0(1)) =7 (y(t) — h(6")). (C.6)

Let J(t) = G (0(t)) 7! (y(t) — h(6*)). From Assumption 2.4.1, we have that ||Vh,, (6,(t))| is uniformly
bounded from above by k,, for all n. Hence, we have that |G (6(¢))|| < max,=1.... n kn. Now, we consider
the term a?||J(t)||>. Since, the noise process under consideration is a temporally independent Gaussian

sequence and 2u < 1, we have,

>+ 1)*a? 3 (1)) < oo aus. (C.7)

t>0

Lot W(E) = axT ()G (0(t)) - (y(t) — h(6*)). Tt follows that Eg- [W(£)|Fi] = 0.
We also have that Eg- [W2(t)|F] < of [x(®)|*[|I(t)]|*. Noting, that the noise under consideration is

temporally independent with finite second moment, we have,
Eo- [W?(t)|Fe] =0 ((t+1)7>7%7) (C.8)
and hence,
Eg- [(t + 1)"W?2(t)|F] = o ((t+1)72%%7). (C.9)

Hence, by Lemma C.1.4, we conclude that Y, (¢t + 1)**W(t) exists and is finite, as 27 < 1 and hence the
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left hand side (L.H.S) in (C.9) is summable. Using all the inequalities derived in (C.156)-(C.158), we have,
[x(t+1)|]*> < (1—crou +cs (B + 7)) I (t)]|?

—co(Br — B2) Ixe L (DI + a2 13(1)> + 2W (). (C.10)
Finally, noting that ¢;a; dominates cs (atﬂt + a?) and (; dominates 3%, we obtain
Ix(t+ DII® < (1 = cran) [x@I + a2 [ 3()] + 2W (@), (C.11)
Now, using the analysis in (C.7)-(C.9), we have, from (C.11)
Ix(t+ DIP < (1= cran) [x ()] + do(t +1) 72, (C.12)
where
de(t+1)720 = a2 | I + 2W(2). (C.13)
Finally, noting that ¢y (t + 1) > 1 > 2u, an immediate application of Lemma C.1.3 gives

limsup(t + 1) [|x()]|> < oo a.s. (C.14)
t—o0
So, we have that, there exists a 7 with 7 < 7 < p for which (¢t + 1)7 ||x(¢)|| — 0 as t — oco. Thus for every
7 for which (3.32) holds, there exists 7 € (7,1/2) for which the result in (3.32) continues to hold. We thus
conclude that the result holds for all 7 € [0,1/2).
O

C.1.2 Proof of Theorem 3.9.1

Proof. The proof of Theorem 3.9.1 needs the following Lemma from Fabian (1968) (stated in a form suitable
to our needs) concerning the asymptotic normality of non-Markov stochastic recursions and an intermediate

result which concerns with the asymptotic normality of the averaged decision statistic.

Lemma C.1.5 (Theorem 2.2 in Fabian (1968)). Let {z;} be an R¥-valued {F;}-adapted process that satisfies
_ 1 ~1 —3/2
Ziy1 = Ik P 1Ft Z + (t + 1) <I>tVt + (t + 1) Tt7 (015)

where the stochastic processes {V},{T:} € R* while {T'},{®:} € R¥**. Moreover, for each t, Vi_1 and
T, are F; -adapted, whereas the processes {T'+}, {®:} are {F;} adapted.

Also, assume that
r,—1I, & - ® and T; — 0 a.s. ast — oo. (C.16)

Furthermore, let the sequence {V:} satisfy E[V{|F:] = 0 for each t and suppose there exists a positive
constant C and a matriz X such that C > HIE [V.V/|F] - ZH — 0 as. ast — oo and with o}, =
) V|| dP, let limy_, oo = St o2, =0 for every r > 0.

fHVt||2ZT(t+1 s=0Ys,r
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Then, we have,
(t+1)"/%2, 2 N (0,2587). (C.17)
We state the lemma concerning the asymptotic normality of the averaged decision statistic here, while the

proof is relegated to Appendix C.3.

Lemma C.1.6. Let the hypotheses of Theorem 3.9.1 hold. Consider the averaged decision statistic sequence,
{Zavg(t)}, defined as zauy(t) = + 25:1 zn(t). Then, we have, under Po« for all ||0*]] > 0,

VT (gl - 2O 2RO

LN (0, h' (9;;)2—1}1(9;;)) Vn. (C.18)

N2

We now use a lemma which establishes that the sequences {zavg(t)} and {z,(¢)} are indistinguishable in the

V't time scale. We state the lemma here, while the proof is relegated to Appendix C.3.

Lemma C.1.7. Given the averaged decision statistic sequence, {Zag(t)}, for each dg € [0,1) we have
Po- ( lim (t + 1)%(2(t) — 1n ® Zayy(t) = 0) = 1. (C.19)

We now return to the proof of Theorem 3.9.1.

Proof of Theorem 3.9.1. Note that as Jy in Lemma C.1.7 can be chosen to be greater than %, we have

for all n,

o (s (0

2N
—Vi+1 (zavg(t) b’ (%)fj\;lh(em> H = 0)
= Py- (Jim [VEFT (z0(t) — zave(®)]| = 0)
— Py- (tlggo (£ 4+ 1)02790 (¢ 4 1)% (2, (£) — zave(1))]| = o) ~1, (C.20)

where the last step follows from Lemma C.1.7 and the fact that §o > 1/2. Thus, the difference of the
T * —1 * T p* -1 *

sequences {\/t +1 (zn(t) - W)} and {\/t +1 (zavg(t) - W)} converges a.s. to

zero and hence we have,

2N

EN ML) o)
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C.1.3 Proof of Theorem 3.7.2

Proof. From (3.14), we have,

Paro«(t) =Py o« (2n(t) <n)

. (Zn o (9})22]\[‘%(%)
h' (03) = 'h(d%)

B 2N >

— Py (m (zn@) _bTOp = wm)

T (n By (93)22];%(9}%))) . (C.22)

<n

Now, invoking Theorem 3.9.1, where we have established the asymptotic normality for the decision statistic

sequence {z,(t)}, we have,

Jim P - (m (zn(t) _hT (o) Elhwm)

o0 2N
h' (0%) =7 th (6%)
t 1 _ N N
v EETE))
= P19+ (2 < —00) =0, (C.23)
where z is a normal random variable with z ~ N (07 W). In the derivation of (C.23) we have

used the Portmanteau characterization for weak convergence and the fact that

h' (6%) 2 h (05

Hence, we have, from (C.22) and (C.23)
Jim Pagg- (1) = 0 (C.25)
as long as (C.24) holds.
For the null hypothesis Hg, from (3.14) and with 0 < A < 1, we have,
Pra(t) =Po (2n(t) > 1)

t—1
o (1 SoerwtenT o) = (v - 2 > n)

=0
1

N
=P, (1 Do bnlsit—1) (B (6;(5)) 35 5(9)
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t—1 N T\ (s
. (12 bt (%() 71(9)

s=0 j=1

t—1 N )\ 1 + R /Nrt—l—s
Zn:l Mn _ (N )
X exp (—§<2> log | 1 %—l—\/ﬁ
tnA Zg:l Mn
< exp (—“ N) exp (— <2> log (1 — /\)>
Yo, M, A (3 + V)

where ¢, ; (s,t — 1) denotes the (n,j)-th element of W'='7%  (a) follows due to ||¢n; (s,t —1) — || <
VNrt=175 and (b) follows due to the fact that the random variable ; (S)T2;17j (8) is a chi-squared random
variable with M; degrees of freedom and the associated moment generating function exists since A < 1.

Now, taking limits on both sides of the equation (C.26), we have,

+10g (B (zal0) > 1)

N
M,
< - A Lzt M log (1 - )
*+ VN 2t
b1 (Y (% +VAT)
t 2 ++VN
1
= limsup = log (Py (2, (t) > 1))
t—o0 t
1
- 77)\ B EnN:1 Mn log . A (ﬁ + \/N’I")
-+ 4+ VN 2 ++VN

= —LE(\). (C.27)
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First we note that, as (C.27) holds for all A € (0, 1), we have that

lim sup % log (P (zn(t) >n)) < —LE(1 —¢), (C.28)

t—o0
where € € (0,1). Moreover, as LE()) is a continuous function of A in the interval A € (0, 1], we can force €

to zero and thereby conclude that

lim sup % log (Po (24 (t) > n)) < —LE(L). (C.29)

t—o0

Now consider \* which is given by

%+\/N (%*‘\/N)Zg:an

* = — C.30
% ++V/Nr 2n ( )
It is to be noted that \* is positive when
N
(% + \/NT) Zn:l Mn
n > . (C.31)

2

Furthermore, LE()) is maximixed at A = A* when A* € (0,1). Hence, in the case when A* € (0,1), we have

lim sup % log (P (2,(t) > 1)) < —LE(X"). (C.32)

t—o0

It is to be noted that LE()) is an increasing function of A in the interval (0, A*) and hence in the case when
A* > 1, we have that LE(\) is non-negative and increasing in the interval (0,1) and we have the exponent
as LE(1) from (C.29). Finally, combining (C.29) and (C.32), we have,

lim sup % log (Po (2n(t) > 1)) < —LE (min{A\*,1}). (C.33)

t—o0

Finally, the above arguments and the threshold choices obtained in (C.24) and (C.31) establish that as long

as the true 6 satisfies the following condition

hT(03) 2 h(63) _ (% +VNr) i, M,

5N 5 , (C.34)
any 7 satisfying
L + \/N?" ZN M, T (p* -1 *
N n=14n < h' (0%) X h(0y) (C.35)
2 ! 2N ' ’
would guarantee P« (t), Ppa(t) — 0 as ¢ — oco. Hence, the assertion is proved. O

C.2 Proof of Main Results : CZGLRT — L

C.2.1 Proof of Theorem 3.7.3
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, will be crucial for

Proof. The following result which characterizes HINM -G (L®Iy) - atGHE_lGE
the subsequent analysis. We state the result here, while the proof is relegated to Appendix C.4.

Lemma C.2.1. Let the Assumptions 3.6.1-3.6.2 hold. Consider the parameter estimate update of the
CIGLRT — L algorithm in (3.20). Then, we have,

|Ivar — B (L@ Iy) — G 'Gh|| < 1—croy, VE>ty, (C.36)
where
c = ”rlr_hiill z! (L R Iy + GHE_IGE) T
= Amin (L@ Iy + GE~'Gjp), (C.37)
t; = max{to, t3}, (C.38)
and ta,t3 are positive constants (integers) chosen such that ¥t > ta,
A (L) + Amas (GHE TGy < 1, (C.39)
and Vt > t3,

i Amin (L@ Iy + G2~ 'Gyy) < 1 (C.40)

respectively.

Under the null hypothesis, we have, for all A € (0, 1),
zn(kt) = e WELGg(k(t — 1))=71
T _
x (s(k(t —1)) - W) . (C.41)

From (C.41), we have,

_G=ninn (D) 3 ()
Po (zn(kt) >n) < e NTVATTNEG fe YN

ENCICES RSN
LAVNAE—T o

k(t—1) N T/aw—1 .

A v, ()27 ;)

E, e - ni(k—1 sy YUY
0 xp %+4/Nrkfl Z Z¢ ’-7( )< 2

i=0 j=1

—

(a)
= e

() — H0; (¢ — )" 571 (y;(6) — Hy6,(t — 1))
2

(b) —G=1enm N N

<e NN lexp | ——F—— Z Gk —1)

~ + VNrh-1

Jj=1
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k(t—=1) T/\w—1 .
- v; ()35 5 (4)

2
=0
_ k(t—1) T
(c) _ Lkt 1>+1.>nx N i0)Z;
e VTR exp )‘Z 75 ( 'VJ( i)

Jj=1 =0

M-T(i)Ej‘l%'(i)ﬂ
exp B

(=1 +1mx N Kt

@e 1+fr’€1H HEO

j=1 =0

© Mp(k(t—1)+1)  (k(t—1)+1) X0 M,
exp (— Ry - 5 log(1 — )\)> , (C.42)

where ¢, ;j(k — 1) denotes the (n,j)-th entry of W*~! and r denotes |[W — J||. It is to be noted that
(a) follows due to the fact that under the null hypothesis the observations made at the agents are of the
form y,,(t) = vn(t), (b) follows due to the fact that the inverse covariances are positive definite and hence
the quadratic forms are positive, (¢) follows due to |¢, ;(k — 1) — &| < VNr*=1, (d) follows due to the
independence of the noise processes over time and space and (e) follows due to the fact that for each i,j the
random variable -y, ( )TZ 14 (i) corresponds to a standard chi-squared random variable with M; degrees of

1

freedom and the associated moment generating functions” exists since A < 1.

Taking limits on both sides, we have,

lim sup — log (Po (zn(kt) > 1))

t—o0 ]f
A SN M,
- — &n= log(1 — \), C.43
+ + VNrk-1 2 51 =) (C.43)

which holds for all A with 0 < A < 1. Now, supposing that

(% + \/Nrkil) 27]:;1 M,
5 )

7> (C.44)

1 pl—1 N .
it can be shown that the right-hand side (RHS) of (C.43) is minimized at A* =1 — (VN 2n) n=1 M
It is to be noted that with the condition in (C.44) in force, A* € (0,1). Hence, by substituting A = A* in
(C.43) we have,

lim sup — log (Po (zn(Kt) > 1)) <

t—oo Kt N + ‘/Nrk—l
N
M, 2
— Z"% 1+ log I (C.45)

(% + \/JVT’“”) S M,

We specifically focused on the sub-sequence {z,(kt)} for the derivation of large deviations® exponent in this
proof. It can be readily seen that other time-shifted sub-sequences (with constant time-shifts upto k units)

also inherit a similar large deviations upper bound as by construction, (see (3.24) for example), the decision

IThe moment generating function E [exp(pz)] of a chi-squared random variable z with M,, degrees of freedom exists and is

M.
given by (1 —2p)~ 2" for all p < 1/2.
2By large deviations exponent, we mean the exponent associated with our large deviations upper bound.
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statistic z,(kt) stays constant on the time interval [kt, kt + k — 1]. Hence, the large deviations upper bound

can be extended as a large deviations upper bound for the sequence {z,(t)}.

For notational simplicity we denote 1y ®6* as 6%. Before analyzing the probability of miss Pq g+ (2, (kt) < 1)

and its error exponent, we first analyze the term |G, (6(t) — 9}‘\,)”2 We have,
|G (0t) = 03)|| < IG x| 16(2) — O - (C.46)
From (3.20), we have that,

0t+1)— 0y = (Inm — B (Lo Iy) — Gy 'GY))
A(t)
x (0(t) — 0%) + GrE~1y(t). (C.47)

Let
o) = GrE~1y(t). (C.48)

Then, we have,

16(£) — 031> = (6(£) — %) " (6(t) — Ox)
t—1t—1 t—2—i t—1
=> > aiojya(i) T aia; H At—1-u) [ A@re()
i=0 j=0 =0 v=j+1
VE,tPt’)’G ¢ = tr (Pryave ,t) ) (C.49)
where
va, =G 0) 2E (1) - gt =1)]" (C.50)

and P, is a block matrix of dimension NMt x NMt, whose (i,7)-th block ¢,5 = 0,--- ,¢t — 1 is given as

follows:

7 t—1
P, =iy [[ At-1-u) J] A). (C.51)

u=0 v=j+1

First, note that the A()’s commute and are symmetric and hence the individual blocks [Py],;-s and Py is
symmetric. We also note that, P; is positive semi-definite, as using an expansion similar to (C.49) it can be
shown that any quadratic form of P; is non-negative.

Before, characterizing the large deviation exponents, we state the following lemma, the proof of which is

provided in Appendix C.4.

Lemma C.2.2. Let Assumptions 3.6.1-3.6.3 and 3.6.5 hold. Given, the block matriz Py as defined in
(C.51), we have the following upper bound,

2

2
Qg ap
24 Y vt>¢ C.52
T e, o1 T2 (C.52)

(tl + 1)2C1OL0

t”PtH S 83 t201a0—1
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where ty is as defined in (C.38)-(C.40) and c3 = Y 01 R | v1+1 | A ()]l

For H,, we have,

N

zn(kt) = ( 5 j;qsw —1

k(t—1)
XY 0] (k(t = 1)H] 2 ;1)

=0
(H (0 (k(t = 1)) — 6%))" ;1 (H; (0;(k(t — 1)) — 6%))

2

(0*)" H] X H,0¢

- 5 . (C.53)

For notational simplicity, we denote,

—aNy+ (9) GO (1- NVNAL)
N2 = . (C.54)
|Gz G| (14 NVN)

Moreover, supposing that

)7 Go* (1 - N\/Nrk_l)

n < N ;

(C.55)
we have 12 > 0, and the probability of miss can be characterized as follows:

]P)I,G* (Zn(kt) < 77)

1 N
=Py 0~ m ; O, (k

k(t—1)
X Z 0] (k(t —1))H, 27 y;(i)

<Hj (0;(k(t—1))—6*)" = ;1 (H; (0 (k(t — 1)) — 6%))

)" HTz 'H; 9*
+

(@) N
< Py o ®GE-D+D Z ng(k—1)

k(t—1)
X Z 0 (k(t — 1)) H] 27", (4)

(Hj (0;(k(t=1) —6")' =
2
(0*)7— Go* (% _ \/N’I“k_l))

;G (0;(k(t = 1)) = 67))

<n-—

2
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(0)
< Py p- Z% - 1)
j=1

(G (05 (k(t — 1)) — 0")" 5 (H; (0;(k(t — 1) = 0%))

(0") Go™ (% — V1)
1

n
>_7
2

+

1 N
+ Py g+ m ; On,j(k

©
< t1+412+ 13, (C.56)

where (a) follows from |¢, ;(k — 1) — %] < V/Nr*=1, (b) follows from the union bound, (c) follows from
the union bound and the inequality |¢, j(k — 1) — +| < VNrk~! and, (¢1), (t2) and (¢3) are as defined in
(C.136). Note that, Assumption 3.6.4 ensures that & — v/ Nrf~1 is positive.

=P (HGHE—lc;;H J6k(e — 1) — 63 ]* _ ~2Nn+ (@) GO (1N\/WH)>

2 4 (14 NVNE)

N k(t—1) (9*)T Go* %—\/NTk_l
2 = Py o (W ;qsn,j(k —1) > (0;(k(t—1)) —07) T H X ,6) < Z - ( 3 )>

=0

N k(t—1) . (0*)T Go* %_\/Nrkfl
13 = P g (M;m,j(kl) ;) (67" H3500) < § - (8 )>, (C.136)

First, we analyze the term (t1) in (C.56). We first note that, if A is chosen to be A < ¢4, where
1

K
1T (t1+1)3c120 of
HGHz G H ( Jt2e170 T e T 261a0 1

Cq =

(C.137)

we have that ktA HPkt (Ikt ® GHE_lGI—';) H < 1. Hence, we finally have that V¢ > ¢;, with ¢; as defined in
(C.38)

det (INMkt — ktA\Py; (Ikt & GH2*1GIT1,))
> (1= ktA [Pr|| |G G L)V M, (C.138)

which ensures the existence of the moment generating function of the Wishart distribution under consider-
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ation (to be specified shortly). We have,

% (|12
P (ne(k(t = IEL m)

< e MHE g [exp (KEAIOGR(E 1)) — 0% ) |

Y P
(:) e—knzktELG* |:exp (kt)\ tr (th’YG,ktpy—Gr,kt>>:|

© c=xnekt o (det (Tyane — BEAP (Ty ® GuE1G L)) 2, (C.139)

where in (a), we use the definition of Py, and yg x: as defined in (C.51) and (C.50) respectively and in (b)
we use the moment generating function of the Wishart distribution (see, for example, Anderson (1946)) as
'yg,kt*yg’ w¢ follows a Wishart distribution. Moreover, from (C.237), we have that,

2

. g
hgrisolip kt || P < Yerap 1 (C.140)
Now, on using (C.140) and (C.138) in (C.139), we have,
Pro- (10(k(t — 1)) = 0% > > m2)
< e Mk o (det (Tyagpe — KNP, (T ® GrE71GF)))
< e (1= X [Py [ GrE T G )
1 *
= —log (Pro- (6(k(t 1) = 0% > m2))
NM
< =g — log (1 — KA |Pre |GuZ "G r])
. 1 . 112
= limsup 7 log (Brg- (JI0k( 1))~ Ox[* > 2) )
A2 |GyE1G
< - M e (1 _ 2t |G HH) . (C.141)
2 2610[0 -1

2G| GrETIG |
2C10¢0—1

Let LD(X) = An2 + XM log (1 - . We first note that LD(0) = 0. In order to ensure that

the term (¢1) decays exponentially, the function LD(.) needs to be increasing in an interval of the form,

[0, c5], where 0 < ¢4 < c5, with ¢4 as defined in (C.137) which is formalized as follows:

2010[0 —1 _ NM
a% HGHE_lGIIH 27’]2

A< =, (C.142)

with 79 as defined in (C.54). In order to have a positive large deviations upper bound, the RHS of (C.142)
needs to be positive and hence, we require,

2ciap — 1 B NM

o} |GuZIGY||  2m

)" Go (1 - N\/Nrk_l)
2N

>0

=n<
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Ma3 |GuE1G | (1+ NVNT*1)

.14
201040 -1 (C 3)

We note that the condition derived in (C.143) is tighter than (C.55). Now, combining the threshold condition
derived above in (C.143) and the one derived in (C.44), we have the following condition on the parameter
9*

)" Go* (1 . N\/Nrk—l)

2N
Mo ||GuE- G |* (1+ NVNr1)
>
2610&0 —1
_ N
(% + \/Nrk 1) Zn:l Mn
2

+

(C.144)

which ensures the exponential decay of the term (¢1). Now, when we analyze (t2) and (t3) in (C.56), we
note that (t2) involves an additional time-decaying term, i.e., 8;(k(t —1)) — 6* which contributes to the large
deviations upper bound as well. Hence, the exponent which will dominate among (t2) and (t3), would be

the exponent of their sum. Using the condition derived in (C.55) and the union bound on (t3), we have,

1 N k(t—1)
s ) - *\ 1 T ._1 (s
]P)lﬂ* (k‘(t — 1) + 1) j;d)nd(k 1) ; (9 ) H] 2.7 VJ(Z)
(0 GO (§ = VNI
<a1” 8

/RGO VRO TG (VN
<Q 4 8
VI @) H] S, T (4 VEr)

N
1 1
= I Sup 77108 | F1e (k(t—1)+1)];¢> g(k—=1)

k(t—1)
x Y (07) T H] B ()
1=0

(0")" GO (% — VNre1)
8

<_77 + (9*)TG0*(]{]_\/ﬁTk1))2
4

n
<77
4

8

2 (C.145)
N AT Ty -1 « [ 1 \/7 1
223:1 G Hj 2]’ H;0 <N+ Nr )

Combining (C.145) and (C.141), we have,

1
lim sup po log (1,6« (2n(kt) <m))

t—o0 t
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2

4 8

<max{ —

3
22;‘\[:1 (Q*)T H;rzj_lHjH* (% + \/Nrk*1>
,—LD (min {cy, ¢j})} = LDy (1) (C.146)

We specifically focused on the sub-sequence {z,(kt)} for the derivation of large deviations® exponent in this
proof. It can be readily seen that other time-shifted sub-sequences (with constant time-shifts upto & units)
also inherit a similar large deviations upper bound as by construction, (see (3.24) for example), the decision
statistic z,,(kt) stays constant on the time interval [kt, kt + k — 1]. Hence, the large deviations upper bound

can be extended as a large deviations upper bound for the sequence {z,(¢)}. O

C.3 Proofs of Lemmas in Section C.1

Proof of Lemma C.1.1. The proof follows similarly as the proof of Lemma IV.1 in Kar and Moura (2014)
with appropriate modifications to take into account the state-dependent nature of the innovation gains.
Define the process {x(t)} as x(t) = 0(t) — 1y ® 6* where * denotes the true but unknown parameter. The

process {x(t)} satisfies the following recursion:

x(t+1) =x(t) — Be(L @ In)x(t)

+a,G (6(4) S (y(t) — h(8(1))), (C.147)
which implies that,

x(t+1) =x(t) — Be(L @ Ins)x(t)

+aG(0(1) 27" (y(t) —h(0y))

—a:G(0()) =71 (h(6(1)) — h(0y)). (C.148)

It follows from basic properties of the Laplacian L, that
Lely)(ly®0")=(Lly)® (In0")=0. (C.149)
Taking norms of both sides of (C.147), we have,

Ix(t+1)|1” = [[x()]* — 28x" (t) (L ® Lns) x(2)
—2a;x" ()G (0(1)) =" (h (0(t)) — 1 (0R))

+ 87 (1) (L@ Iy)? x(1)

+ 20, 8x (1) (L@ Ta) G (0(t) =7 (h (6(t)) —h (0}))
— 200 3x " (1) (L@ Iar) G (0(1)) =" (y(t) — h (0%))
+af (y(t) —h(03)) " =G (0(t))

X G(0(t) =" (y(t) —h(0y))

3By large deviations exponent, we mean the exponent associated with out large deviations upper bound.
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+af (R (0(1)) —h(0%)) BGT (6(1))
G(Ot) 27 (h(6(t) —h (03))

)G (0(t)) =7 (y(t) — h(0y))

)—h(0y) ='GT(0(t)

G(Ot) 2™ (h(6(t) —h(0})). (C.150)

)
+ 20¢th(
— 207 (y(t
)

Consider the orthogonal decomposition,
X =X, + Xel, (C.151)

where x. denotes the projection of x to the consensus subspace C with

C={xecRMN |x =1y ®a,for some acRM}. (C.152)
From, (3.1), we have that,
Eo- [y(t) — h (0%)] = 0. (C.153)
Consider the process
Vat) = (1), (C.154)

Using conditional independence properties we have,

Eg- [Va(t + 1)|1] = Va(t) + 83" (1) (L © L) x(1)

+aZEy- [(y() — b (03)) 1GT<0< )

XG (0(1) =7 (y(1) — B (03))] — 2687 (¢

— 20T (G (0(1) 57" (B (6(1) — b (03)

+ 2087 (1) (L L) G (0() =7 (B (0(1)) — b (0)
h

(O

(L ® In)x(t)

\_/\_/

+a? ) GT (00) =~ H2 (C.155)

We use the following inequalities Vt > t;,

T (g3) 9
x (1) (LoIy)x(t) = Ao(L) [[xcr (@)
(q4)
x"(1) (L@Ty) G OF) S (h(0) —h(0y) < e [x(B)]*, (C.156)
for ¢; as defined in Assumption 2.4.2, and a positive constant ca, where (¢2) follows from Assumption 2.4.2

and (g4) follows from Assumption 2.4.1 by which we have that ||Vh,, (6,(¢))| is uniformly bounded from
above by k,, for all n, and hence, we have that |G (6(¢))| < max,=1.. n k,. We also have
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Eo- [(y(t) ~ h(63))” S7'GT(0(1))
<G (6(1) S (v(t) ~ h (93))] < ea, (C.157)

for some constant ¢4 > 0. In (C.157), we use the fact that the noise process under consideration is Gaussian
and hence has finite moments. We also use the fact that ||G (0(¢))|| < max,=1,... N kn, which in turn follows
from Assumption 2.4.1.

We further have that,

(B (6() —h (63)) B'GT (6())
G (0(1) S (W (8(1)) — h(63)) < e3 [x (D), (C.158)

where ¢35 > 0 is a constant. It is to be noted that (C.158) follows from the Lipschitz continuity in Assumption
2.4.1 and the fact that [|G (8(t))]] < maxp=1,... N kn-
Using (C.155)-(C.158), we have,

— (Bt — B |Ixe L (D] + cac, (C.159)

Eg-[Va(t + 1)[F] < (1 +c5 (atﬁt + af)) Va(t)

for some positive constants c5 and cg. As 82 goes to zero faster than f;, Jts such that Vt > to, B > B2.
Hence 3ty and 37, 79 > 1 such that for all ¢t > ¢

cr C N
cs (B +af) < Trnn = caaf < G +81)72 =4 (C.160)
where c¢7,cg > 0 are constants.
By the above construction we obtain, Vt > to,
Eg« [Va(t + 1)[F] < (14 v)Va(t) + A, (C.161)

where the positive weight sequences {7:} and {4:} are summable, i.e.,

> <o, Y A< oo (C.162)

t>0 t>0

By (C.162), the product []5,(1 + v,) exists for all ¢. Now let {W(¢)} be such that

W) = (ﬁ(l - w) Valt)+ 3 A ezt (C.163)

s=t

By (C.163), it can be shown that {W(t)} satisfies,
Eo« [W (t + 1)|F] < W (). (C.164)

Hence, {W(t)} is a non-negative super martingale and converges a.s. to a bounded random variable W* as
t — oco. It then follows from (C.163) that Va(t) — W* as ¢ — oo. Thus, we conclude that the sequences
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{6,.(t)} are bounded for all n.
O

Proof of Lemma C.1.2. The proof follows exactly the development in theorem IV.1 of Kar and Moura (2014).
Let x(t) denote the residual 8(¢) — 1y ® 6*.
For € € (0,1), define the set T,

Fez{GERNM:ESHH—lN@G*HS1}. (C.165)
Let p. denote the {F;} stopping time
pe=inf{t >0:0(t) ¢ T.}, (C.166)
where T’ is defined in (C.165). Let {V¢(¢)} denote the stopped process
Ve(t) = Va(max{t, pc}), V¢, (C.167)

with Va(t) as defined in (C.154).

Then, we have,
VE(t+1) = Valt + DI(pe > £) + Valp)L(pe < 1), (C.168)

where I(-) denotes the indicator function. Due to the fact that I(pe > t) and Va(pe)I (pe < t) are adapted to

Fy for all t, we have,

Eo- [V(t + 1)[Fi] = Eo- [Va(t + )] L (pe > t)
+ Va(p)l(pe < t), (C.169)

for all ¢.
First, noting the inequality derived in (C.156) in (¢2) and rewriting it as,

—x(t)"G (6(t) S (h(6(1)) — b (6%)) < —e1|Ix(1)|]”. (C.170)

we have with a slight rearrangement of terms from the expansion in (C.155),

Eo- [Va(t + 1)|F.] = Va(t) + B7x" (t) (L @ Tar)” x(1)
+afEy- [(y() ~ b (03) =GT (6(1))
XG (0(1) D7 (v(1) b (03))] — 267 (¢
—2aix" ()G (6(1)) =~ (B (6(1)) — b (95)
+2atﬁtx<><L® 2) G (0(1) 57" (b (6(t) — b (63))

+a? [[(h(6() T (93)) GT (B(6) =" (C.171)

) (L@ Inr) x(t)
)
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Now, using (C.170) in (C.171) and the inequalities derived in (C.156)-(C.158), we have,

Eg-[Va(t + 1)|F] < (1 = cras + 5 (B + f)) Va(t)
— o — BD)Ixe L (B + s, (C.172)

where cs, cg, ¢4 are appropriately chosen constants.

Now, by choosing a large enough t., such that for all £ > t., we can assert that,

/Bt - ﬂt2 Z Oa
ciag — Cs (atﬂt + af) > crog. (C.173)
Thus, we have for t > ¢,
Eg- [Va(t 4+ 1)|F] < (1 — croy) Va(t) + caai. (C.174)

Furthermore, by the definition of I'¢, we have,

()] = ¢ on {x(t) € T}, (C.175)
and hence by the definition of Va(t), we have that there exists a constant ¢z (¢) > 0 such that

Va(t) > c7(e) on {x(t) e T.}. (C.176)
Using the above relation in (C.174), we then have for all ¢ > ¢,

Eo-[Va(t + 1)| 7L (pe > 1)
< [Va(t) — es()ay + caaf] L(pe > 1), (C.177)

where cg(€) > 0 is an appropriately chosen constant. Finally, the observation that a; > a2 establishes that
Eg [Va(t + 1)L (pe > 1) < [Va(t) — cole)au] L(pe > 1), (C.178)
where cg(€) > 0 is an appropriately chosen constant Finally, from (C.169), we have that

Eg: [V(t + 1)|F] < Va()I(pe > t) + Va2)(pe)I (pe < t)
—cg(€)anl (pe > t)
=V(t) —co(e)oul (pe > 1) . (C.179)

It is to be noted that {V(t)};>. satisfies Eg- [V (t+1)|F;] < V(¢) for all t > t., which being a non-negative
supermartingale, there exists an a.s. finite V¢ such that V(¢ + 1) — V¢ a.s. as t — oco. To this end, define
the process {V£(t)} given by

t—1
VE() = VE(t) +cole) Y asll(pe > 5), (C.180)
s=0



APPENDIX C. PROOFS OF THEOREMS IN CHAPTER 3 226

and by (C.179) we have that
Eo« [VE(t + 1)|F] < VE(t) — co(e)aul (pe > t)

+ cy(e) i asl(pe > s) = VE(1), (C.181)
s=0

for all ¢t > t.. Hence, we have that {Vf(¢)};>¢. is a non-negative supermartingale and there exists a finite
random variable V¢ such that Vi(t) — V¢ a.s. as t — oco. From the definition in (C.180), we have that the

following limit exists:

t—o0

t—1
lim cg(€) Zozsﬂ(pE >s) =V -V <ooas. (C.182)
s=0

t

We also have that as t — oo, ZS;}) as — 00, the limit condition in (C.182) is satisfied only if p. < oo a.s.
Let’s define the sequence {x(py/,)}, by choosing € = 1/p, for each positive integer p > 1. By definition, we

have,

1% (p1/p)[| € [1,1/p) U (p, 00) as. (C.183)

We also have from Lemma C.1.1 that

Po- ([[x(pr/p)|| > pio.) =0, (C.184)

where i.0. denotes infinitely often as p — oo. Hence, by (C.183) we have that there exists a finite integer
valued random variable p* such that ||x(p1/p)H < 1/p*, Vp > p*, which in turn implies that ||x(p1/p)H —0
as p — oo. Finally, we have that

Py- (timinf [[x(p1/p)|| = 0) = 1. (C.185)

With the above development in place we have from (C.154) that liminf;_, ., Vo(¢) = 0 a.s. Noting that the
limit of {V5(¢)} exists, we have that V2(¢t) — 0 as ¢ — oo a.s. and again from (C.154), we have that x(t) — 0

as t — 0o a.s. O

Proof of Lemma C.1.6. Define, the process {Zavg(t)} as follows :

breglt) = 2aglt) — ORI, (©.156)

The recursion for {Z,,(t)} can then be represented as

a4 = (1= 117 ) 20
1 N » .
TNGTD ; by, (6a(0) 25" (ya() — o (67))
N
- m D (B (On(t)) = B (0%)) T 5 (B (00 () — o (67))

n=1
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(1 D) s+ 1T (6(8) = (y(H) — b (63))
= 1 Zave Ni+1) y N

- m (h(0(t) ~h(03)" =7 (L (6(t) — R (). (C.187)

In order to apply Lemma C.1.5 to the process {Zavg(t)}, define

T, =1,

B, = hT(0(0) S,

Vi =y(t) —h(6}).

T, = Vi+1(h(0() — h(05)" =1 (h (0(t)) — h (0%)). (C.188)

From Assumption 2.4.1, we have that,

Th (6(t)) —h (O8)|| < Ekmax ||0(t) — 07|, (C.189)

where kmax = maxp=1,... vk, with the k,’s defined in Assumption 2.4.1. Moreover, from theorem 3.7.1 we
have that, with 7 = 1/4,

Jim VE+T]6(t) — 05> =0 as. (C.190)
—»00
The above implies that

Tim VT (h(6() b (9%)7 57 (B (6(1)) — h (65)

< lim Vi T[h(6(t)) ~ h O |= =o. (C.191)
From Theorem 3.7.1, we have ®, = +h' (6(t)) ="' — +h' (03) =" as. as t — oco.
Clearly, Eg« [V¢|F;] = 0 and Ey- [VtVtT|.7~'t] = 3. Due to the i.i.d nature of the noise process, the required

uniform integrability condition for the process {V,} is also verified. Hence, {zavg(t)} falls under the purview

of Lemma C.1.5 and the assertion follows. O

Proof of Lemma C.1.7. Define the process {p(¢)} as follows:

i)
—~
~
~—
|

2(t) — 1y @ Zavg(t). (C.192)

Then {p(t)} evolves as

—%N ® (b (0(2)) z—lh(e(t)))) , (C.193)
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where J (y(t)) = X ly(t). The following lemmas are instrumental for the subsequent analysis. Lemma
C.3.1 is concerned with a stochastic approximation type result which will be used later in the proof, whereas,
Lemma C.3.2 establishes the a.s. boundedness of J (y(t)).

Lemma C.3.1 (Kar (2010)). Consider the scalar time-varying linear system
u(t+1) = (1 —r(t)u(t) + ro(t), (C.194)

where {r1(t)} is a sequence, such that, 0 < r(t) <1 and is given by

ai
£ — C.195
r(t) (t+ 1% (C.195)
with a1 > 0,0 < 61 < 1, whereas the sequence {r2(t)} is given by
az
)= —= .1
ra(t) N (C.196)
with ag > 0,02 > 0. Then, if u(0) > 0 and §; < d2, we have
lim (t 4 1)%u(t) = 0, (C.197)

t—o00
for all 0 < §p < 9o — 67
Proof. A proof of this Lemma can be found in Kar (2010) in the proof of Lemma 3.3.3 in Chapter 3. O

Lemma C.3.2. Define J(y(t)) as follows:
J(y(t) =E""y(1) (C.198)
Then we have

Po- Jin @) =0) =1 (C.199)

Proof. Consider any €; > 0. By Chebyshev’s inequality, we have,

Po- (s O > )

1 141
< ¢ [IJG®)
€, S(t+ 1)t
K(o*
= (7)1 (C.200)
(t+1)1*s
where Eg-[ J(y(t))HH%] = K(6*) < oo because the noise in consideration is Gaussian and has finite mo-
ments. Moreover, since ¢ > 0, the sequence (¢ + 1)1+% is square summable and we obtain
> Py ( Y 1Ty (@) > 61> < 0. (C.201)

t>0
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Hence, we have from the Borel-Cantelli Lemma, for arbitrary e; > 0,

1
Py« | ——— t io. | = .202
- (G W@ > @ i0.) =0 (©:20)
where i.0. stands for infinitely often and the claim follows from standard arguments. O

We also have from Lemma C.1.1 that

P (gg (h* 0(t)) — %hT (G(t))) H < oo> =1, (C.203)
and combining this with lemma C.3.2, we have,
P (i‘;%? (h* 0(t)) — %hT (e(t))) J(y(t))H < oo) =1. (C.204)

To prove uniform bounds, we use truncation arguments. For a scalar d, let its truncation (d)4° be defined
at level Ag by

gy min(|d|, Ao), if d#0
0, if d=0,

(d)Ao = (C.205)

while for a vector, the truncation operator is applied component-wise. To this end, we consider sequences

{pP4,(t)}, which is in turn given by,

Pas(t 1) = (W= D) pa,(6) + - (1 (y(0)

t+1
1

- 55D ((h* (0(t)) = 'h (0(2))

Ao
—%N ® (h" (0(t)) = 'h (9@:))))) 7 (C.206)

where J; (y(t)) = (h* 0(t) — LT (G(t))) J(y(£)), Ag > 0 and § > 0.
In order to prove the assertion,

Py- (tlim (t+1)%p(t) = 0) ~1, (C.207)
—00
it is sufficient to prove that for every Ag > 0,

Py- (lim (t+1)%pa, (t) = 0) =1, (C.208)

t—o00

which is due to the following standard arguments. The pathwise boundedness of the different terms in the

recursion for p(¢) as defined in (C.206) implies that, for every ¢ > 0, there exists A, such that
Py- (sup |[J1(y ()] < Ae(t + 1)60) >1—¢, (C.209)

and
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Po- (sup || (h* (6(£)) S~ h (6(1))

_%N @ (h' (6(t)) z%(e@)))) H < A€> >1—ec (C.210)

In particular, (C.209) follows from the pathwise boundedness of {6(¢)} proved in Lemma C.1.1, whereas,
(C.210) follows from the a.s. convergence in Lemma C.3.2. The processes {p(t)} and {pa.(t)} agree on the

set where both of the above mentioned events occur. Hence, it follows that,

Py« (sup ||p(t) — pa.(t)]| =0) > 1 — 2e. (C.211)
Invoking the claim in (C.208), we have,

Py- (tlij&(t +1)%p(t) = 0) >1- 2. (C.212)

The assertion then can be proved by taking e to 0.
In order to establish the claim in (C.208), for every Ay > 0, consider the scalar process {pa,(t)}:>0 defined

as

NA,

N Ag(t+1)%

213
t+1 ’ (C.213)

where p4,(0) is initialized as pa,(0) = ||pa,(0)]] and ¢ is as defined in (3.12). From (C.206), we have,

Pt + DI < 7 1OW = D) Py 0]
e e’

1 * —1
+ g (0 ) = 00

BT em = nem))

NA, NAg(t+1)%

< Iy 0L = I g Ol + 55+ (C.214)
Given the initial condition for p4,(0), through an induction argument we have that
[Pa, (t+ 1) < Pa,(t+1),t. (C.215)
Moreover, we also have that,
Iy — 6L —J|| = Av (L) = o (1) (C.216)

AN (L) + A2 (L)
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Using (C.216) in (C.213), we have,

. 2X2 (L) ) 2N Ay
t+1)< |1l ————7—— )+ ——— C.217
pantt+ 1) < (1= Tt ) b0+ i (217
where #S;\Z(L) < 1 and hence the recursion in (C.217) comes under the purview of Lemma C.3.1. Hence,
we have
Py- (tllm (t+1)%pa, () = o) -1 (C.218)

Finally, the assertion follows from by invoking (C.215) and noting that, for arbitrary Ay > 0,

Py- ((Jim (¢ +1)"pa,(t) =0) = 1. (C.219)

t—o0

C.4 Proofs of Lemmas in Section C.2

Proof of Lemma C.2.1. First, we note that both the matrices L ® In; and GgX~!G}; are symmetric and
positive semi-definite. Then the matrix L ® In; + GgX~!G}; is positive semi-definite as it is the sum of
two positive semi-definite matrices. To prove that the matrix L® Iy + Gy X~1G]; is positive definite, let’s

assume that it’s not positive definite. Hence there exists x € RN where x # 0 such that

x"' (Lely+GyY 'Gy)x =0, (C.220)

which further implies that
x' (Loly)x=0 and x' (G 'Gj)x=0. (C.221)
Moreover, x can be written as x = [XI, e ,x]—'\—,] T, with x,, € RM for all n. Now note that, by the properties

of the graph Laplacian (C.221) holds if and only if (iff)
X, =g, Vn, (C.222)

where g € RM and g # 0. Hence, from (C.221),we have,
N
Z g H'S 'H,g=g ' Gg =0, (C.223)
n=1

which is a contradiction from Assumption 3.6.1 as G is invertible. Hence, we have that L1y, + GHE_IGI—S
is positive definite. Since §;/a; — 0o as t — 0o, there exists an integer ¢4 (sufficiently large) such that V¢ > t4

and for all x with ||x|| = 1,

x" (B (Loly)+aGyY 'Gy)x

=ax' <5t (L®Iy)+ GH2—1GL> X
Qi
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>ax' (Lely)+GuE 'G)x > oy, (C.224)
where
¢t =Amin (L®Iy) +GuE~'Gjy) . (C.225)

We now choose a t3 > t4 such that Vt > t3, ciay < 1.
In order to ensure that all the eigenvalues of (INM -6 (LeIy)— oztGHE_lGII) are positive, we choose
a tg such that Vi > to,

BAN(L) + ttAmax(GuE1G]) < 1. (C.226)
It is to be noted that such choices of t3 and t, are possible as 8y, — 0 as t — co. Moreover, the condition

in (C.226) readily implies that Apax (ﬁt (LeIy)+ oztGHE_lGII) < Bian (L) + at/\max(GHZ_lGE) <1
for all ¢ > to. Hence, from (C.224), we have V¢ > t1, with ¢; = max{ts, t3}, and for all x such that ||x|| =1,

x" (Iny =B (L@Iy) —aGrE G ) x < 1—croy, (C.227)

which implies that
Iva — B (L@ Iy) — G "Gl <1 - cron, (C.228)
for all t > t;. ]

Proof of Lemma C.2.2. The following Lemma from Bourin and Lee (2013), will be used in the subsequent

analysis.

Lemma C.4.1 (Bourin and Lee (2013)). Given a positive-semidefinite matriz P (Nt x Nt), with each of

its blocks (N x N ) being symmetric, the following result holds for any invariant norm,

¢
P <> [P (C.229)
i=1
From Lemma C.4.1, we have that,
t
Pl <> 1Pl (C.230)
i=1
From Lemma C.2.1. we have that, Vt > ¢4,
[A@)] < (1= crow), (C.231)
which implies
t—1
Pl < af [T = craw)?, (C.232)

u=t
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for all t > ¢;. Using (C.231), the RHS of (C.230) can be rewritten as

t t—1 t t—1
Dol <es [T —cran)®+ > af [ (1-craw)?, (C.233)
i=1 u=ty v=ty u=v+1

where c3 is given by
t1—1 t1—1
=Y a2 I] IAw)]. (C.234)

v=0 u=v+1

Using the properties of Riemann integration and the inequality (1 — z) < e~ for z € (0, 1), we have,

t—1 . 2ci1a0
1
[[0 - cew)? < (ZJ; ) : (C.235)

u=1%

where, in the derivation, we also use the property that

zt: %>ln (ZL) (C.236)

u=1i+1

On using (C.235), in (C.233) we have V¢ > t1,

t t—1

doIPdull <es [T (1 —crow)?

i=1 u=tq

t t—1

+ Z a% H (1- clozu)2

1 u=v+1

2¢c1ap t—1 2¢c1 o
tq u—+1
)+ 2 ()

u=t1+1

2c1 g t—1 1
2
) + &0 Z t261a0 (u + 1)272¢:1a0

u=t,+1
2c1 g 2
L9
t2

v=t
C3

+1

t
<t1+1

C3 P
1

t

IN

t1 +

C3

t—2

1
+ag Z 2 22
B t2¢c1a0 (U + 1) c1ag

(a) t+ 1\ a2
< —
< c3 ( 7 + 2

+ of o ! ds
tzclao t (S + 1)272610(0

2c1a0 2 2 2ciap0—1
t1+1 ag of teereo
S C3 ( ; ) + th + tZClaO 2610[0 — 1 . (0237)

The above implies that, for all ¢ > tq,

t3 I[P
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O, L) af
= t2c1a0—1 t 261040 -1

(C.238)
where in (a) and (b), we use the fact that 2c;agp — 1 > 1 by Assumption 3.6.5. The proof follows by noting
that the RHS of (C.238) is a non-increasing function of ¢. O

Proof of Theorem 3.9.1. The proof of Theorem 3.9.1 needs the following Lemma from Fabian (1968) con-

cerning the asymptotic normality of non-Markov stochastic recursions.

Lemma C.4.2 (Theorem 2.2 in Fabian (1968)). Let {z;} be an R¥-valued {F;}-adapted process that satisfies
1
Ziy1 = <Ik — mFt> Z: + (t + 1)71'I>tVt + (t + 1)73/2Tt; (0239)

where the stochastic processes {Vi},{T:} € R* while {T},{®;} € R¥**. Moreover, for each t, Vi_1 and
T; are F; -adapted, whereas the processes {T'+}, {®+} are {Fi} adapted.

Also, assume that
' =T ® —® and T; — 0 ast — oo, (C.240)

where T' is symmetric and positive definite, and admits an eigen decomposition of the form PTTP = A,

where A is diagonal and P is orthogonal. Furthermore, let the sequence {V} satisfy E[V¢|F] = 0 for each

t and there exists a positive constant C' and a matriz X such that C > ||E [VtVtT\]-"t] — EH —0ast— o0
) 2 . t

and with o}, = Voesrern I Vell™ dP, et limy o0 AT 2oem0 Oy = 0 for every r > 0.

Then, we have,
(t+1)"%2, 2 N (0,PMPT), (C.241)
where

M];; = [PT@%2 " P] ([A]“ +[A]; - 1)71- (C.242)

ij i

Define the process {z(t)} as

L h*(ly ®@6")E"tTh(ly ® 6%)

z(t) = z(t) — (BL + 1) 5 (C.243)
It can be shown that the process {z(¢)} satisfies the recursion
it +1) = (Ty — ——T(1) ) a(t) + —— BB V()
g Y it AT
+ (t4+1)7321(1), (C.244)

where the processes {I'(t)}, {®(¢)}, {V(¢)} and {T:} are given by

Ft)=T=bL+L®1t)=®=1,
V(t) = K(O)Z (1) +b((t) = h*(0(1)) =7 (1) + b¢(t)
T(t) = (t+1)Y/2U(1)
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= (t+1)Y2(h*(0(t) — h*(1y ® 07)) =~ (h(1y ® 07) — h(6(t))). (C.245)

From, Theorem 3.7.1, we have the following convergences : (¢ + 1)}/2U(t) — 0 and K(t) — K* = h*(6*)
a.s. as t = oo. By Egorov’s Theorem the a.s. convergence can be taken to be uniform convergence on sets
of arbitrarily large probability measure, and hence for every § > 0, there exist uniformly bounded processes
{U%(t)} and {K°(t)} satisfying

Py« (sup HK(S(S) -K*|| > e) =0
szté

Pp- <sup(t+ D2 |ud(s)| > e) =0 (C.246)
s>td

for each € > 0 and some tf chosen appropriately large, such that

Py~ (Sup max { ||K5(t) - K(t)

t>0

[,[[U°(t) —U@)||} = 0)

>1-4. (C.247)

With the above development in place, we define the process {2°(¢)} for each § > 0 by,

2(t+1)= <IN - 11“) Z(t) + L@V‘S(t)

t+1 t41
+ (t41)73/2T% (1), (C.248)

where 2°(0) = z(t), VO(t) = KO ()=~ (t) + b¥(t), T°(t) = (¢t + 1)V/2U%(t) and

Po- (Sup 12°(t) — 2(t)|| = 0) >1-0. (C.249)
>0

Since, T(t) and K(¢) may not converge uniformly, Lemma C.1.5 might not be directly applicable. Hence,

we first consider the process {2°(¢)} for some § > 0. It is to noted that by construction, we have,

lim T°(t) = 0,Eq- [V°(t)|F] =0 ¥,

t—o00

Jim E[VO()(VO(1)T |7
Y ht 1y @ 0= (b 1y @ 0) T + VX,

-, (C.250)

where (a) follows from the fact that the agent observation noises and channel noises are mutually uncorre-
lated. Moreover, the uniform boundedness of the process {K‘g} ensures the existence of a constant C' such
that

|E[VO@)(Ve(t)T|F] — =] < C, vt >0. (C.251)

Furthermore, the process {V°(t)} satisfies the uniform integrability assumption of Lemma C.1.5. Hence, by
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Lemma C.1.5, we have that,
(t+1)"2 (2°(1) = N(0,Z5,), (C.252)

for each § > 0 where X7 ; is as defined in (3.51). To extend the asymptotic normality to the process {2(t)},
define any continuous bounded function g : RN — R. By, Portmanteau’s theorem (Billingsley (1999)), we
have that

lim Ey- [g ((t + 1)1/225(15))} = Ee- [g (2)], (C.253)

for each &, where z is a normal random variable with z ~ A(0,X7 ;). We denote the sup-norm of g(.) as

llg]| o Which is necessarily finite and hence from (C.249), we have that,

e o+ 150) -2 o (0 |
<25 ||g|l. - (C.254)

We then have, from (C.253),

lim sup H]E(,* [g ((t n 1)”%@))} By g (z)]H <20 gl - (C.255)

t—o0

Since the above development holds for each § > 0, we have,
Jim E. [g ((t + 1)1/2z(t))] — Eo [g(2)]. (C.256)

As the weak convergence derived above holds for all bounded continuous functions g(.), we have the required
weak convergence (convergence in distribution) of the sequence {(t+ 1)!/22(t)}.

The proof for the asymptotic normality under Py follows exactly in a similar way.

Proof of Theorem 3.9.2. From (3.28), we have,

Paro-(t) = P1o- (2n(t) < n)

— Py (zn(t) - {(bL Lty ©0)3 Th(ly @ 0*)]

2
h*(1y ® )X 'h(ly ® 9*)} >
2 n

=Py o (m (zn(t) — {(bL +1)7! h*(1y ® 9*)22*1h(11v ® 9*)} n)

<Vitl <nn - [(bL LN @) Th(y @ 9*)} )) . (C.257)

<y — {(bL +I0)7!

2

To this end, invoking Theorem 3.9.1, where we established asymptotic normality for the decision statistic
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sequence {z,(t)}, we have,

237

Jim Py p- (\/m (zn(t) - [(bL +1) 5

< Vit (% - {(bL sy NS 0*)2271}1(” - 0*)} >>

=P 9-(2 < —00) =0,

where z is a normal random variable with z ~ A/ (0, [2:71}%).

Under Hgy, we have,

Pra(t) =Po (2n(t) > nn)

<P, (1 S el ®(s,i— 1) (h*(e(s))E_1 <Y(S) - }1(92(8))»

b1y ®6)S 'h(ly ® 9*)} >

(C.258)

In
> =
2)

s=0
(a2)
where
t—1
B(s,t—1)=[[A-a,L), ifs#t—1,
q=s

B(s,t—1)=1, ifs=t— 1.

We first analyze the term ®(s,t — 1) — J. We have,

20,2 —1) = J|| < | | (1 = bas Ao (L))
R

< 1 ) b2 (L)
< |- .
—\t

Similarly, it may be shown that for each 0 < s <t —1,

<1

i )

b2 (L)
1
|®(s,t— 1) — 3] < (” )

(C.259)

(C.260)

(C.261)

(C.262)

which implies that || ®,;(s,t —1) — & < VN, where ®,, ;(s,t — 1) denotes (n, j)-th entry of ®(s,t — 1).
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Now, we analyze the term (al). From (C.25), we have,

( Ze“@s o= (weeE (v - M52

t—1 N TSy (s
. (1t Z( T >) >n4n)7 o)

where ®,, ; (s,t — 1) denotes the (n,j)th element of ®(s,t —1). Hence, it can be concluded the decay
exponent of (¢2) will dominate the decay exponent of (al). For 0 < A < 1, we have,

t—1 N
ZZ(VJ 2 'YJ( )>>7Zz

s=0j=1
N t—1 Tyl (s
gexp< NitnaA )JHMHUEO [exp< 7;(s) 223 % ))]
= exp (— Nth/\ —t (Zi\f_; Mn) log (1 — )\)> (C.264)

which implies that,

s (0 (00> )

N
< N _ (Z"—l M”) log (1 —)). (C.265)

4 2
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Hence, we finally have,

lim sup % log (PO (Z" (t) > nl))

t—o0

< 7NZ”)‘ - (Zf_; M”) log (1 — A) = —LE().

Assuming 7,, to be,

2 0 My
Mn > N s

we have that, on maximizing LE())

A\* is a feasible maximizer.

Hence, using (C.268) and (C.267) in (C.266), we have,

lim sup % log <Po (Zn,(t) > @))

t—o0 4

< Nn, 25:1 M, (1 Nn, )

< ~ T log
4 2 N ) 25:1 M,,

Now, we analyze the term (a2) in (C.259) and for A > 0, we have,

p il ;
P, (t > e ®(s,t—1)((s) > 772>
s=0
t—1
< exp <—t>\277n) Eo |exp (b/\ZeIQ(s,t - 1)((5))]
s=0
tAn =
= exp (— 2") Eo [exp (bAe, ®(s,t — 1)((s))]
s=0
t—1
n A2p?
= exp <t>\277 ) exp ( 5 e  ®(s,t — 1)X.B(s,t — l)en>
s=0
e\ A2p2
< exp < 5 ) sI;I(J(e)(p ( 5 132l
a t A% |2
(:) exp (_ >\277n + A 2” c) .

Taking limits on both sides, we have,

t—1
lim sup % log (Po ( D el ®(s,t—1)((s) > 77;))

|

t—o0

239

(C.266)

(C.267)

(C.268)

(C.269)

(C.270)
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o [ Am NP
< exp 9 D) .

In order to have a positive decay exponent for (a2), we have,

s
b2 || 2|

A<

To this end, minimizing the right hand side (RHS) of (C.271), we have,

t—o0

na

<
T8 =”

where the minimizer is at \* = so02—:.
20212 ||

. 1 b T
lim sup i log (IF’O <t genq)(&t —1)¢(s) >

240

(C.271)

(C.272)

(C.273)

Finally, combining the exponents of (al) and (a2) obtained in (C.269) and (C.273), we obtain the following
N

large deviations upper bound characterization for the probability of false alarm for 7, > 2

1
limsup — log (Po (2a () > 1))

t—o0

< max{ " LE()\*)} .

A

(C.274)



Appendix D

Proofs of Theorems in Chapter 5

Proof sketch of Theorem 5.4.3

The proof of almost sure convergence of the estimate sequence to @ involves establishing the boundedness
of the estimate sequence. With the boundedness of the estimate sequence in place, we show the conver-
gence of the estimate sequence to its averaged estimate sequence {xavg(t)}, where xavg(t) = % ZnN:1 Xn(t)
at a rate faster t'/2 and finally show that the averaged estimate sequence converges to 6 with a rate
{(t+1)"} 7 € [0,1/2). The final result follows by noting that, the averaged estimate sequence and the
estimate sequence are indistinguishable in the {(¢ + 1)7} time scale, where 7 € [0,1/2).

Proof sketch of Theorem 5.4.5

The proof of the asymptotic normality of the estimate sequence proceeds in the following procedure. The
first step involves establishing the asymptotic normality of the averaged estimate sequence xayg(t). More-
over, an intermediate result ensures that the averaged estimate sequence and the estimate sequence are
indistinguishable in the {(t + 1)%} time scale. With the above development in place, it follows that the
asymptotic normality of the averaged estimate sequence xavg(t) can be extended to that of the estimate

sequence {x,(t)}.

Lemma D.0.1. For each n, the process {x,(t)} satisfies
Py (sup IIx(t)]] < oo) =1 (D.1)
>0
Proof. We first note that,

L(t) = L + L(t), (D.2)

2

where B [L(1)] = 0 and E [L2,(0)] = e — i

Define, z(t) = x(t) — 1y ® 0" and V(t) = ||z(t)|>. By conditional independence, we have that,

E[V(t+1)|FR]=V(t)
+2 (1) (Iny — B (T Ty) —iGuE'GL) 2(1)

+ 2! (t)Eg- [(E(t) ® I]\/I)Q:| z(t)

241
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+?(0Eo- [[|GuE ! (v(1) - GR1n @ 6) ]

—2z"(t) (B (LoIn) + GuE'GJ) z(t), (D.3)

where the filtration {F;} may be taken to be the natural filtration generated by the random observations,

the random Laplacians i.e.,

Fimo ({eni men) ). (0.4

s=0

which is the g-algebra induced by the observation processes. For ¢ > t;, it can be shown that,

ZT(t) (IN]V[ — ﬁt (f@ IM) — OltGHzilGE)2 Z(t)
< (1= cacn)” 2()]* (D.5)

We use the following inequalities so as to analyze the recursion in (D.3).

Eo- [|GH="! (v() ~ Ghin ©67)[°] <o

z' (1) (B (Lely)+ aGuE 'Gjy)z(t)
> B (L) ze ||* + cran [|2(1)]) . (D.6)

Using the inequalities derived in (D.6), we have,

E[V(t+ 1)|F] < (1+ csa® )V (t)

cs
—an (B G ) laes P+ () 0.7
As W goes to zero faster than 8y, Ito such that Vi > to, 5; > (Hfﬁ By the above construction we
obtain Vt > to,
Eo- [V (¢t + 1)|F] < (1+ %)V (t) + a2, (D.8)

where a(t) = \/cgay. The product [[oo, (1 + o?) exists for all £. Now let {W(¢)} be such that

W(t) = (ﬁ(l + af)) Va(t) + iaQ Yt > to. (D.9)

s=t s=t

By (D.9), it can be shown that {W(¢)} satisfies,
Eg« [W(t + 1)|F] < W(2). (D.10)

Hence, {W(t)} is a non-negative super martingale and converges a.s. to a bounded random variable W*
as t — oo. It then follows from (D.9) that V(¢t) — W* as t — oo. Thus, we conclude that the sequences
{x,(t)} are bounded for all n. O
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We now prove the almost sure convergence of the estimate sequence to the true parameter. In the sequel,
1

we establish the order optimal convergence of the estimate sequence in the regime of 0 < 71 < % —

24€1 "
Lemma D.0.2. Let the hypothesis of Theorem 5.4.3 hold. Then, we have,
Pe (tlggo Xn(t) = 0) ~ 1 (D.11)
Proof of Lemma D.0.2. Following as in the proof of Lemma D.0.1, for ¢ large enough
Eo[V(t+ 1)| 7] < (1 — 2cacy + c70}) V() + coaf
< V(t) + e, (D.12)

as for ¢ large enough, —2cya; + c7a? < 0. Now, consider the {F; }-adapted process {Vi(¢)} defined as follows
Vi) =V(t) +c »_al
s=t
=V(t)+es Y (t+1)72 (D.13)
s=t

for appropriately chosen positive constant cg.Since, {(t+ 1)~2} is summable, the process {V;(t)} is bounded
from above. Moreover, it also follows that {Vi(t)};>:, is a supermartingale and hence converges a.s. to a
finite random variable. By definition from (D.13), we also have that {V(¢)} converges to a non-negative

finite random variable V*. Finally, from (D.12), we have that,
Eo[V(t+1)] < (1 — cray) Eg[V(£)] + co(t + 1) 72, (D.14)

for t > t1. The sequence {V(¢)} then falls under the purview of Lemma C.3.1, and we have Eg[V (t)] — 0 as
t — oo. Finally, by Fatou’s Lemma, where we use the non-negativity of the sequence {V(t)}, we conclude
that

0 < Eo[V"] < liminf Eo[V (1)) = 0, (D.15)
—00
which thus implies that V* = 0 a.s. Hence, ||z(t)|| — 0 as t — oo and the desired assertion follows. O

Consider the averaged estimate sequence, {Xavg(t)}}, which follows the following update:

Qi

N
Xavg(t+1) = (IM N > H2251Hn> Xavg(t)
n=1

N
+ S Y HIS (x0(t) — xavg (1)

n=1

N
Qy Z Ts—1

n=1

The following Lemmas will be used to quantify the rate of convergence of distributed vector or matrix valued

recursions to their network-averaged behavior.
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Lemma D.0.3. Let {2} be an RT valued F;-adapted process that satisfies
Zt+1 < (]. — Tl(t)) 2 + TQ(t)Ut(]. + Jt),

where {r1(t)} is an Fiy1-adapted process, such that for all t, r1(t) satisfies 0 < r1(t) <1 and

1

a s EnMIFA < g

with a1 > 0 and 0 < §; < 1. The sequence {ra(t)} is deterministic and RY valued and satisfies ro(t) < (tfﬁ

with ag > 0 and 62 > 0. Further, let {U;} and {J;} be R valued F; and Fi41 adapted processes, respectively,

with sup;>q |Us]| < 0o a.s. The process {J;} is i.i.d. with J; independent of F; for each t and satisfies the

moment condition E [||JtH2+61

that 0 < §p < 6o — 01 —

} < Kk < oo for some ¢ > 0 and a constant k > 0. Then, for every dg such

724361 , we have (t + 1)‘5"2',5 — 0 a.s. ast — oco.

Lemma D.0.4 (Lemma 4.1 in Kar et al. (2013a)). Consider the scalar time-varying linear system
ult 1) < (1= r(®)u(t) + (o), (D.17)
where {r1(t)} is a sequence, such that

T fll)al <r(t) <1 (D.18)

with ay > 0,0 < §; < 1, whereas the sequence {ra(t)} is given by

a2
) < ———M— D.19
TQ()— (t+1)52 ( )
with ag > 0,69 > 0. Then, if u(0) > 0 and §; < da, we have
: do _
tliglo(t + 1)°°u(t) =0, (D.20)

for all 0 < 09 < 62 — 01. Also, if 01 = d2, then the sequence {u(t)} stays bounded, i.e. sup;>g ||u(t)|| < oo.

Lemma D.0.5. Let the Assumptions 5.5.1-5./.3 hold. Consider the averaged estimate sequence as in (D.16).

Then, we have,
P (tlim (t+1)7H0 (x(t) — 1y @ Xavg (1)) = 0) =1 (D.21)
— 00

Proof. Let L; denote the set of possible Laplacian matrices (necessarily finite) at time ¢. Note, that the
finiteness property of the cardinality of the set £; holds for all ¢. Since the set of Laplacians is finite, we

have,
= inf 0 D.22
p Lleﬁt pL >0, ( )

with p;, = P (L(t) = L) for each L € £; such that >y .. pr = 1. The connectedness of the network in an
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average sense, i.e., Ao (E(t)) > 0 implies that for every z € Ct, where,
C={xx=1y®aacR"}, (D.23)
we have,

> 2'Lz> Y z'pLlz=z'L(t)z > X (L(t)) 2. (D.24)

Lel, Lel,

Owing to the finite cardinality of £; and (D.24), we also have that for each z € C*+ 3L, € £; such that,

)\2< (1))
L4

z' L,z > ||z|? (D.25)

Moreover, since L; is finite, the mapping L, : Ct — £, can be realized as a measurable function. It is also
to be noted that, L(t) = ptL where L is a Laplacian such that [L]” € Z. For each, L € L;, the eigen
values of Inp — pf (L ® IM) are given by M repetitions ofl and 1 — tz)\n (i), where 2 < n < N. Thus,
for t > to, [|Inar — p? (f ® IM> H <1and H (INM —p? (i ® IM>) ZH < |lz||. Hence, we can define a jointly

measurable function ry,, given by,

1 ift<typorz=0

r = —~
b 1— ”(INM_pﬁ(ﬁ@IM))ZH otherwise
z )

(D.26)

which satisfies 0 < r1,, < 1 for each (L, z). Define {r;} to be a ;1 process given by, 4 = rp) 5, for each

t and H (INM —p? (i ® IM)) z:|| = (1 — r¢) ||z¢]| a.s. for each t. Then, we have,

2

H (INM - i (izt ® I]VI)) Z
= Zt (INM — 2pt (f;@IM)) Z

2
+2/ p, (sz ® IM) Zt

(1 — 20, z A2 (L )> |z ]|” + c1pf |||

q
( — B 2 (L )> ]| (D.27)

where we have used the boundedness of the Laplacian matrix and the fact that L; = ;L. With the above

development in place, choosing an appropriate t; (making to larger if necessary), for all ¢ > t;, we have,

(1 -5l )) Jal?. (02%)

(s (5 10)-

Then, from (D.28), we have,

B[] (ae = (B 2 100) ) 2

g
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= p(l—rig) |z

Lel,

+ ) ]| - (D.29)

L#L,,

<|1- pﬁt

Since, ZL#L DPLTL,z, > 0, we have for all ¢t > ¢,
2 /

(1 = E [re 7)) |z |
- [ 1)

(1 - pﬁt 4|£t|)> [|2]| - (D.30)

As ry =1 on the set {z; = 0}, we have that,

7]

X2 ()
> . .
E [Tt|~Ft] = Bﬂt 4|£t| (D 31)
Thus, we have established that,
[(Innr — (L) @ Ing)) 2| < (L —70) [zl (D.32)

where {r;} is a RT valued F;,1 process satisfying (D.31). With the above development in place, consider
the residual process {X(t)} given by X(t) = x(t) — xavg(t). Thus, we have that the process {X(t)} satisfies

the recursion,
x(t+1) = Invm — L(t) @ In) X(t) + ouz(t), (D.33)
where the process {z(¢)} is given by
z(t) = (IN]\/I - %11\7 ® Iy ® IM)T)
x G~ (y(t) — Gix(1)) . (D.34)
From (D.34), we also have,
z(t) = J; + Uy, (D.35)

where,

1
J, = (INM - SIveye IM)T>
x GpE~! (y(t) — G;0)
_ 1 T
U; = (INM - N]-N ® Ay ®@Iy) >

x GpE~! (G0 — Gix(t)). (D.36)
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By Lemma D.0.1, we also have that, the process {x(t)} is bounded. Hence, there exists an Fi-adapted

process {[7}} such that HﬁtH < [7,5 and SUp;>q Tj’t < oo a.s.. Furthermore, denote the process U; as follows,

~ 1
Ut:maX{Ut, INM—N1N®(1N®IM)TH}. (D.37)
With the above development in place, we conclude,
[O[ + [|9:]] < U (1 + 7). (D.38)

where J; = y(t) — G};0. Then, from (D.32)-(D.33) and noting that x(t) € C*, we have,
Xt + DI < (1= re) XD + a:Us(1 + o), (D-39)
which then falls under the purview of Lemma D.0.3 and hence we have the assertion,
P ((Jlim (¢ + 1% (x(t) = Ly @ Xay(1)) = 0) =1, (D.40)
where 0 < 09 < 1 — 71 and hence §p can be chosen to be 1/2 + ¢, where § > 0 and we finally have,
P (tgrgo(t +1)3H0 (x(t) — 1y @ Xavg (1)) = o) =1 (D.41)
O

Lemma D.0.6. Let the Assumptions 5.5.1-5./.3 hold. Consider the averaged estimate sequence as in (D.16).

Then, we have,
Pg (tlggo Xavg(t) = 9) -1 (D.42)

Proof. Define, the residual sequence, {z;}, where z(t) = Xayg(t) — 6, which can be then shown to satisfy the

recursion
zip1 = Iy — ) 2 + Uy + 0y Iy, (D.43)

where
LN
r=—> H'='H,
¥ ; i
1
Ty -1
Ut = N ;Hn En (Xn(t) — Xavg(t))
1
J==) H S ly,(1). D.44
From, Lemma D.0.5, we have that,

P ( lim (¢ + 1)% (x(t) — 1y ® Xaug(t)) = o) =1, (D.45)

t—o00



APPENDIX D. PROOFS OF THEOREMS IN CHAPTER 5 248

where 0 < g < 1 — 7. Fix, a §p and then by convergence of (¢ + 1)50Ut — 0 a.s. as t = oo and Egorov’s
theorem, the a.s. convergence may be assumed to be uniform on sets of arbitrarily large probability measure

and hence for every § > 0, there exists uniformly bounded process {U?} satisfying,
Po <S;11;(8 +1)% |u?|| > e> =0, (D.46)
s2t?
for each € > 0 and some t° chosen appropriately large enough such that
P <§1>113 U7 U = 0) >1-4. (D.47)

With the above development in the place, for each § > 0, define the F;-adapted process {2z} which satisfies

the recursion
Zf—i—l = (IM — CVtF) Zf + O[th + O[tJt7 Zg = Zo, (D48)
and

Po (sup Hz%s — th = 0) >1-4. (D.49)
>0

It is to be noted that, in order to show that z; — 0 as t — oo, it suffices to show that zf — 0 for each § > 0.
We now focus on the process {2z} for a fixed but arbitrary § > 0. Let {V,?} denote the F;-adapted process
such that V0 = Hzf”2. Then, we have,
.
Eo [V71] < | Tar — aoD|* V2 + 20, (U2) ' (TInr — ) 29
2
+0f [|U3]]" + of Eo [HJJIQ’E}. (D.50)

For large enough t, we have,
200 (U) " (1as = aul) 2 | < 200 U7 |20

< 20 U3 1 + 200 03] 051

We note that Eg ||Jt||2’]-'t] is bounded and making ¢’ larger if necessary in order to ensure ||Uj7| <
e(t 4 1)7% it follows that Jc;, cp such that

Eq [Vt(:-l] < (1 —crop + coon(t + 1)—50) ‘/;5
+c2 (at(t + 1)760 + Oé?(t + 1)7260 + afZ)
< (1= csa) V' + caon(t+ 1) < VP 4 cacu(t +1)7% (D.52)

which is ensured by making c¢; > ¢, and c3 < ¢; respectively. As the process {a;(t + 1)7%} is summable,

the process {Vf} given by,

(oo}
-4
V=V +e) ai(s+1)7%, (D.53)

5=t
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. -0 . . .
is bounded from above. Thus, we have that {V, }tzti is a supermartingale and hence converges to a finite
random variable. From (D.53), we have that the process {V;’} converges to a finite random variable V?. We
also have from (D.52), for ¢ > t°

Eo [V;‘il] < (1 —c30q)Eg [V{S] + cqon(t + 1)_50.. (D.54)

Since dp > 0, the recursion in (D.54) falls under the purview of Lemma D.0.4 and thus we have, Eg [V’] — 0

as t — oo. The sequence {V;°} is non-negative, so by Fatou’s Lemma, we have,
0 < Eg [V°] <liminfEg [V?'] =0. (D.55)

Hence V% = 0 a.s. and thus Hzf” — 0 as t = oo and the assertion follows. O

We will use the approximation result (Lemma C.1.3) and the generalized convergence criterion (Lemma
C.1.4) for the proof of Theorem 5.4.3. Lemma D.0.6 establishes the almost sure convergence of the aver-
aged estimate sequence {Xavg(t)} to the true underlying parameter. We now establish the order optimal

convergence of the estimate sequence in terms of t.

Proof of Theorem 5./.3. We first analyze the rate of convergence of the process {z} as developed in Lemma
D.0.6 and note that the rate of convergence of the process {z} suffices for the rate of convergence of the
process {z;}. For each § > 0, recall the process {2z} as in (C.199)-(D.48). Let 7 € [0,1/2) be such that,

Po ((lim (t+1)7 2] = 0) = 1. (D.56)

It is to be noted that such a 7 always exists from Lemma D.0.6. We now focus on showing that there exists
7 such that 7 < 7 < 1/2 for which the assertion holds. Define 7 € (7,1/2) and p = (7 + 7). Then, for each
4 >0,

l2a|” < s = e 2" + o |07

+af | 3"

+ 20y (Zg)T (IM — Ozt]._‘) Ji

+ 20 [ U7| (ITar — T [|22]| + e 13:11) - (D.57)
We have that, 1 > 7 + 57— + 1, hence the process {Uj} may be chosen such that, [|[U|| = o ((t+1)~*/2).
Moreover, as Hsz =0 ((t + 1)_F)7 we have,

20, ||U2|| |[Tas — a,T| || 22| = o ((t + 1)—3/2—?) . (D.58)
From Assumption 5.3.1, we have that,

Py (tgrgo(t F1)" V2 ||Jf||) =1, for each ¢ > 0, (D.59)
and hence we conclude that

202 [|U7 || 13 = o (¢ 4+ 1)~2/27) . (D.60)
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Since, 2u =7 + 7 and 7 < 1/2, we have the following conclusions

Yot + 1) [[UL] [ Tar — T [ 27| < o0

t>0

D+ 1)*aF [[UD]] |1 e]| < o0
t>0

3+ 1)2a? UL < oo

t>0
Dt +1)ad |13 < co. (D.61)
>0
With the above development in place, let {W?} denote the JF;-adapted sequence given by
WP =a, (20)" (I— )3, (D.62)
where Eg [Wt5| .7-}] = 0 and for ¢ chosen sufficiently large, we have that,
2 —2-27
Eo [(W0)’| ] =o((t+ 1))
= Eo [(t 41)tn (Wfﬂ ft} = o ((t+1)72"2+n)

—0 ((t v 1)*2“?) . (D.63)

Since, 27 < 1, the sequence Eg [(t + 1) (Wt5)2’ .7-}} is summable and by Lemma C.1.4, 7, (¢t + 1)24 W9

exists. It may be shown that as oy — 0 as ¢t — oo,
IT—ouT)* < 1-cray, (D.64)

where ¢; = A\pin (T'). Then, from (D.57), we have,
201 ||* < (1= cra) || 22]|° + (£ + 1)2, (D.65)

where the term dy (¢ + 1) ~2* represents all the residual terms in (D.57). The fact that lim;_, Zi:o ds exists
and is finite in conjunction with cia(t +1) > 1 > 2u (from Assumption 5.4.3) brings (D.65) under the

purview of Lemma C.1.3 and yields
lim sup(t + 1)~ HszQ < 0 a.s., (D.66)
t—o0

which leads to the conclusion that there exists 7 with 7 < 7 < p, such that (t+1)7 ||sz — 0ast — oo. The
fact that the above development holds for all § > 0, we conclude that (¢t + 1) ||z¢|| — 0 as ¢ — oco. Hence,

for every 7 for which
Po (lim (¢ +1)7|[xavg(t) — 0] = 0) =1 (D.67)

holds, then there exists 7 € (7,1/2) for which the convergence continues to hold. Finally, an application of
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induction yields the result
Pe (tgm (t+ 1)7 | xavg(t) — 0] = o) =1,vr €[0,1/2) (D.68)
The above result in conjunction with Lemma D.0.5 and the usage of triangle inequality yields V7 € [0,1/2)

(t+1)7 [xn(t) = Ol < (t+1)" |[xavg(t) — 6]
+ (t+1)7 ||xn(t) — xavg(t)|
= tli>Holo(t +1)7 |xn(t) — 0] =0 a.s. (D.69)

Proof of Theorem 5../. Proceeding as in proof of Lemma D.0.2, we have, for ¢ large enough

Eo[V(t+ 1)| 7] < (1 — 2cacy + c70}) V() + coaf
< V(t) + coaf, (D.70)

as for t large enough, —cya; + cra? < 0. Before proceeding further, we note that, from (D.5),

x| (5t (f@IM) + atGHzilGE) b d

= atXT (f{t (f@IM) + GHE_lGE) X
t

>ax! (Loly)+GuE 'Gj) x> ciay, (D.71)
where
¢4 =Amin (L@ Iy) + Gy 'Gj). (D.72)
Thus, we have that
|Ivar = B (L@ Iy) — aGrE "Gyl < 1 - caan, (D.73)

for all ¢ > t1, where ¢; is chosen to be appropriately large. Now, consider the {F;}-adapted process {Vi(t)}
defined as follows

Vi(t) =V (t) +co i o?
=V(t)+ c8§:(t +1)72, (D.74)

for appropriately chosen positive constant cg.Since, {(¢+ 1)~2} is summable, the process {V;(t)} is bounded
from above. Moreover, it also follows that {Vi(t)}:>s, is a supermartingale and hence converges a.s. to a
finite random variable. By definition from (D.13), we also have that {V(¢)} converges to a non-negative

finite random variable V*. Finally, from (D.70), we have that,

Eo[V(t+1)] < (1 — csas) Eo[V ()] + cs(t +1)2
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= B[V (t+1)] < (1 — cacrt) Eg[V (1)] + croou(t + 1) (D.75)

for t > ¢;. The summability of {a;} in conjunction with assumption 5.4.3 ensures that the sequence {V(¢)}

then falls under the purview of Lemma C.1.3, and we have

limsup(t + 1)Eg[V(t 4+ 1)] < 00

t—o00

~ Eg[V(1)] = O (1) . (D.76)

Furthermore, from (D.74), we also have that

2

Ep[Vi (1)) < Eo[V (1) + 5
= Bollx,(0) - 011 =0 (7). (D.77)

It is to be noted that the communication cost C; for the proposed CREDQO algorithm, is given by C; =
.

() (t” z ) and thus the assertion follows in conjunction with (D.77). O

D.0.1 Asymptotic Normality and Covariance

The proof of Theorem 5.4.5 needs Lemma C.1.5 from Fabian (1968) concerning the asymptotic normality
of the stochastic recursions. In order to establish asymptotic normality and characterize the estimator in

terms of asymptotic covariance, the following Lemma plays a crucial role.

Proof of Theorem 5.4.5. We invoke the definition of the process {z;} as defined in (C.199)-(D.44). We

rewrite the recursion for {z;} as follows:
Zii1 = (IM — atft) Z: + (t + 1)_3/2Tt + (t + 1)_1<I>tVt, (D78)

where

N
1 Z Ty—1
Ft:r:ﬁn_lHnEn Hn

N
a

=¥ S CHIS N+ 1)V (x0(t) — xavg () = 0, £ — 00

n=1
(I)t =al

1 N
Ves o= 5 S HIE (0, EVIF] =0,
1 N

E[VV]IF] = 5 ) HIZ'H, (D.79)

n=1

and the convergence of T} follows from Lemma D.0.5. Due to the i.i.d nature of the noise process, we have

the uniform integrability condition for the process {V;}. Hence, {Xayg(t)} falls under the purview of Lemma
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C.1.5 and we thus conclude that

(t+ 1) (Xavg(t) — 8) = N (0,PMPT), (D.80)
where
aP TP = aA,
1 XN
_ | 2pT Ty—1 T
M],; = [°PT® (NQZann Hn> ®'P
n=1 ij
-1
x (a A, +alA],; - 1)
a2 -1
= 1Al (a [Al,, +alA], - 1) , (D.81)
which also implies that M is a diagonal matrix with its i-th diagonal element given by % Note that,
Assumption 5.4.3 ensures that % > 0, Vi. We already have that PAPT = I'. Hence, the matrix
with eigenvalues as Qa;\IIQAﬁ is given by

-1
T _ LI (F — i)
PMP' = st TIN (D.82)

Now from Lemma D.0.5, we have that the processes {x,(t)} and {Xa(t)} are indistinguishable in the

(t +1)'/2 time scale, which is formalized as follows:
Pg (thi?o [VE+1(xa(t) — 0) — VE+ 1 (Xavg(t) — 0)|| = o)
=P ( Jim [[VETT (xn(t) — Xave(8))]| =0) = 1. (D.83)

Thus, the difference of the sequences {v/t + 1 (x,(t) — 8)} and {v/T + 1 (Xavg(t) — 0)} converges a.s. to zero
as t — oo and hence we have,

VEFT (xn(t) — 0) = N (07 % + (FﬁvI)> . (D.84)



Appendix E

Proofs of Theorems in Chapter 6

In this section, we provide the proofs of Theorems 6.5.1 and 6.5.2.

E.0.1 Proof of Theorem 6.5.1

Proof. The proof of Theorem 6.5.1 is accomplished in three steps. First, we establish the boundedness of
the estimate sequence followed by proving the strong consistency of the estimate sequence {x,(t)} and then
in the sequel we establish the rate of convergence of the estimate sequence to the true underlying parameter.
We follow the basic idea developed in Kar and Moura (2014).

Lemma E.0.1. Let the hypothesis of Theorem 6.5.1 hold. Then, for each n, the process {x,(t)} satisfies

P (suplIx(0)] < o) =1 (E.1)

t>

Proof. The proof is built around a similar framework as the proof of Lemma IV.1 in Kar and Moura (2014)
with appropriate modifications to take into account the state-dependent nature of the innovation gain and
the projection operator used in (6.16). Define the process {z(t)} as follows z(t) = x(¢) — 1y ® 6 where 6

denotes the true (but unknown) parameter. Note the following recursive relationship:

R(t+1)— 1y 980 = 2z(t) — B(L @ Ly )2(t)
+aG (x(t) R (y(t) — £(x(1))), (E.2)

which further implies that,

X(t+1)— 1y 980 = 2(t) — B(L @ Ly )2(t)
+ oG (x(t)) (y(t) —f(1n ®6))
— G (x() R (E(x(1) —f(1n ®9)). (E.3)

In the above, we have used a basic property of the Laplacian L,

(LeIy)(ly ®6) =0, (E.4)

254
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Since the projection is onto a convex set it is non-expansive. It follows that the inequality
[xn(t+1) = 0| < [[Xn(t+1) — 0 (E.5)
holds for all n and ¢. Taking norms on both sides of (E.2) and using (E.5), we have,

ot + 1> < 2(0)]]” — 282" (8) (L @ Tag) 2(t)

—20,2" (G (x(1)) R (£ (x(1)) — £ (1n ©6))

+ 672" (t) (L@ L) 2(1)

+ 200827 (1) (L@ Tyy) G (x(0) R (£ (x(1) — £ (Ly © 6))

+a? |G xt)R ( () —f(1x ©8))|”

+ 0} | G (x(0) R (£ (x(1) — £ (1y @ 0))|

+2002" (DG (x(1) R™ (y(t) — £(1y © 0))

+20} (y(t) — £(1y ©0) T R7'GT (x(¢))

x G (x(1)R™! (f(1y ® ) — £ (x(t))). (E.6)

Consider the orthogonal decomposition
Z=12.+ 2, (E.7)

where z. denotes the projection of z to the consensus subspace C = {z € RV |z = 1y ® a,for some a €
RM}. From (6.1), we have that,

Eo [y(t) — £ (1y ©0)] = 0. (ES)
Consider the process
Vo (t) = ||=(t)]|” (E.9)
Using conditional independence properties, we have,
Eo[Va(t + 1)IF] < Va(t) + 672" (1) (D@ Tar)” 2(t)

+afEo [[|G (x(t) R (y(t) — £ (1y 2 6))|’]

—28z"(t) (L® In) z(t)

— 2z ()G (x() R (f(x(t)) — £ (1y ®6))

+ 208z (t) (L@ In) G (x(t) R (F(x(t) — f (1n © 0))

+a ||(F(x() ~ £ (1x ©6))" GT (x(1)) R‘1H2 . (E.10)

We use the following inequalities Vt > 1,

2T () (Lo Ty)2(t) € Xo(L)| [z (1)1
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z' ()G (x(1) R (f (x(1)) — f (1y ® 0)) > c1[]z(t)]? v 0;

T Lo 2(t) 5 A(E) ze. (1))
2T (1) (L ® o) G (x() R (£ (x(1)) — £ (1y © 0))
e )P (E.11)

for ¢; as defined in Assumption 6.4.3 and a positive constant co. Inequalities (¢1) and (g4) follow from the

properties of the Laplacian. Inequality (¢2) follows from Assumption 6.4.3 and (g4) follows from Assumption
6.4.2 since we have that ||Vf, (x,(t))] is uniformly bounded from above by k,, for all n and hence, we have
that |G (x(?))]| < maxp—1,... N kn. We also have

Eo [|G (x(t) R (y(t) — £ (1x 2 0))||’] < cu, (E.12)

for some constant ¢4 > 0. In (E.12), we use the fact that the noise process under consideration has finite
covariance. We also use the fact that |G (x(¢))|| < max,=1.... N kn, which in turn follows from Assumption
6.4.1. We further have that,

1G (x()) R (£ (x() ~ £ (1x @ 0))|° < e [|2(1)]|*, (E.13)

where ¢z > 0 is a constant. It is to be noted that (E.13) follows from the Lipschitz continuity in Assumption
6.4.1 and the result that |G (x(t))|| < maxp=1,... n k. Using (E.10)-(E.13), we have,

Eo[Va(t+ 1)|F] < (1 + ¢5 (ufBe + af)) Val(t)

— e = B)lxer (O] + esa, (.14)
for some positive constants c5 and cg. As 37 goes to zero faster than 8;, Jto such that Vt > to, B > 32.
Hence 3ty and 371, 70 > 1 such that for all £ > ¢

(64 &3]

2\ _ d 2 4 E.15
Cs (Oétﬁt +at) = (t+ 1)7.1 Yt an Cqy = (t-'— 1)7-2 Vts ( )

where c7,cg > 0 are constants. By the above construction we obtain Vt > to,
Eo« [Va(t + 1)|F] < (1 + ) Va(t) + A, (E.16)

where the positive weight sequences {v;} and {#;} are summable i.e.,

D <00, A < oo (E.17)

t>0 £>0

By (E.17), the product []52,(1 + ~s) exists for all t. Now let {W(¢)} be such that

s=t

W(t) = (ﬁ(l + %)) Va(t) + iv Vit > to. (E.18)
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By (E.18), it can be shown that {W(¢)} satisfies,
Eg« [W(t + 1)|F] < W(2). (E.19)

Hence, {W(t)} is a non-negative super martingale and converges a.s. to a bounded random variable W*
as t — oo. It then follows from (E.18) that W (t) — W* as t — co. Thus, we conclude that the sequences
{6,.(t)} are bounded for all n. O

Due to inherent stochasticity associated with the noisy observations, there need not be uniform boundedness
of the estimate sequences. Hence, while Lemma E.0.1 establishes the pathwise boundedness of the parameter

estimate sequence, it does not guarantee uniform boundedness over almost all sample paths.

Lemma E.0.2. Let the hypotheses of Theorem 6.5.1 hold. Then, we have,
Pg (tlglgo xp(t) = 0) =1, Vn. (E.20)
Proof. Denote the processes {z,(t)} and {Z,(t)} as
Zn(t) = x,(t) — 0 and z,(t) =X,(t)— 0 (E.21)
respectively. Let z(t) = [z{ (t)-- ~zZ(t)]T and Z(t) = [z] (t) - EZ(t)]T From, (6.17), we have,

Z(t+1) =2(t) - B (L©Ly)z(t)
+ o G(x(0))R™ (v(t) — £ (x(1)), (E.22)

where we have used the fact that (L ® Ins) (1nx ® 6) = 0. Define the {F;}-adapted process {V (¢)} by
V() = |zt (E.23)
Now, using (E.2) and the fact that Eg [y(¢) — f (1y ® 8)] = 0, we have,

Eo[V(t+1)|F) < V(1) + 22" (1) (Lo Ln)” a(t)

+afEo [[|G (x(t) R (y(t) — £ (1y 2 6))|’]

—28z" (t) (Lo Iy)z(t)

—202(t) T G (x(£)) R (£ (x(t) — £ (Ly © 6))
+20,82(t) " (L@ Ta) G (x(£) R (F(x(t)) — f (1n ©6))

+ a2 H(f (x(t)) — f(1y 2 8)" G (x(t))" R‘1H2 . (E.24)

Following the steps as in the proof of Lemma C.1.1 and using (E.11)-(E.13), we have,

Eo[V(t+ 1)|F] < (1 — crau) V() + craf
<V(t) +erad, (E.25)

for an appropriately chosen positive constant ¢;. Now, consider the {F;}-adapted process {V1(¢)} defined
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as follows

Vi(t) =V (t) —cr »_al
—V(t) — ber i(t +1)2, (E.26)

Since, {(t + 1)~2} is summable, the process {V(t)} is bounded from below. Moreover, it also follows that
{Vi(t)}+>+, is a supermartingale and hence converges a.s. to a finite random variable. By definition from
(E.26), we also have that {V (¢)} converges to a non-negative finite random variable V*. Finally, from (E.25),

we have that,
Eo[V(t+1)] < (1 — cra) Bg[V (1)] + bes(t +1) 2, (E.27)

for ¢t > t;. The sequence {V (¢)} then falls under the purview of Lemmas 4 and 5 of Kar and Moura (2011),
and we have Eg[V (t)] — 0 as t — oo. Finally, by Fatou’s Lemma, where we use the non-negativity of the
sequence {V (t)}, we conclude that

0 < Eo[V*] < liminf Eq[V ()] = 0, (E.28)

which thus implies that V* = 0 a.s. Hence, ||z(t)|| — 0 as ¢ — oo and the desired assertion follows. O

We will use the approximation result from Lemma C.1.3 and the generalized convergence criterion from
Lemma C.1.4 for the proof of Theorem 6.5.1. We now return to the proof of Theorem 6.5.1. Define
7 € [0,1/2) such that,

Py (tlggo(t +1)7 ||z(t)]| = o) =1, (E.29)

where {z(t)} is as defined in (E.21) and note that such a 7 always exists by Lemma E.0.2 (in particular
7 =0). We now analyze and show that there exists a 7 such that 7 < 7 < 1/2 for which the claim in (E.29)
holds. Now, choose a 7 € (1,1/2) and let = (7 + 7)/2. The recursion for {z(¢)} can be written as follows:

|z(t + )| < |2(t)]|* — 282" () (L ® L) (1)

— 2042z ()G (x(1) R™ (£ (x(t)) — £ (1y ©0))

+ 72" (1) (L@ Ta)? 2(t)

+ 20,827 () (L@ Tar) G (x(1) R™ (£ (x(8)) — £ (1y ©0))

+a? |G (x(1)) R (y(1) — £ (1x © )|
+02 |G (x(t) R (£ (x(1)) — £ (1y © 0))
+2mz ()G (x(t) R (y(t) — f(1y © 0))

+20f (y(t) — f(1y ©0)) RT'GT (x(t))
x G (x(t) R (f(1y ®0) —f(x(1))). (E.30)

Let J(t) = G (x(t)) R~ (y(t) — £ (1y ® 6)). Now, we consider the term a2 || J(¢)||>. Since, the noise process
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under consideration has finite second moment and 2u < 1, we have,
D (t+1)%*af I3(#)]* < oo. (E.31)
t>0

Let W(t) = ayz(t) TG (x(t)) R™! (y(t) — f(1x ® 0)). It follows that Eg [W(t)|F;] = 0. We also have that
Eg [W2(t)|F] < o |z(t)]* |3 (t)||>. Noting that the noise under consideration has finite second order

moment, we have,
Eg [W?(t)|F] =0 ((t+1)7>7%7), (E.32)
and, hence,
Eo [(t+ 1) W2(t)| 5] = o ((t + 1)—2+2?) . (E.33)

Hence, by Lemma C.1.4, we conclude that Y, (t+1)2* W (t) exists and is finite, as 27 < 1. Similarly, it can

be shown that, for Wy (t) = a;3:z(t) ' G (x(t))_R*1 (f(1n ®0) —y(t)), the sum >, (t + 1)2*W(t) exists

and is finite. Finally, consider Wa(t) = o2 (y(t) — f (1x ® 8))T R™1G (x(t)) T xG (x(£)) R™! (f (1y ® 8) — £ (x())).
It follows that Eg [Wo(t)|F,] = 0. We also have that Eg [W3(¢)|F] < of |2(t)]* [|J(t)]]*. Following as in

(E.32) and (E.33), we have that >, ,(t + 1)**Wy(t) exists and is finite. Using all the inequalities derived

in (E.11)-(E.13), we have, B

Iz(t + 1)]* < (1 — crae + caou By + csa) |2(0)]|° + of | I (2)]>
— (B — B7) llzcL (t)]]” + 2W(t) + 2W 1 (t) + 2W (). (E.34)

Finally, noting that c¢;a; dominates cocay3; and cza?, 8; dominates 37, we have eventually

l2(t + DI* < (1= craq) [l2(0)]*
+ a2 | I@)|]? + 2W (L) + 2W () + 2W(1). (E.35)

To this end, using the analysis in (E.31)-(E.33), we have, from (E.35)
l2(t + DII* < (1= cra) [|2()[|* + da(t + 1), (E.36)
where
de(t+1)72 = o2 | I@)|]> + 2W(t) + +2W (1) + 2W o (2). (E.37)
Finally, noting that c;a(t + 1) = 1 > 2u, an immediate application of Lemma C.1.3 gives
ngsup(t + 1) [z(t)]]* < o0 a.s. (E.38)

So, we have that there exists a 7 with 7 < 7 < p for which (¢ +1)7 ||z(¢)|| — 0 as t — co. Thus, for every
7 for which (5.12) holds, there exists 7 € (7,1/2) for which the result in (5.12) still continues to hold. By a
simple application of induction, we conclude that the result holds for all T € [0,1/2). O
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E.0.2 Proof of Theorem 6.5.2

Proof. The proof of Theorem 6.5.2 uses Lemma C.1.5 from Fabian (1968) which concerns with the asymptotic
normality of the stochastic recursions. From Theorem 6.5.1 and the fact that @ lies in the interior of the
parameter set ©, we have that there exists an € > 0, such that B.(0) € O, where B.(6) denotes the open
ball centered at @ with radius e. In particular, fix an € > 0 for which B.(0) € ©. Then, we have that there
exists a random time ¢.(w), which is almost surely finite, i.e., P (t.(w) < c0) = 1, such that ||x,(t) — 8| < e
for all t > t.(w), where w denotes the sample path. In the above, we introduce the w-argument to emphasize
that the time t.(w) is random and sample-path dependent and our analysis is pathwise. With the above

development in place, we note that (6.14) and (6.15) can be rewritten as follows:

x(t+1) =x(t) — 8 (L ®Iy)x(t)
+ o G(x(t))R ™ (y(t) — £ (x(£))) + ep(t), Vt >0, (E.39)

where ep(t) is the projection error which is given by,
ep(t) =x(t+1) —x(t+ 1), (E.40)

and in particular ep(t) = 0 for all ¢ > ¢..

Define the process {Xavg(t)} as
1T
e = [N o1 E.41
xoslt) = (5 9T ) x(0). (B.41)
It is readily seen that the process {Xavg(t)} satisfies the recursion
1y
Xavg(t + 1) = Xavg(t) + N ® Iy | ep(t)
1T
rau (5 o Tu ) GROR (v(0) - £ ()

= Xavg(t) + <1]<,TV ® IM> ep(t)

2\9

N
Z n (a(t) — £ (xa(1)))- (E.42)

Now noting that, for all ¢t > 0, x,,(t) € © for each n and as © is a convex set, we have that x,4(t) € © for

all ¢ > 0. Then, we have by the mean-value theorem for each agent n

i (Xavg (1)) = £ (0) + V' £ (B + (1 — €)Xavg(t)) (Xavg(t) — 6) (E.43)

where 0 < ¢ < 1. Tt is to be noted that V£, (c6 + (1 — ¢)Xavg(t)) — V£, () as Xavg(t) — 0 in the limit
t — oo. Using (E.43) in (E.42), we have for all ¢ > 0,

Xavg(t+1) — 0 = (1-(2 )R,?

—

X van (CO + ( )Xavg )) Xavg(t) - 0)
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+
=2
M=

.
VE, (o (0) R 6 (0) + (0 T ) n(t)

1

3
Il

+ \% (Xn(t)) R’El (fn (Xan(t)) —fn (xn(t))) . (E~44)

=2
M=

Il
—

The following Lemma will be crucial for the subsequent part of the proof.

Lemma E.0.3. For every 7o such that 0 <79 <1—1 —1/(2+ €1), we have,
Pe (hm (t+ 1) (30(t) — Xaug(t)) = 0) —1. (E.45)
t—o0

Proof. The proof follows exactly like the proof of Lemma IV.2 in Kar and Moura (2014). Note the additional
term that comes up in X, (¢) — Xavg(t) in the current context due to the projection error is given by ep ,,(t) —

1
(%V ® IM) ep(t); nonetheless, this term satisfies the property that

Py (}H&(H 1)m <ep,n(t) - <1AT7 ®1M) Pt )) - 0) —1

as ep(t) = 0 for all t > t.. Hence, the techniques employed in the proof of Lemma IV.2 also apply here.
Lemma IV.2 in Kar and Moura (2014) is concerned with the asymptotic agreement of the estimates across
any pair of agents, but as an intermediate result the agreement of the estimate at an agent and the averaged

estimate is established. O

As 1 +1/(24 €1) < 1/2, from Lemma E.0.3 we have that there exists an ez > 0 (sufficiently small) such
that

Pe (lim (t+1)31 (x, () — Xavg(t)) = o) =1 (E.46)

t—o00

We consider the process {Xavg(t)} for the application of Lemma C.1.5. Hence, comparing term by term of
(E.44) with (C.15), we have,

N
a
I, = N Z (xp,(t 1VTfn (0 4 (1 — ¢)Xavg(t))

N
a
— f, LLVE! (0) = al
_>Nn§:1vn(0)Rn VE, (8) = al'y,

T T
b, =a <1A1]V ® IM> Gx(t)R™ —a (}V ® 1N1> G1l®o)R™

V. =((t),E[Vi|F]=0,E[V,V]|F] =R,
T, = a(t +1)1/2 ( ~ ®IM) G(x(t))R™1x

(f (1 ® Xavg (1)) — £ (x(2))) + (t +1)*/2 ( N ® IM> p(t) =0, (E.47)

where the convergence of T; follows from Lemma E.0.3. Due to the i.i.d nature of the noise process, we

have the uniform integrability condition for the process {V;}. Hence, {Xavg(t)} falls under the purview of
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Lemma C.1.5, and we thus conclude that

(t+ 1) (Xavg(t) — 8) = N (0,PMPT), (E.48)

where

aP TyP = aAy,

-1
M],; = [aQPT<I>R<I’TPL,j (a [Algi +alAlg,; — 1)
a2 -1

= AL (alAlg, +alAl,; —1) (E.49)
which also implies that M is a diagonal matrix with its i-th diagonal element given by Mﬁ We
already have that PAgPT = I'g. Hence, the matrix with eigenvalues as mﬁ is given by

-1
al T (Fg — %) '

PMP™ = —
2N AN

(E.50)

Now from (E.46), which is a consequence of Lemma E.0.3, we have that the processes {x,(t)} and {xayg(t)}

are indistinguishable in the ¢'/2 time scale, which is formalized as follows:

Bo (Jim [ VETT (xu(t) — 0) ~ VT (xaus(t) ~ 0)] = 0)
= Py (Jim [VEFT (%0 (0) ~ xs(®)]| = 0) = 1. (B

Thus, the difference of the sequences {v/t+ 1 (x,(t) —6)} and {Vt +1(Xavg(t) — )} converges a.s. to

zero as t — 0o, and hence we have,

VEF T (xn(t) — 0) 2 N <0, % + W) . (E.52)

Proof of Theorem 6.7.1.

Lemma E.0.4. For each n, the process {x,(t)} satisfies

Py (sulg IIx(t)]] < oo> =1 (E.53)

t=>

Proof. Consider (6.15). Since the projection is onto a convex set it is non-expansive. It follows that the

inequality
[xn(t+1) = 8] < [Xn(t+1) — 0 (E.54)
holds for all n and t. We first note that,

L(t) = B,L + L(t), (E.55)
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where E [i(t)} =0and E [ifj(t)} % - %, for {i,j} € E,i #j.

Define, z(t) = x(t) — 1y ® 6 and V(t) = ||z(¢)||>. Note that z(t) corresponds to the estimation error
vector at time ¢; its squared norm V' (¢) will first serve us as a Lyapunov function to establish the almost
sure boundedness of x(t) as in Lemma E.0.4. Let {F;} be the natural filtration generated by the random

observations and the random Laplacians i.e.,

Fimo ({ni men) ). (B56)

By algebraic manipulations, conditional independence, we have that,

E[V(t+1)|F] < V() + 82 (1) (Lo ly) z(t)
+?E [[|G (x(t) R (v(H) — £ (1y 2 0)||]

— 282" (t) (L@ Iy) z(
— 202" (1)G (x(t ))R* <f<x<t>> ~f(1y©9))
+ 20,87 (1) (L@ Tar) G (x(1) R (£ (x(1)) — £ (1y ® 0))

2 ~ 2
+af H(f (x(t)) —f(1y ®8))" G (x(t)) R*lH +z' (HE [(L(t) ® IM) } z(t). (E.57)
Consider the orthogonal decomposition
Z=2%c T 7oL, (E.58)

where zc denotes the projection of z to the consensus subspace C = {z € RMN|z = 15 ® a,for some a €

RM}. The following inequalities hold for all ¢+ > ¢;, where ¢, is a sufficiently large positive integer:

z' (H)E {(f‘(t) ® IM>2:| 2(1) ('1<0) cs || zes |2

= e
2T(0) (T o T) 2(t) © Na(D)lzon ()]
2T (DG (x(1) R (£ (x(8) — £ (1y @ 0)) > eaflz(0)] > > 0

ST @ oT)a(t) S Ao(E) zos ()]
2" (1) (LoIy)G(x(t) R (£(x(t) —f(1y ©8))

(a4) 9
< ez 20" (E.59)

Here, we recall that Ay (L) is the largest eigenvalue of matrix L. Further, ¢; is defined in Assumption 6.4.3,
and c¢g,c5 are appropriately chosen positive constants. Here, zo | (t) = z(t) — z¢(t), where z¢o(t) is the
projection of z(t) on the consensus subspace C. Inequality (¢0) holds because, as noted above, there holds
that E [if](t)} < (tioliﬁfﬁ? for {i,j} € E,i # j. Specifically, constant c5 can be taken to equal 2 N3 py .
Next, inequalities (¢1) and (¢3) follow from the properties of the Laplacian. Inequality (¢2) follows from
Assumption 6.4.3; and (g4) follows from Assumption 6.4.2 since we have that ||Vf, (x,(t))] is uniformly

bounded from above by k,, for all n and hence, we have that |G (x(¢))|| < max,=1,... N k. That is, co can
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be taken as (max,—1 ... v kn)? (max,—1... v [|R,;}|) ||L||. We also have
_ 2
E[[G xR (v(t) ~ £ (x 2 0))[°] < e, (E.60)

for some constant ¢4 > 0. In (E.60), we use the fact that the noise process under consideration has
finite covariance. We also use the fact that, almost surely, |G (x(t))|| < max,=1.. n k,, which in turn
follows from Assumption 6.4.2. In particular, ¢4 may be taken as (max,—1... n kn)? (max,—1.. x| R, |)?
(max,—1.... n ||Rn|])?. We further have that,

G (x()) R (£ (x(t)) ~ £ (1 @ 0))|° < e [|2(1)]|*, (E.61)

where ¢z > 0 is a constant. It is to be noted that (E.61) follows from the Lipschitz continuity in Assumption
6.4.2 and the result that |G (x(t))|| < max,—1,.. nk,. That is, c3 may be taken as (max,—1,.. nkn)*

max,—1... n |R7)2. Applying the above bounds, we obtain, after some algebraic manipulations,
El k] mn

E[V(t+1)|F] < (1 +cga?)V(t)
— C9 <ﬁt — (t—i—c]_5)7'1+5) ||ZcL H2 —+ CGO{?, (E62)

where cg, cg, cg are appropriately chosen positive constants. In particular, cg may be taken as cg = cq4; cg

may be taken as 33 (An(L))?/ad + 2B0,/c3 + c3; and c9 may be taken as 2 Xo(L). As T 8oes to zero

C,
1
faster than B, Jty such that Vi > to, 5, > ﬁ By the above construction we obtain Vt > t,,

E[V(t+ 1)|F] < (14 a2V (t) + a2, (E.63)

where a(t) = \/cga;. The product [[oo, (1 + o?) exists for all t. Now let {W(¢)} be such that

W(t) = (ﬁu + a§)> V(t) + i Qz, vt >t (E.64)

s=t

By (E.64), it can be shown that {W(¢)} satisfies,
E[W(t+1)|F] < W(t). (E.65)

Hence, {W (t)} is a non-negative supermartingale and converges a.s. to a bounded random variable W* as
t — oo. It then follows from (E.64) that V(t) — W* as t — oco. Thus, we conclude that the desired claim
holds. O

We now use Lemma C.3.1 for establishing the convergence of the estimate sequence. Following similar steps

as in the proof of Lemma D.0.1, for ¢ large enough

E[V(t+ 1)|F] < (1 - 2ci04 + c70}) V(t) + coof
<V (t) 4 cga?, (E.66)

as for t large enough, —2cjay + cra? < 0. Here, ¢7 is appropriately chosen positive constant that may be
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taken as 33 (An(L))?/ad 4+ 280,/c3 + c5. Now, consider the {F;}-adapted process {V;(t)} defined as follows
e}
Vi(t) =V (t) +c Y ol
s=t

=V(t) + csaf i(t +1)72. (E.67)

s=t

Since {(t + 1)72} is summable, the process {V;(¢)} is bounded from above. Moreover, it also follows that
{Vi(t)}+>1, is a supermartingale and hence converges a.s. to a finite random variable. By definition from
(E.67), we also have that {V (¢)} converges to a non-negative finite random variable V*. Finally, from (E.66),

we have that,
E[V(t+1)] < (1 —craq) E[V(t)] + cgad (t+1)72, (E.68)

for ¢ large enough. The sequence {V(¢)} then falls under the purview of Lemma C.3.1, and we have
E[V (t)] = 0 as t — oc. Finally, by Fatou’s Lemma, where we use the non-negativity of the sequence {V (¢)},

we conclude that

0 < E[V*] < liminf E[V(¢)] =0, (E.69)

t—o00

which thus implies that V* = 0 a.s. Hence, ||z(¢)|| — 0 a.s. as ¢t — oo, and the desired assertion follows. [

Proof of Theorem 6.7.2. We can now see that the sequence {V(¢)} then falls under the purview of Lemma
C.1.3, and we have

limsup(t + 1E[V(t 4+ 1)] < o0

t—o00
1
=E[V(t)]=0 <t) . (E.70)
Inequality (58) now clearly implies that, for each agent n, there holds:
2 1
Ella(t) - 017 =0 (7). (B.71)

e+1

The communication cost C; for the proposed CREDO — N L algorithm is given by C; = © (t 2 ), and thus
the assertion follows in conjunction with (E.71). O




Appendix F

Proofs of Theorems in Chapter 7

Proof of Theorem 7.5.1. Define the sequence, {X(¢)}, as X(t) = X(t) — P (1y ® 0¥). Then, we have,

X(t+1) =%(t) — (B:Lp + wPGER G P) X(t)
~ BLp(X(t) + aPGrR™ (y(t) - GLP (1n @ 6%)) . (F.1)

It is clear that {X(t)} is Markov with respect to its natural filtration {]—'ti} Now, define the function
VRN R, as, V(y) = |lyl?, for all y. We note that

Eg- |V(X(t+1)) | F¥| = Eo- [V(X(t+1)) | X(2)] (F.2)
By basic algebraic manipulations, we have,

Eo- [V(x(t +1)) | x()]
<x(t)" (1- BLp — PGHRIGLP)’ R(t)
+ B Eo- [Hip(f)ﬁ(t)’ﬂ

+ a?Ep- [HPGHR‘l (y(t) — GLP (1x ®6%)) yﬂ . (F.3)

We note that 3;Lp + @;PGyR™1G}P is uniformly elliptic on the subspace Sp, and it is precisely the
subspace where {X(t)} resides. We thus prove the result by showing convergence to zero of the sequence
{X(t)} through the subspace Sp. To this end, using the fact, that, for y € Sp,

y' (féZLP + PGHR_1G2P> y >yl as. (F.4)

By choosing, t; sufficiently large, we have for X(¢)" € Sp for all t > ty,

~ -2
()" (ﬂpr + B2E,-

ip(t)H2 - 5tL7>> (1)

< (@82 =8 IR <0, (F.5)

266
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where equality exists if X(t) = P (1x ® a), where a € RV. Thus, we obtain the following inequality:

Eo- [V(R(t+1)) | R() = y] = V(y) < enad (1+ 1y

—asero [yl (F.6)

for all y € Sp. Now, define the function W : T, x RN —s R,
W(t,y) =1+ V(y) [0 +ecnad) (F.7)
Jj=t

From (F.6) it can be shown that, for y € Sp,

Eo- W(t+1,x(t+ 1) | x(t) = y] = W(t,y)

oo

< —aen [yl | ] (1 +enad)
j=t+1
< —ager |l (F.8)
Now consider £ > 0, and let V. denote the set
2
V.={yeR" | |yll=2e}nSp (F.9)

Also, define 7. to be the exit time of the process {X(¢)} from V, i.e.,
Te =inf{i € T4 | X(¢) ¢ V.} (F.10)

We now show that 7. < oo a.s. For mathematical simplicity, assume X(0) € V.. Consider the function

W(t,y) = W(t,y) + ci0¢” ti a; (F.11)
j=0
By (F.8) it follows that, for y € V,
Eg- [W(t+1,%(t+1)) | X(t) = y] = W(t,y) < —ayc106? (F.12)
and hence, it can be shown that, for y € V_,
Ey- [W(t FLR(E4L) | R() = y] ~W(t,y) <0 (F.13)

Hence, we have that the stopped process {WN/(maX{t,TE},i(maX{t,TE}))} is a super martingale. Being

nonnegative it converges a.s. as t — oo. By (F.12), we then conclude that the following term converges,

(tATe)—1
. 2
tl;rrolQ C10€ ZO «; converges a.s. (F.14)
G=

Since, Ztem oy = 00, the above is possible, only if, 7. < oo a.s.
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We thus note, that the process {X(t)} leaves the set V. almost surely in finite time. Since, the process is

constrained to lie in Sp at all times, the finite time exit from V. suggests,
Po+ (inf{t € T4 | [|X(#)|| < e} < 0) =1 (F.15)
Since € > 0 is arbitrary, a subsequence almost surely converges to zero, and we have
Py- (ngiogf I%(t)]| = o) =1 (F.16)

Now going back to (F.6) and noting that {X(¢)} takes values in Sp, we conclude that the process {V(X(t))}

is a nonnegative supermartingale. Hence,

Py- (tlggo V&) ex1sts) =1 (F.17)
Also, by (F.16)
Py- <1lg£fV(x(t)) - 0) =1 (F.18)
and we conclude that
Py- ((Jim [R(1)] =0) =1 (F.19)
O

Proof of Theorem 7.5.2. From (F.2)-(F.4) in the proof of Theorem 7.5.1 we have, for ¢ > ¢; (¢; chosen
appropriately large) and using the property that X(t) resides in Sp

Ep- [V(X(t+ 1)) | X(8)] < (1 = crewe) [R(8)]|* + afez

= Eo- [[R(t+ DI] < (1= cra) R + afes

= E[I%0 - Py oo o (}).

for appropriately chosen constants ¢; and ¢y, where the conclusion in the last line follows from Lemma
C.3.1. O

Proof of Theorem 7.5.3. Let the number of agents interested in the i-th entry of 8 be Q;. To get the
vector of estimates of the i-th entry of 8™, left multiply the selector matrix S; € RQ:*N? and noting that
S;Lp(t)%(t) = Lp;(t)X(i,t), where Lp ;(t) € RQ*Qi is the subgraph induced by the interest sets for the
i-th entry of 8%, which is connected as a result of a sufficient condition which enforced Assumption 7.4.3 and
X(i,t) € R? is the vector of estimates for the i-th entry of 6*.

A vector z € RN’ may be decomposed as z = z¢ + z¢1 with z¢ denoting its projection on the consensus or
agreement subspace C, C = {z :30 |z =1y ® a for some a € RN}. We first prove the following Lemma

regarding the mean connectedness of the subgraphs Lp ;(¢).
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Lemma F.0.1. Let {z;} be an R valued F;-adapted process such that z, € C* for all t. Also, let {L;} be

an i.i.d. sequence of Laplacian matrices as in assumption 7.4.2 that satisfies
A2 (L) = A2 (E[Ly]) > 0, (F.20)
where Ly is Fii1-adapted and independent of Fy for all t.
(T2 = (L) @ In)) ze]| < (1= 70) [[2e]] (F.21)

where {ri} is a R" valued F;11 process satisfying

Az (L)

E[r|F] > Qﬁtm,

(F.22)

where L denotes the set of all possible Laplacians.

The following Lemma in addition to Lemma C.3.1 will be used to quantify the rate of convergence of

distributed vector or matrix valued recursions to their network-averaged behavior.

Lemma F.0.2. Let {2} be an R™ valued Fi-adapted process that satisfies
Zt4+1 S (]. — Tl(t)) Zt + TQ(t)Ut(]. + Jt),

where {r1(t)} is an Fiy1-adapted process, such that for all t, r1(t) satisfies 0 < r1(t) <1 and

1

a < EnMIFA < aow

withay > 0 and 0 < §; < 1. The sequence {rz(t)} is deterministic and R valued and satisfies r2(t) < (t_fﬁ
with ag > 0 and 63 > 0. Further, let {U;} and {J;} be RY valued F; and Fiy1 adapted processes, respectively,
with sup;>g [|Ut|| < oo a.s. The process {Ji} is i.i.d. with J; independent of Fy for each t and satisfies the

2+61

moment condition E [||JtH ] < Kk < 00 for some € > 0 and a constant k > 0. Then, for every dy such

that 0 < §g < 9 — 01 — ﬁ, we have (t +1)%z — 0 a.s. ast — oc.

Proof of Lemma F.0.1. Let L denote the set of possible Laplacian matrices which is necessarily finite. Since

the set of Laplacians is ﬁnite, we have,
p H€1 pL > Oa ( 3)

with p;, = P (L(t) = L) for each L € £ such that > ; .. pr = 1. We also have that Ay (L) > 0 implies that

for every z € Ct, where,
C={x[x=1y®aacR"}, (F.24)
we have,

> 2'Lz>> z'plz=2"Lz >\ (L) ||z]*. (F.25)
Lel Lel



APPENDIX F. PROOFS OF THEOREMS IN CHAPTER 7 270
Owing to the finite cardinality of £ and (F.25), we also have that for each z € C*+ 3L, € £ such that,

z' L,z > Z (|> |z||? (F.26)

Moreover, since £ is finite, the mapping L, : C* +— L can be realized as a measurable function. For
each, L € £, the eigen values of In2 — §; (L ® Iy) are given by N repetitions of 1 and 1 — 8\, (L), where
2 <n < N. Thus, for t > to, |[In2 — 0 (L®IN)|| <1 and [[(In2 — B: (L®1IN))z| < |z|. Hence, we can

define a jointly measurable function 71, , given by,

1 ift<tgoorz=0
== F.27
"L, 1— H(INM—B”t(ﬁaQbIM))ZH otherwise ( )

which satisfies 0 < 7y, , <1 for each (L, z). Define {r;} to be a F;11 process given by, r, = rr, 5, for each ¢
and ||(In2 — B (L®1IN))z|| = (1 — r¢) ||2¢]| a.s. for each ¢. Then, we have,

(T2 = Br (Ly, @ Ty)) 2
= Zt (IN2 — 2/Bt (th ® IN))
+Zt Bt (Lg, ®IN) Zy

o (L
< (1 — 26, 2£<| )> 2| + 187 |1 |”

(1@ U )> 2] (F.28)

where we have used the boundedness of the Laplacian matrix. With the above development in place,

choosing an appropriate ¢; (making ¢y larger if necessary), for all ¢ > t1, we have,

|(Lns = B (L, © L)) 2] < (1 ~ B 4(5|)> el (F.29)

Then, from (F.29), we have,

E (|(Ty2 = B (Lig, © L)) 24 || F]

=> (1= rLg,) ||zl

Lel

IN

1- Bt

+ 3] Mzl (F.30)

4|£| o

Since, ZL;&L PLTL,z, = 0, we have for all ¢ > ¢,
zZt

(1 = E [reFe]) [l
=E [||(In2 — B¢ (L, @ In)) z|| F]

(1 - Pﬂt 4|FC|)> [l ]| - (F.31)
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As r; =1 on the set {z; = 0}, we have that,

A2 (L
E[re| Fe) > pBe il(ﬁl)' (F.32)
Thus, we have established that,
(T2 = (L(1) @ In)) 2| < (1= 7o) [z, (F.33)
where {r;} is a RT valued F;; process satisfying (F.32). O

With the above development in place, consider the residual process {x'(¢)} given by x'(i,t) = X(i,t) — 19, ®
gavg {(t), where i denotes the i-th entry of 8% and x'(t) = [x7(1,t),--- ,xT(N, t)]T. Thus, we have that the
process {x'(i,t)} satisfies the recursion,

x'(i,t +1) = (Ig, — Lp () x'(i,t) + csz(i, t), (F.34)
where the process {z(i,t)} is given by
- 1 ~
z(i,t) = <1Qi — Q_1Q11§2i> x S;PGyR™! (y(t) — GLPX(t)) . (F.35)
From (F.35), we also have,
z(i,t) = Ji + Uiy, (F.36)
where,
- 1 -
Ji,t = IQi — leilQi
x S;PGyR™! (y(t) - G4 P (1y ® 0%))

— 1
U = (IQi - Q]‘Qilgi>

x S;PGHR ™ (GLP (1n ® 0°) — G, PX(t)). (F.37)

By Theorem 7.5.1, we also have that, the process {X(i,t)} is bounded. Hence, there exists an F;-adapted
process {ﬁi,t} such that Hﬁ”H < ﬁi,t and SUpP;>0 ﬁi,t < oo a.s.. Furthermore, denote the process U;; as

follows,
~ 1 -
Ui,t = max Uiﬂ:, IQi - §1Q11Qi . (F38)
With the above development in place, we conclude,
Wil + | Tie]] < Ui (14 Jie) (F.39)

where J;; = ||y(t) — G, P (1n ® 6")

| and Eg [szre] < 00. Then, from (F.21)-(F.34) we have,

|76, t + 1)|| < (1 —re) ||xT (@, 8)|| + Ui e(1+ Ji), (F.40)
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which then falls under the purview of Lemma D.0.3 and hence we have the assertion,
. 8o [(~/- ~
P (tlggo(t +1)% (x(u ) —1g, ® xav&i(t)) = o) =1, (F.41)
where 0 < g < 1 — 71 and hence §p can be chosen to be 1/2 + 4, where § > 0 and we finally have,

P (tlirg10 (t+1)540 (X(t) — 1y ® Kang(t)) = o) =1, (F.42)

as the above analysis can be repeated each entry i of the parameter of interest 6*.
The proof of Theorem 7.5.3 needs Lemma C.1.5 from Fabian (1968) concerning the asymptotic normality of

the stochastic recursions. Multiplying the selection matrix, we have,

x(i,t + 1) = x(i,t) — Lp ; ()X (i, t) + 0,S;PGpR ™!
x (y(t) — G Px(t))

1T QR b+ 1) = 1gi§(i t) — Lo, Lpi(t)x(i,1)
QL QZ 7 QZ Z 7
15 SPGHR™ (y(t) — G} PX(1))
T
= )Aiavgﬂ' (t + 1) = iavg,i (t) + oy 57
< (y(t) — GLPX(1)). F43)

where {Xavg i(t)} is the averaged estimate sequence for the i-th entry of the parameter 8. Stacking, all

such averages together we have,
Kavg(t + 1) = Xavg(t) + 1Savg PGuR ™ (y(t) — G PX(1))

N
= Ravg(t+1) — 0" = (1 ~aQd PI"H,TLR_lHnPI”>

n=1

X (Xavg(t) = 07)
+ 4 Savg PG R (1)

N
+ o Q Z Pz, H’I—LFRT_LlHn (in(t) - ,aniavg(t)) ) (F~44)
n=1
where Syve = [1%3 1 1522 Sa, -, oy SN} and Q = diag Qi Qi . ,Qi . In the above derivation, we
make use of the fact that SangGHR_ngplN ® (Xavg(t) —0") = an 1 Pn H'R'H, (Ravg(t) — 07),

which in turn follows from the fact that,

Savg = Q[Pz, Pz, Pry] = [QPz, QPr, - - QP71 ]
= SavgPGrR G Ply ® (Ravg(t) — 07)

= [QPz, QPz, ---QPz,]

x [P, H] Ry THy (Xavg(t) — 07) - -
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_ ~ £ ] T
Pr HYRy Hy (Rave (1) — 0°)]

N
= QY Pr,H R H, (Rayg(t) - 67). (F.45)

n=1

Define, the residual sequence, {z;}, where z(t) = Xavg(t) — 6", which can be then shown to satisfy the

recursion
zep1 = (Iv — oul') ze + Uy + oy, (F.46)
where
N
r=Q>» Pr,H/R 'H,Pr,
n=1

N
Ui =Q) Pr,H R, 'H, (Xu(t) = Pz, Xavg(1))

n=1
Ji = Save PGrR 1(2). (F.47)
We rewrite the recursion for {z,} as follows:

Ziy1 = (IN — atl—‘t) Zy + (t + 1)_3/2Tt —+ (t + 1)_1'1>tVt, (F48)

where

N
I'=T=Q)» Pr,H R 'H,Pr, & =adl

n=1

Tt = a(t + 1)1/2Ut

N
=aQ ) Pr,H R, H, (t+1)" (X, (t) — Pr, Kavg(t) 50

n=1
Vi =J; = SaePGrR (1), E[V,|F] =0,
E [V, V] |F] = SavgPGHR G PSos

N
-Q (Z Pr,H, R_lHnPIn> Q (F.49)

n=1

Due to the i.i.d nature of the noise process, we have the uniform integrability condition for the process

{V.}. Hence, {Xavs(t)} falls under the purview of Lemma C.1.5 and we thus conclude that
(t+ 1) (Ravg(t) — 8) = N(0,PMPT), (F.50)

in which,

[M]ij =

N
PQ (Z PIHHIR#H”PLL) QP

n=1

ij
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< (AL + AL~ 1) (F.51)

where P and A are orthonormal and diagonal matrices such that PT Q (Ziv:l Pr,H 'R, 1Hn791n) QP =A.
Now from (F.42), we have that the processes {X, ()} and {Xa.q(t)} are indistinguishable in the (¢ + 1)!/2

time scale, which is formalized as follows:
Po ((Jim [VE+T(R(E) ~ 0) = VE+ 1 (Rarg(t) — 0)]| = 0)
=P (tgr& IVEF T (R(t) — Ravg(t))]| = o) =1 (F.52)

Thus, the difference of the sequences {v/t+ 1 (X, (t) — 6)} and {V/+ 1 (Xavg(t) — 0)} converges a.s. to

zero as t — oo and hence we have,

VE+1(Rn(t) — 0) = N(0,PMPT). (F.53)



Appendix G

Proofs of Theorems in Chapter 8

G.1 Proof of the main result: First order optimization

Lemma G.1.1. Consider algorithm (8.2), and let the hypotheses of Theorem 8.6.1 hold. Then, we have
that for all k = 0,1, ..., there holds:

E [ lx(k) = x°I1*] < qx, (IV, a0)

0 VEE)|I® .
+ Tad (2euV I+ o) + aTEEOL g v,

where B |||x(k2) — x°||2} < Giy (N, ), ko = max{ko, k1}, ko = inf{k|p?ai < 1} and ky = inf {k|§ > 2c,ay}.

Proof. Proceeding as in the proof of Lemma H.1.1, with ¢, = 1 and b(x(k)) = 0, we have that, Vk >
max {ko,kl},

k

Eflcte+DIP] < T (1= 55 ) E[I¢(ko)IP’]
I=kq

+ %ag (2cu]\7 I1x°]|% + Na;i)

IVEE)*

2
U o
E[I6(k +1)I1*] < gis (N, 0) + T-ad (26uN [x°|* + No?)

IVEx)|*
a4 T
= qOO(N7 Oé()), (Gl)
where ko = inf{k|p?aj < 1} and
k1 = inf {k|g > ZCquk} .

and ko = max{kg, k1}. It is to be noted that k; is necessarily finite as aj, — 0 as k — oco. Hence, we have
that E [||x(k +1) - x°||2] is finite and bounded from above, where E [||x(k2) - XOH2} < gk, (N, ap). From

the boundedness of E [Hx(k) - XOHQ], we have also established the boundedness of E {”VF(X(]C))HQ and
E | Ix(®)]1°]-

275
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With the above development in place, we can bound the variance of the noise process {v(k)} as follows:

E [[[a(k)[* |F5] < 2¢ugoo (N, )
+2N (ai + ||x*|\2) . (G.2)
—_——
2
91

The proof of Lemma G.1.1 is now complete. O

Recall the (hypothetically available) global average of nodes’ estimates X(k) = + Zfil x;(k), and denote

by x;(k) = x;(k) — X(k) the quantity that measures how far apart is node i’s solution estimate from the

global average. Introduce also vector X(k) = (Xi(k),...,Xn(k))", and note that it can be represented as

x(k) = (I—J)x(k), where we recall J = :11". We have the following Lemma.
Lemma G.1.2. Let the hypotheses of Theorem 8.6.1 hold. Then, we have

2A1,ooa3

E [Hi(kJrl)H ] < Qr+ W

1
-0 ().
where Qy, is a term which decays faster than (k+1)71.

Lemma G.1.2 is important as it allows to sufficiently tightly bound the bias in the gradient estimates

according to which the global average X(k) evolves.
Proof. Proceeding as in the proof of Lemma H.1.3 in (H.19)-(H.22), we have,
E [|[%(k + DII* |Fx] < (1+06k) (1 = Bide (L)) 1% (k)|

+ (1 + é) oG E [|[w(k)| | Fx] (G.3)
where

E [[w(k)|* |F] < 2| VEE)I® + 2E [|[v(k)]|* | Fe]
< 2||VE(x(E))||? + 4cugoo (N, a0) + 4N o}

A100

= E[[|w(k)|?] < oo (G.4)

With the above development in place, we then have,

E [I%(k + DIIP] < (1+6x) (1= B (L)) [X(0)]

+ <1 + %) AR AL o (G.5)
k
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In particular, we choose 6(k) = %)\2 (L). From (H.25), we have,

B (1% + DI < (1- 20 () £ [IK0I)

2 2
(1 Y (L)) E [I%(8) 1)

+ %BALOO + QiAo (G.6)
k

Applying lemma H.1.4 to g = E {Hﬁ(k)”ﬂ, dp = Ag, by = af, and s, = %)\2 (f), we obtain for

m(k) = [554]):

[||x(k+1|| <exp< is )IE ||]

1=0

2 2
+— %AI’;OO‘O AAr0ap ) (G.7)
A3 (L) B3(k+1) X2 (L) Bo(k+1)3/2
t3 ty

In the proof of Lemma H.1.4, the splitting in the interval [0, k] was done at L%J for ease of book keeping.
The division can be done at an arbitrary point. It is to be noted that the sequence {s(k)} is not summable
and hence terms t; and to decay faster than (k 4+ 1). Also, note that term ¢4 decays faster than ¢3. For
notational ease, henceforth we refer to ¢t + to + t4 = @, while keeping in mind that Q) decays faster than
(k4 1). Hence, we have the disagreement given by,

E [Ix(e+ I =0 (7).
O

Lemma G.1.3. Consider algorithm (8.2) and let the hypotheses of Theorem 8.6.1 hold. Then, there holds:

E[||xi(k) —x*[*] = O(1/k).

and

where ¢ > 0 can be arbitrarily small, for alli=1,--- ,N.

Proof. Denote X(k) = % >_,,_; x;(k). Then, we have,
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%k +1) = %(k) — ax sz (k) + — 5wy (k) (G.8)
u(k)

which implies:

where

+ Y (Vi (xi(k)) = Vi (%(K))) . (G.9)

i=1

e(k)

Proceeding as in (H.34)-(H.40), with ¢, = 1 and b(x;(k)) = 0,Vi =1,--- , N, we have on choosing 0, = £3¢

k1
where ap > 1,
n
2 - pao 4 ¥ 12
B [me17) < (1 9% )& [0 -]
SNL?A1 0 INL2Qx
p3 (L) B2(k+1)2 " plk+1)
X o *12 . Jrzeh) - g2
:>E[HX(/€+1) XH}S(I k+1>E[HX(k) x”}
8NL2A1 00058 2NL2Qk ) )
+2aycu°°N7a +N0'
uX3 (D) B2k +1)2  p(k+1) ? (cugoo (N, 00) + Noi)
X — Ho Bl o *I12
:>E[HX(I€+1) x| ] (1 k+1>]E[||x(k) x"|| ]
2 3
BNL*A1oc0b 402 (Cugoo (N, a0) + No?) + P, 10

13 (L) B3 (k +1)2

where Py decays faster as compared to the other terms. Proceeding as in (H.30), we have
E [I%(k+ 1) - x"|]
< exp ( uZm) [IIX - X*HQ}

te

L@J,l

k 2 2 3
8L Al ooao
+exp | — Qm
g ;:7 ; pA3 (L) B3 (1 +1)?

t7
k—1
51

k
texp|—p > am| Y P
=0

=57

tio
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k LAgt-1, o 2
2a4 (cuqoo(N, ao) + NO’l)
texp | Z m (1+1)2

16NL2 A w0
1223 (L) B3 (k + 1)
t12
N N(k+1)P N 4N o (cuqoo(N, ao) + Ncrf)
pao p(k+1)

t14 tis

(G.11)

It is to be noted that the term tg decays as 1/k. The terms t7, t19 and ¢11 decay faster than its counterparts
in the terms t15 and t15 respectively. We note that @; also decays faster. Hence, the rate of decay of
E [Hi(k +1)— x*||2] is determined by the terms t15 and ¢15. Thus, we have that, E [Hi(k +1) —x*|°| =

O (%) For notational ease, we refer to tg + t7 + t19 + t11 + t14 = M} from now on. Finally, we note that,

llxi(k) — x| < [[%(k) — x"|| + ||xi (k) — %(k)
N—————
% (k)
= [lxi(k) — x*||* < 2% (k)1 + 2 |[%(k) — x|
32NL?A 00
p2A3 (L) B3(k + 1)

=E [Hxi(k:) - x*HQ] < oM +

4A1 wag

F2Qk + 5
X3 (L) B3 (k+1)
=E [Hxi(k:) - x*HQ] ) <%) , Vi, (G.12)
The communication cost is given by,
k 3
:[$e] o t+s)
t=1

Thus, we achieve the communication rate to be,

B[ lxi(k) - x*I| = 0 (Clg> : (G.13)
k



Appendix H

Proofs of Theorems in Chapter 9

H.1 Proof of the main result: Zeroth order optimization

The proof of the main result proceeds through three main steps. The first step involves establishing the

boundedness of the iterate sequence, while the second step involves establishing the convergence rate of

the optimizer sequence at each agent to the network averaged optimizer sequence. The convergence of the

network averaged optimizer is then analyzed as the final step and in combination with the second step results

in the establishment of bounds on MSE of the optimizer sequence at each agent.
Lemma H.1.1. Let the hypotheses of Theorem 9.7.1 hold. Then, we have,

R VvV F(x° 2
£ [Hx(k,‘) -X ”2] < Gk (N, d; 0, co) + 4%
n VNsi (P)Magcd  Ns?(P)M?adc}
86 16(1 + 40)
N dafy (2¢,N |x°|* + No?) L 98V Nsi (P)L|IVE(x)|
c3(1—20) 1426
Nadcisa(P) n 40¢c3Ns1 (P)
1+46 1+26
= qoo(N,d,ao,co),

_|_

IVE (x|

where E [|[x(k2) — x°|1%] < gy (N, d, a0, co), k2 = max{ko, k1}, ko = inf{k|u2a? < 1} and k1 = inf {k|g > YN
Proof.

x(k + 1) = Wix(k)

- %: (cx VF(x(k)) + cib(x(k)) + ceh(x(k))) .

Denote x° = 1y ® x*. Then, we have,
x(k+1) — x° = Wi(x(k) — x°)

—ai (VFE(x(k)) — VF(x?))
— argh(x(k)) — ax VF(x°) — arcpb(x(k)).

280

s1(P)Mc; + % +4
k

(H.2)
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Moreover, note that, E [h(x(k)) | Fx] = 0. By Leibnitz rule, we have,
VF(x(k)) - VF(x°)
1
= [ V2F (x° + s(x(k) — x°)) ds| (x(k) — x°)
s=0

= Hj, (x(k) — x°). (H.3)

By Lipschitz continuity of the gradients and strong convexity of f(:), we have that LI = Hy, = puI. Denote
by ¢(k) = x(k) — x° and by &(k) = (Wi — apHy) (x(k) — x°) — ay, VF(x°). Then, there holds:

E[I¢(k + D))I* | F] < E €K1 F%]
—4%%EkwfmﬂEwmeﬂA+ﬁimwwwwﬂﬂJ

+ ajcib’ (x(k))b(x(k)) — 2akckb (x(k))E [€(k)|Fr]
+b (x(k)) " E [h(x(k))|F] - (H.4)

We use the following inequalities:
ceb(xi (k)
- %’“E [(zi,k,Vin (xi(k) e _201)

_ %E [(Zi e, V2 fi (xi (k) + (1 — 62) cuzik) 2i,k) 21,1 | Fi

Ckzi,k) Zi,k>Zi,k|Fk]

= e [b(xi(k))| < %MSI(P). (H.5)

— b (x(k))E[£(k)|Fi]

=—2b" (x(k)) (I - BxL — arxHy) (x(k) — x°)

+2axb " (x(k))VF(x°)

< 2 b)) |T - AT — on iy | (k) — x°]
(

+ 2a [[b(x(K)) [ IVF ()]

< YV s ()M (1= ) (1 + (k) — I

e XN o (P V)]

2
< YN (pyaten + Y oy () 1y ) 7|
+ akckga(P)M IVF(x)], (H.6)
T N 2
b7 (x(k)b(x(k)) < ~s3(P)AE, (1.7
B[ [B(x(k)|? | 7] = B [Ivaks (b)) | 73]

+E [lg(x(k)) — E[&(x(k) | Fi]l* | Fi] , (H.8)
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E [llg(x(k)) — E[&(x(k) | Fill* | Fi]
<E [|lg(x(k)| | Fi]
< 4Nsi (P)L? |[x(k) — x°|* + 4Ns1(P) [|VF (x°)|* + 2Nk sa(P),

and

E [||va(k; x(R)|I* |Fx] < dey |[x(k)|* + dNo
< 2de, ||x(k) — x°||* + (2dcv Ix°|1% + No—f) .

Then from (H.4), we have,

E[I¢(k + 1))1* [ Fi] < E[I€(K)|1*|Fx]
VN

4
do?

o VN
+ = (2cu %[ + Na'g) + Tsl(P)Makci
ko

do?
+ YN Py Mardlic(h)|? +29%E 2

col[C(K)

2
Ck

N VN Y
+ Esf(P)Mzaici + aiciTSl(P)M IVE)|
+4aici Nsi(P)L2|[C(R)||® + 4ok Ns1(P) |V F (x°)|)?

+ 2Najcysa(P).

We next bound E [||€(k)||?| Fi ]. Note that [|[W — oy Hi|| <1 — pay. Therefore, we have:

IR < (1= pon) [CR) + e [VE(x)]-

We now use the following inequality:

(a+b)°<(1+60)a®+ (1+%> b,

282

(H.10)

(H.11)

(H.12)

(H.13)

for any a,b € R and 6 > 0. We set § = pay. Using the inequality (H.13) in (H.12) and we have Vk > ko,

where ko = inf{k|pu?a? < 1}:
E (€01 1 Fx] < (1+ pax) (1 — arp)? [C(R)|I?
+ (1 + ﬁ) Q2| VF(x)|?

< (1—arp) [C(R)1? + 2%||VF<X°>||2.

Using (H.14) in (H.11), we have for all k& > kg

E[[I¢(k + 1)[|* | Fi]

N do?
< <1 —app+ gsl(P)Makci + 2%{%

+4aici Nsi(P)L?) x |[¢(k)||

(H.14)
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doj 0

+ 55 (200 %717 + No?) +
Ck
N o 2 2 4 Qg o2 2 4

+ 781(P)M Q. Cp +27||VF(X )H +2Nakck82(P)

\Zﬁsl (P)Laych

16

N
+ aicigsl(P)M [VE(x%)| + 4azci Nsi1(P) [|[VF (x°)]]%. (H.15)

Define k; as follows:

vV IN 2dcy,
ki = inf{k|% > Y s (P)Me + d;a’“ +4akc§N51(P)L2}.
k

It is to be noted that k; is necessarily finite as ¢, — 0 and ozkc,;2 — 0 as k — oo. We proceed by using the

following auxiliary lemma.

Lemma H.1.2. Let a; € (0,1), u <0 and di, >0, for all k > 1. If gy, > 0 and for all k > ko there holds
Gk+1 < (1 — ap)qr + apu + di, then, for all k > ko,

k

Qet1 < Qo T u + Z di. (H.16)
1=l

Proof. Introduce p(k,l) = (1 —ag)---(1 — ), for I < k and also p(k,k + 1) = 1. It is easy to see
that, for every k > ko, qrr1 < p(k,ko)qr, + qu:ko p(k,l + Da; + Zf:ko p(k,l 4+ 1)d;. Note now that
p(k,l+1)a; = p(k,l+1) — p(k,1), and hence Zf:ko p(k,l+1)a; =1 —p(k, ko) < 1. Using the latter together
with the fact that p(k,{+ 1) <1 proves the claim of the lemma. O

Applying Lemma H.1.2 to ¢, = E [||C(k)|ﬂ, ap = 55k u = 47HVF£§D)H2, and dj, defined as the remaining
term in (H.15) we have, Vk > max {ko, k1} = ko,

VE(x%)?

B{IC(E + DI) < 0 (V:ds o, e0) + 4l T
n VNsi (P)Magcd  Ns?(P)M?*adc}

86 16(1 + 49)
N dog (2o N [|x°|° + No?)  a3c3V/Nsi(P)L||VF ()|

c3(1 —20) 1426

2Nadcss2(P)  4adciNsi(P) IV E (x|
1+40 1426

= CIoo(N, d7 040700), (H].?)

O

From (H.17), we have that E [||x(k +1) - X°||2] is finite and bounded from above, where E | ||x(k2) — XOH2:| <
Gk, (N, d, g, ¢p). From the boundedness of E {Hx(k) —x°||*|, we have also established the boundedness of
E[IVF(x(k)|*] and E [Ix (k)]

With the above development in place, we can bound the variance of the noise process {v,(k;x(k))} as
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follows:

E [[|va (ks x(k)|I* |Fx] < 2deogoo(N, d, a0, co)
+2Nd (aﬁ + ||x*||2) . (H.18)
~—————

2
91

We also have the following bound:

E [lg(x(k)) — E[&(x(k)) | Felll* | Fi]
< 4Ns1(P)L?qoo (N, d, g, co) + 4Ns1(P) |[VF (x°)||* 4+ 2N ¢z sa(P).

We now study the disagreement of the optimizer sequence {x;(k)} at a node ¢ with respect to the (hypothet-
ically available) network averaged optimizer sequence, i.e., X(k) = Zivzl x;(k). Define the disagreement
at the i-th node as X;(k) = x;(k) — X(k). The vectorized version of the disagreements X;(k), ¢ =1,--- , N,
can then be written as x(k) = (I — J)x(k), where J = & (1y ® I) (Iy ® L) = +1n1] ® I;. We have

the following Lemma:
Lemma H.1.3. Let the hypotheses of Theorem 9.7.1 hold. Then, we have

4A1700a%
X2 (L) B3k + 1)z—2r—2

E [[I%(k+1)II"] < @k +

1
=O<W>’

where Qi is a term which decays faster than (k4 1)~2+27+20,

Lemma H.1.3 plays a crucial role in providing a tight bound for the bias in the gradient estimates according

to which the global average X(k) evolves.

Proof. The process {xX(k)} follows the recursion:

%(k + 1) = Wix(k)

- %’: (I—J) (e« VF(x(k)) + cxh(x(k)) + b (x(k))), (H.19)
where Wk = W, — J. Then, we have,
Ik + DIl < [Wask)]| + 22 wik) | (H.20)

Using (H.13) in (H.19), we have,
—~ 2
%06+ DII” < (1+6) |Wik()|
1

_|_
+ (1 + Z) %g % (k)% . (H.21)
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—~ 2
We, now bound the term E [Hka(k)H |]-'k] .

E [HW(k)i(k)HQ |]—'k] =% (K)E [W2(k) — 3|7 X(h)
= %7 (k) (T- 26T + BIE" + L(k)* — 3) K(h)
< (1-28ur2 (L) + Bidy (L)

4N?Boph 272\ 1= 2
m — 4B N” ) [[x(K) |l

_ AN?Bopd \ |~
< (1 — 282 (L) + ﬁ) 1% (k)|

< (1= Brre (L)) %K), (H.22)

+

where the last inequality follows from assumption 9.6.3. Then, we have,

E [[I%(k + DII* [Fx] < (14 6x) (1= Bz (L)) [I1%()|*

1 2
+ (14 5) BElwIR 17, (H.23)
k ck
where

E [[[w(k)|* |Fi] < 3ck [VE(R))I® + 3¢E [|[(x(k)]|* [ Fi]
+ 3¢k |[b (x(k))||?

<3¢ [VF(()) | + ek N3 (P)M

+ 6dcyqoo (N, d, a0, co) + 6dN o5 + 6Ncisa(P)

+12¢; Ns1(P)L?qoo (N, d, a0, co) 4+ 12¢i Ns1(P) |V F (x°)]?
= E [[|w(k)|?] <3 (2des + R L*(1 +4Ns1(P)))

X Goo (N, d, g, co)

+ %cist(P)JW + 6Ncys2(P)

+6dNot +12¢iNsi(P) |[VF (x°)|°
= Al,oo + CiAloo = Ak
= E [[w(k)|”] < oo, (H.24)

where A1 o = 6dcugoo (N, d, a0, c0) +6dNo? and i Az oo = £ cxNsi(P)M?+3c; L* (144N 51(P))goo (N, d, o0, co) +
12¢2Ns1(P) ||VF (x°)||> + 6Ncis2(P). With the above development in place, we then have,

E [I%(k + DII"] < (1+6k) (1 Bede (L)) [X(R)]

]
2
+ (1 R ) 2k Ay (H.25)
Ck
In particular, we choose (k) = %)\2 (L). From (H.25), we have,

B (G + DI < (1= 5 (©) ) £ [1R01°)

2 ol
+l1+—2— ] %A
< BrA2 (L)> "
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— Br\ (B2 20 aj
- (1 - S (L)) E [|I%(k)[*] + mm + (TgAk' (H.26)

For ease of analysis, define s(k) = 62—’“)\2 (f) We proceed by using the following technical lemma.

Lemma H.1.4. If for all k > kg there holds

1
1 < (1 — sp)qx + (1 + sk) brdi, (H.27)

where qr, > 0, s, € (0,1), di, b, > 0 are monotonously decreasing, then, for any k > m(k) > ko

m(k)—1
_ 5k s _ 5k s 1
ge+1 < e Li=ko Yqry + dige i) o Z (1 + *) by
I=ko st
sp+1
+dm(k)bm(k) k 3 (H28)
k

Proof. Similarly as before, define p(k,1) = (1 — sg)--- (1 — s;) for kg <1 < k, and let also p(k,k +1) = 1.
Recall that p(k,l + 1)s; can be expressed as p(k,l + 1)s; = p(k,l + 1) — p(k,l). Then, we have:

k
1
qr+1 < p(k, ko)qr, + Z p(k,1) (1 + S—Zbldl> (H.29)
l=kg
m(k) 1
< p(k, ko)qre + diop(k, m(k)) Z <1 + 7) b
I=ko S
spt1 o
+ O (i) A (k) ’“82 > (plk, 1+ 1) = p(k, 1)),
E o mk)

where we break the sum in (H.29) at I = m(k), and use the fact that p (k,m(k) — 1) > p(k,l) for every
I < m(k) — 1, together with the fact that 1/s; < 1/sg, for every | < k. Finally, noting that, for every
I <k, pkl <e =15 and also recalling that an(k) (p(k,l +1) — p(k,1)) < 1, proves the claim of the

lemma. O

Applying the preceding lemma to ¢ = E {Hi(k)”z], dp = Ag, by, = i‘—%, and s = %)\2 (f) we have,
E [|I%(k + 1)[I°]

k
< exp <— Zs(l)) E [|Ix(0)]]

m:L%J 1=0
to
. A0 k1) 0f . 20 k-1 0 o)
23 (L) B33 (k + 1)2-27-20 ' X, (L) focd(k + 1)2—7—20 .
ts ta
In the above proof, the splitting in the interval [0, k] was done at L%J for ease of book keeping. The

division can be done at an arbitrary point. It is to be noted that the sequence {s(k)} is not summable
and hence terms t; and ty decay faster than (k + 1)2_27_25. Also, note that term ¢4 decays faster than ts.
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Furthermore, t3 can be written as

2
48 50109 4A1,0003

( )/Boco(k' + 1)2_27_26 )\% (f) OCO(k + )2 27 —26

t31

2 2
4ch 1 As ,00 0

N Oco(k+1)2 e

t32

from which we have that ¢35 decays faster than ¢3;. For notational ease, henceforth we refer to ¢1 +to +t32 +
ty = Qg, while keeping in mind that Qj, decays faster than (k+1)272772°. Hence, we have the disagreement

given by,

E [|%(k+1)|2] = O (]&%) .

We now proceed to the proof of Theorem 9.7.1. Denote X(k) = & >_, _, x;(k). Then, we have,

b (x(k))

Ckzv,fi (xi(k)) = Vfi (X(k)) + V fi (x(k))]. (H.31)

Recall that f(-) = Zfil fi(-). Then, we have,

%(k+1) =x(k) — %: (h(x(k)) + b (x(k)))

_ —Vf {ZV}‘Z xi(k)) — V fi (X(k))}

=>X(k+1) =x(k) -

ch &V f (x(K)) + e(k)], (H.32)
where
o(k) = NR(x(k))

+Nb (x(k)) + ey (Vi (xi(k)) = V fi (X(k))) - (H.33)

=1

e(k)

Note that, cx |V f; (x;(k)) — V f; (%(k))|| < cxL ||x;(k) — %(k)|| = cx L ||%;(k)||. We also have that, [|b (x(k))|| <
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%81(13)0%. Thus, we can conclude that, Yk > k3

(k) = cx Z (Vi (x:(k)) = V£ (%(k))) + Nb (x(k))
= [le(k)||> < 2NLc; |%(k)|* + %MQdQ(P)cﬁ
SNL?A| oo NM?d*(P)c§

=E [Hf(k)H ] < )\g (f) ﬂg(k +1)2-2r 8(k + 1)69

2NL?Qrch
W. (H.34)
With the above development in place, we rewrite (H.32) as follows:
X(k -+ 1) =X (k) = VI (X)) = 37-e(k) = TERx(R)
S x(k+1)—x" =%(k) —x" - 3£ |V (&(K) - Vf(x")
N ——
=0
g g —
~ e(k) — SER(x(k)). (H.35)
By Leibnitz rule, we have,
Vf(x(k) - Vf(x)
1
= [/ V2f (x" + s (X(k) — x7)) ds} (x(k) — x7), (H.36)
s=0
Hy,
where it is to be noted that NL = Hy %= Nu. Using (H.36) in (H.35), we have,
(=(k+1) = x") = [1— T (x(k) - x")
oL A —
~ elk) = T R(x(k)). (H.37)

Denote by m(k) = [I — S¢Hy| (x(k) — x*) — ~2-€(k) and note that m(k) is conditionally independent from

h(x(k)) given the history F5. Then (H.37) can be rewritten as:
(%(k+1) = x") = m(k) — ““R(x(k))
k

Qg

= [[%(k +1) —x"|* < |[m(k)|* ~ 2am(k)TE(X(k))

2 —
+ % [B(x(k)|*. (H.38)
k
Using the properties of conditional expectation and noting that E [h(x(k))|Fx] = 0, we have,

=k + 1) = x| < (b)) + S B 17:]
k

= E[Ix(k+ 1)~ x| <E [lm(k)|*] + 2NaicEsa(P)
+ 2@2 (deqOO(Na d7 Of(),C()) + dNO'%)

2

Ck

+ 407 Ns1(P)L*qoo (N, d, o0, co) + 4ai Ns1(P) | VF (x| . (H.39)

For notational simplicity, we denote a0 = 2Najcisz(P)+4ai Ns1(P)L2qeo (N, d, ag, co)+4ai N s (P) |[VF (x°) I12.
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Using (H.13), we have for m(k),

k) > < (1+ 00 ||T = SEFL|” 1% (k) - x|
1 o 2
(14 5 ) wass et

P CRE I B ST (HL40)
oy ) N2 : :

On choosing 0y = k+1, where o > L we have,

E [lm(k)|"] < (1 - o ) & [Ix() - xI]

16L2A1 oo Nod AM*Nd*(P)cjoo . 4LNQx
iA3 (T) 3Bk + 1220 ket DI k)
_ _ MO — R 2
=B [l + 1) - 5] < (1= 99 ) B i) - )]
16N LA 000 ANM?d*(P)cgao ~ ANL2Qy

L -
p)2 (L) c2B2(k 4 1)3-27-28 ik + 1)1+ w(k 1)
+ 2&% (dcquO(Ny d7 o, CO) + dNU%)

Ot20'2
Ci kYh
= E[I%(k+1) - x"[°] < (1= 2% ) B [Ix(k) - x|
- kE+1

16NL2A| so0dd
pA3 (L) 33 (k + 1)3-27=2

2 A7 72 2 dcyqoo (N, d, cvp, dNo?
4M?*Nd*(P)cjan af (deog 2( ao, ¢o) + dNo¥) + Py, (H.41)
w(k + 1)1+49 cg(k +1)2=2

ANL?Qy

where P, = SR (k+1 decays faster as compared to the other terms. Proceeding as in (H.30), w

have
E (%06 +1) - x|

<exp< uzaz> OB

k L 2 -1 2 3
16NL Al [SS18%4)

+exp | —u Qm — :

L2 e e
tr
Lk%ljfl 2 2
AM*Nd (P)coozo
Siyty fred p(k 4 1)1+40

k—1
.

k 2
20é0deQOo (N7 da o, CO)
+exp | —p Z am Z bt c3(l+1)2-20

+exp(]lf] i O
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k LE5E -1 9 9
2apdNo
texp | —p Y am | D ot
~ g(l+1)
m=L451) =0

t11

32NL2A1 0008

Mz)\% (f) Cgﬁg(k + 1)2—27’—25
t12
SNMQdQ(P)cé N(k+1)Py
12k + 1)19 oo

t13 tia

4N ap (dcvqoo(N, d, o, co) + chr%)
- pc3(k + 1)1 '

t1s

(H.42)

It is to be noted that the term tg decays as 1/k. The terms t7, tg, t10, t11 and t14 decay faster than its
counterparts in the terms ty2, t13 and t15 respectively. We note that ; also decays faster. Hence, the
rate of decay of E [||i(k +1) —x*||*| is determined by the terms t15, 15 and #15. Thus, we have that,

E [Hi(k +1)— x*||2] = O (k~°), where §; = min {1 — 26,2 — 27 — 26,46}. For notational ease, we refer to
tﬁ + t7 + tg + th + tll + t14 = Mk from now on. Finally, we note that,

llxi (k) —x"|| < |I%(k) —x"|| + ||x:(k) — (k)
% (k)
= |Ixi(k) —x||* < 2[|%:(k)]1* + 2 [[%(k) — x"|?
64ANL?A1 o0

p225 (L) A3 (k4 1)7 2
16NM?2d?(P)ch 8A1 o0
2—(45)60+2Qk+ 2 (T 32 21’ <0

P+ 1) % () Bk + 123
4N g (dcvqoo(N, d, g, co) + dNO'%)

pcg(k +1)1-20

= E[lik) — x|*] =0 (k%) . Vi, (H.43)

=E [Hxi(k) - x*H?] < oM +

where §; = min {1 — 24,2 — 27 — 26,40}. By, optimizing over 7 and §, we obtain that for 7 = 1/2 and
d=1/6,

" 1 .
E [||xi(k) —x ||2] =0 (7> , Vi
3
The communication cost is given by,
k 3
E [Z Q] =0 (k1+5) .

t=1
Thus, we achieve the communication rate to be,

E[lxi(k) = x"*] =0 ( c,§/19<> , (H.44)

where ( can be arbitrarily small.



Appendix I

Proofs of Theorems in Chapter 10

Lemma 1.0.1. Consider the proposed zeroth order Frank Wolfe Algorithm. Let Assumptions 10.4.1-10.4.5
hold. Then, the sub-optimality F(x:41) — F(x*) satisfies

F(xe1) = F(x") < (1= 740) (F(x0) — F(x"))
LR2%62+1

+ ’Yt+1RHVF(Xt) - dt” + B)

Proof. The L-smoothness of the function f yields the following upper bound on f(xs41):

F(ep1) < F(xe) + VF(x)T (Ress — x0) + gnxm e
= f(xe) + Ye41(VF(xe) = d) T (ve — %) + Ve d] (v — %)

L 2
=Tt [ve =2 (1.2)

T3

Since (x*,d;) > min,ec{(v,ds)} = (v, d;), we have,

Fxeg1) < F(xe) + 741 (VF(xe) — di) T (ve — x¢)

L’y2
+yerdf (X = %) + — 2 vy — x|

< (&) + 1 (VI (xe) —d) T (v —xF)
LR%2+1
2

F Y1V (xe) T (x5 = x¢) + [ve — x|, (1.3)

Using Cauchy-Schwarz inequality, we have,

F(xep1) < f(xe) + 741 IV F(xe) — dul||ve — x|

LA~2
— 1 (f(xe) — f(x")) + %Hvt —x*|2

< f(xe) + e BV F(xe) — dell = o1 (f (%) — f(x7))
LR2%2+1

5 (L4)

+

291
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and subtracting f(x*) from both sides of (1.4), we have,

F(xes1) = F(xX7) < (1= yep1)(f(xe) = f(X7))
LR2%2+1

+ Y1 BRIV f(x¢) — def| + 9

Proof of Theorem 10.4.1. We have, from Lemma 1.0.1,

F(xp1) = F(x*) < (1 = y41) (F(xe) — F(x7))
LRQWQ-H

2
= F(x41) = F(X7) < (1= y41) (F(x) = FI(x7))
LRQ'YE-H

2

Ct+1d

R2
5 V141" +

+

From, (1.6), we have,
F(xt41) = F(x*) < (1= y41) (F(xe) = F(x")) + LR*37, 5.

We use Lemma 1.1.1 to derive the primal gap which then yields,

_ Qns
t+2’

F(x;) — F(x")
where Qs = max{2(F(xo) — F(x*)),4LR?}.

I.1 Proofs of Zeroth Order Stochastic Frank Wolfe: RDSA

292

(1.5)

Proof of Lemma 10.4.2 (1). Use the definition d; := (1 — py)di—1 + prg(x¢; ¥, 2:) to write the difference

IV f(x¢) — de|* as

IVf(xe) = dell® = IV f(xe) = (1 = pr)di s
*ptg(xt;yt,zt)llz-

(1.9)

Add and subtract the term (1 — p;)V f(x¢—1) to the right hand side of (I.9), regroup the terms and expand

the squared term to obtain

IV f(xe) — dil®

= IVf(x) = (1 = p)Vf(xe—1) + (1 = pt) V f(x¢-1)
— (1= p)de1 — Ptg(Xt;YuZt)”Z

= piIVF(xt) = 9(xt5 v 20) 17 + (1= po) 2V f (k¢ -1) — Ay |2

+ (1= p)?IVF () = VI (x-1)

+2p:(1 = po)(Vf(xt) — 9(x43 ¥t Zt))T(Vf(Xt) - Vf(x¢-1))



APPENDIX I. PROOFS OF THEOREMS IN CHAPTER 10 293

+2p0(1 — p)(Vf(xt) — 9(x6; 71, 2)) T (Vf (3x—-1) — dy—1)
201~ p (VI (x0) — V)T (VfGxer) — dy ). (1.10)

Compute the expectation E [(.) | F;] for both sides of (I.10), where F; is the o-algebra given by {{y,}.Z8, {zs}'Z{ }to

obtain

E [V f(x:) —del|* | F]

= piE [va(xt) — g(x5y1,2) || | —Ft}

(1= p 2195 () — VI (xi)I?

+ (1= p)? [V f(xe-1) = dya||?

+2(1 = p)2(Vf (%) = Vf(x-1)) T (Vf (x¢-1) — dy1)

+2p:(1 — pr)E [(Vf(xt) — g(x¢;yt, Zt))T(Vf(Xt) = Vf(xt-1)) | ft]
+2p:(1 = p)E [(Vf(xt) — g(xe358,2¢)) (Vf(x¢-1) — de1) | Fi]

< PRIV F(xe) — g(xe:ye,20)|1° | Fi]

+ (1= )2V f(xe) = VF(xe—) |2

+ (1= pe)? IV f(xe-1) = da|®

2
(L BV ) — dpa |+ L1910 - V1)

+2p¢(1 = pe) (e Lv (x,¢0)) T (Vf(x¢) = V f(x¢-1))
+200(1 = pe)(erLv (%, ¢0) T (Vf (x-1) — di1)
< PRIV F(xe) = g(x6; v, 20)|I” | Fe]

+ (1= pe)? V() = Vf (x|

+ (1= pe)? IV f(xp-1) = dea |

1)°

+ (1= pe)*BellV f(x—1) — dea|* + (1_6:)||Vf(xt) — V(x|

+200(1 = pi)et | Iv (x,e)|* + pe(1 = pu) [V £ (x0) = V()|
+ (L= po) [V F(xem1) = dia |2
= E[|V£(x) - di]|”]
< PiE [V f(x¢) = VE(xt,y1) + VF(xt,51) — 9(x¢:yt,2¢) ||
+ (1= p)’E [ VF(xe) = Vf(xi-1)]
+ (1= p)?|E [Vf(xt 1) — dt—1||2}
+(1—p)°B VB[V f (x¢—1) _dtleQ}
L d=p)

”t E[IVf(x:) =V (xe-1)]?]

+ ’j;a pOGEL2M () + pi(1 = pOE [IVF(x1) = Vf (xima)

+ (1= pOE [V (xi1) — dioa ]
< 2p7E [va(xt) - VF(Xth)HQ]
+ 207K [[[VF (xt, 1) — 9(x¢3 51, 20) ]



APPENDIX I. PROOFS OF THEOREMS IN CHAPTER 10 294

+ <1 i+ (16:’)2) E [|V/(x0) — V1 (xe—1)|?]

+ (1 =pe+ 1 =p)?B) E[IVf(xe-1) — dia[?]
+ 20— p) LM ()

< 2p{0% + 4p7E [V F (x¢, o) II”] + 407E [lg(xe; e, 2) %]

N (1 it “‘B”) E[IV/6x) — Vxe 1))
+ (1=pe+ 1 =p)?B) E[IVf(x-1) = di—a[?]
+ %(1 — pi)c; P M ()

< 2p}0% + 4p; LT + 8pis(d) LT + 2pici L2 M (u)

i (1 it “‘ﬂ’”) E[1V/(x) — VFxe )]
+ (L= po+ (1= p)2B) E[[VF(xi 1) — dia]|?]
+ %CgLQMm), (I.11)

where we used the gradient approximation bounds as stated in (10.15) and used Young’s inequality to
substitute the inner products and in particular substituted 2(V f(x;) — Vf(xi—1), V.f(x¢—1) — d¢—1) by the
upper bound 3 ||V f(x;—1) — di—1]|* + (1/8) IV f(x¢) — Vf(x4-1)||* where B; > 0 is a free parameter.
By assumption 10.4.4, the norm ||V f(x:) — Vf(x¢—1)|| is bounded above by L||x; — x;—1||. In addition,
the condition in Assumption 10.4.1 implies that L||x: — x¢—1]| = Ly||ve — x¢|| < % LR. Therefore, we can
replace ||V f(x:) — Vf(x¢—1)|| by its upper bound ;LR and since we assume that p; < 1 we can replace all

the terms (1 — p;)2. Furthermore, using 3; := p;/2 we have,
E [va(xt) - dt||2]
< 2p}0® +4pi L7 + 8p7s(d) LT + 2pic; L2 M (1)
g (142 ) PR+ Gim
+ (1= p) (14+ ) E[IVFGxi1) = dea ] (L12)
Now using the inequalities (1 — p)(1 4+ (2/p¢)) < (2/p:) and (1 — pe)(1 + (p:/2)) < (1 — p/2) we obtain
E[IVf(x:) = del|*] < 2070° + 4p7 L7
+8p7s(d) LY + 2p; ] L* M ()
| 2LPR%}

Pt
+ (1= Z)E[IVFoxem1) = dea[7]. (L.13)

+ %CELQM(M)

Then, we have, from Lemma 1.0.1

E[f(x1) = )] < (1= ) E[(f (%) = F(x7))]
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LRQ’YE-H

+ 9 RE |V (xe) = de]] + —

and then by using Jensen’s inequality, we obtain,

Ef(xe41) = FO)] < (U= 7)) E[(f (%) — f(x7))]

LRQ’}/Q
+ 1 RVE [V F(xe) — die[2] + Tﬂrl

We state a Lemma next which will be crucial for the rest of the paper.

Lemma 1.1.1. Let z2(k) be a non-negative (deterministic) sequence satisfying:
zZ(k+1) < (1—ri(k)) z1(k) + ra(k),

where {r1(k)} and {r2(k)} are deterministic sequences with

_m
(k+1)%

az

<ri(k) <1 and ro(k) < [(EDES

withay >0, a2 >0,1>68 >1/2 and kg > 1. Then,

a161(k + ko)t =% a a2%
2(k+1) < exp (—”4(1_50) ) 2(0) + — 2_ + =
( 1) ko' (201 — 1) ay (k + ko)

Proof of Lemma 1.1.1. We have,

k [5]-1 &
ai ay ag
2(k+1) < 1-—- 0 1—
e 11}) ( I+ k0)61> o) 1=0 mg-l ( (m+ k0)51> (k + ko)2*
k
aq a9
+ - )
lzL;J ml_l[H ( (m+ ko)*t ) (k + ko)
—L2
k “ k a [E£]-1 a
< 1— —o0 0 1- L 2
exp (lz_; ( (l + ko)(sl >> Z( )+ b ( (m 4 k0)51> pr (k + k0)261
k k
a2 ( ay > ai
1—
ay (k + ko)51 l—zL;j ml_l[+1 (m + ko) ) (k+ ko)
—L2
k a k a &)1 u
< exp (0) + ——exp | — L !
( ; l+ k ) arky! _zéj (m+ko) | = (k+ko)™
2% b ( b a b a
2 1 1
5 Z H ( - ) - H ( - 5 ))
(k + ko) 1l:LﬁJ m—it1 (m + ko) i (m + ko)
k a 251 a k a
2 2 1
<ex ex -
(S )0t e - 2 ) 2
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(L.14)

(L15)
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k 5
a a2 ao a101 s ) 1
Sexp | — —— 2000+ ——————+ ——exp | ————=(k+ &k 1 7 L.16
p( = (”’“0)51) O T r TR p( sy PR s (110)

where we used the inequality that,

k 1-6
1 1 1 k !
> 1—51 _ _
> (m + ko) — 2(1751)(’”’“0) 2(1—6y) (2 +k°)

m=1}

1 _ _ (]. — (51)]?30 (51 _
>__ - 1=61 [9l=b1 _ 1 _ > 1-6;
2 srrar gy * ko) (2 1 > (k + ko)

Following up with (I1.16), we have,

k §

a1 a221 ag a151 1-6 1
k+1) < D o — =2 e (k4 k) T ) ——
z(k + )_exp< 2 (l+k0)51>z(0)+ +k31 exp< 4(1—51)( + ko) %5, 1

a151(k‘ + ko)l_él ) ao a22‘51
<exp|-— z(0) + + . 1.17

For 6 = 2/3, we have,

1/3 22/3
z(k+1) <exp (_al(k—;kzo)> <z(0) + ;;é) +—22
0

O

Proof of Theorem 10.5.1 (1). Now using the result in Lemma I.1.1 we can characterize the convergence of
the sequence of expected errors E [||V f(x;) — d;||?] to zero. To be more precise, using the result in Lemma
10.4.2 and setting v, = 2/(t +8), py = 4/d*/3(t +8)%/3 and ¢; = 2/+/M (11)(t + 8)'/3 for any € > 0 to obtain

E [[IVf(x) — di]?]

2
< (1 - W) E[|VF(x¢—1) — di—1]]?]

N 32d"302 4+ 64d~1/3 L3 4 128d%/3 L3 4 2L R%d?/3 4 416d%/° L*

(t+8)4/3 (I.18)
According to the result in Lemma I.1.1, the inequality in (I.18) implies that
A2 <D Q 2Q
E[IVSG) -] <Q+ gyam < g (L.19)

where Q = 32d~1/30%4+64d~ /3 L3+128d*/®L3+2L* R*d*/*+416d*/3 L?, where Q is a function of E [||V f(x0) — dol|?]
and decays exponentially. Now we proceed by replacing the term E [[|V f(x;) — d¢|[?] in (I.15) by its upper
bound in (1.19) and ;41 by 2/(t + 9) to write

RVQ 2LR?

+ (t+9)4/3  (t+9)%

(1.20)
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Note that we can write (t +9)2 = (t + 9)*/3(t + 9)/3 > (t + 9)%/392/3 > 4(t + 9)*/3 . Therefore,

Ew@Ho—ﬂfﬂs(r—Q)MU@o—ﬂf»

t+9
2R\/Q + LD?/2

R (1.21)

We use induction to prove for ¢ > 0,

Q/

Ef(x) = f(x9)] < m,

where Q' = max{9'/3(f(xo) — f(x*)),2Rv/2Q + LR?/2}. For t = 0, we have that E [f(x;) — f(x*)] < 9?//3,

which is turn follows from the definition of @)'. Assume for the induction hypothesis holds for ¢ = k. Then,
for t = k + 1, we have,

B xan) ~ £ < (1= g ) B = 7))
2R\/2Q + LD?/2
(et 9)17

2 Q' Q' Q'
= (1 B k+9> (t+9)1/3 * (t+9)4/3 = (t+10)1/3

Thus, for ¢t > 0 from Lemma [.1.1 we have that,

R A
E[f(xe) — f(x7)] < EONE =0 <(t+9)1/3). (1.22)
where Q' = max{2(f(xo) — f(x*)),2Rv2Q + LR?/2}. O

Proof of Theorem 10.5.2(1). Then, we have,

F(xiy1) < F(x¢) +ve(g(xt), vi — %¢)
LRy}
2
= F(xer1) < F(xe) +n(g(x), argmin(v, VF(x)) — xi)

+ 7 (VF(xt) — g(xt), vi — X¢) +

LR*y
2
= F(xt11) < F(x¢) + #(VF(x¢), argryég(v, VFE(x¢)) — x¢)

+ 7 (VF(x¢) — g(x¢), Ve — X¢) +

. LR*v}

+ 7 (VE(xt) — g(x¢), vi — arg%lelg<vv VF(x))) + —

= F(x¢41) < F(xt) — G (%)

LRQW2
2

V2 LR?~?
Q + Vi +

(t+8)1/3 2
vV 2Q LRQ’Yt
t+8)/3 " 2

+7(VF(x¢) — g(x¢), v — arg{/neigw, VF(xp))) +

= RE[G (x¢)] <E[F(x¢) — F(x¢41)] + 7R

SB[ ()] <E | Tre) - 0

1
F(Xt+1) + iF(Xt) + R
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-« 7 T+7 m LRQ'yt
IR Prl Z ( ] G483 T 2
T—1 7 7 ) -1 4 ) /20
= RGeS |GFo0) ~ 3P0 |+ 3 (5 () ) + R
S 7 T <= (@ +RV2Q LR
- pr Bl ()] < 5Fxo) =5 )+ =0 ( 2(t 4 8)1/3 " (t+ 8))
=TE L_OIT}inT_lg (Xt)} < gF(Xo) - gF(X*) + LR*In(T 4+ 7) + M(T + 7)2/3
Xp) — F(x* ’In '
= E L—om.iflTlg (Xt)} < T °)2T F&)) L LR ;TJF 7 LY +2];m(T+ 7)%/3.

1.2 Proofs for Improvised RDSA

Proof of Lemma 10.4.2(2). Following as in the proof of RDSA, we have,

E[|[Vf(x:) — di* | Fi]
< PPE (VS () = gy m)|I | Fi]
+ (1= )2V f(xe) = VI (xe) |12

+ (1= p)?[IVf(x1-1) — dia ||
+ (1= po)?BellVf (x¢-1) — dia)?
44 )

2
! S 19 A x0) = i) P
t

2
2001 = ) 1Ly ()P pul1 = ) IV (x0) =V Gea)P

+pu(1 = po) [V f(3xe-1) — i
= E[[|[Vf(x) — dil]’] <2pf0® + 407K [|[VF (x1,y¢) ]
+ 4pt2E [Hg(xt;}’n Zt)‘m
1-— + 2 2
+ (1 —pi + (ﬁtp)> E[[IVf(x¢) = Vf(xe—1)[?]
+ (1= pr+ (1= p)?Be) E[IVf(x0-1) — dia]?]

+ 51— p)F LM (n)

d 1
<2t agtnd vt (1050 ) 12 () petrim

(1 P) 2
(1_p +5t> 1V (%) — ¥ (xe-)IP]
(=t (L p)?B) E [V F(xe—1) — dis ]

Pt
+ 5,56 LM (1),

298

(1.23)

O

(L.24)

where we used the gradient approximation bounds as stated in (10.15) and used Young’s inequality to

substitute the inner products and in particular substituted 2{V f(x:) — Vf(x¢-1), Vf(x¢-1) —

d;_1) by the
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upper bound B ||V f(x¢—1) — de—1]|* + (1/8) IV f (x¢) — V f(x¢-1)||* where B; > 0 is a free parameter.

According to Assumption 2.4.2, the norm ||V f(x¢) — Vf(x¢—1)| is bounded above by L||x; — x;—1||. In
addition, the condition in Assumption 2.3.1 implies that L||x; — x¢—1|| = Ly||ve — x¢|| < y:LR. Therefore,
we can replace ||V f(x:) — Vf(x¢—1)|| by its upper bound 7:LR and since we assume that p; < 1 we can

replace all the terms (1 — p;)2. Furthermore, using 3; := p;/2 we have,

E [|IVf(x) — dilf]
s(d)

< 2p20% + 4p7L3 + 8p? (1 + m) LT+ %chQM(u)

ot p) (142 ) 2R (L0 petnih
(11— p) (1 n %) E [V f(xi_1) — di1?]. (1.25)

Now using the inequalities (1 — p)(1+ (2/p:)) < (2/pt) and (1 — p:)(1 4+ (p:/2)) < (1 — p/2) we obtain

d
E[IVF(xt) = di|*] <2070 +4p7L3 + 8p] <1 + an)> Li

L+m\ 5 5.9 2L Ry} Pt 2720
+ <2m> prer L™ M (p) + T + 2mQCtL M(p)

+ (1= ZDE[IVF(xe-1) — do-a]?]. (L.26)
O

Proof of Theorem 10.5.1(2). Now using the result in Lemma I.1.1 we can characterize the convergence of
the sequence of expected errors E [||V f(x¢) — d¢||?] to zero. To be more precise, using the result in Lemma
10.4.2 and setting vy, = 2/(t +8), p =4/ (1 + %)1/3 (t +8)%/3 and ¢, = 2¢/m/ /M (u)(t + 8)'/3, we have,

E [va(xt) - dt||2]
2
1—
(e

) E[|VF(x¢—1) — de—1]?]

-1/ 2/3

+32(1+%)_1/302+64L§ (1+ 27 198 (14 )P 12
(t + 8)4/3
L 2R (L )" 16 (1 )" (127)
(t + 8)4/3 . .
According to the result in Lemma I.1.1, the inequality in (I.18) implies that
el Qir Qir
E[|V —d;||?] <, < .28
[H fxe) g ] < Qi (t+8)2/3 = (t+8)2/3’ (L.28)
2/3 2/3 2/3

where Qs = 32 (1+4) 2624128 (1+ £4)° 12464 (1 + L) ° 124202R2 (1 + £) L2

+416 (1 + 2£)
and Q;, is a function of E [||V f(x¢) — do||?] and decays exponentially. Now we proceed by replacing the
term E [[|V f(x;) — d¢|[?] in (I.15) by its upper bound in (1.28) and y41 by 2/(t + 9) to write

B — 100 < (1 25 ) B0 - 16



APPENDIX I. PROOFS OF THEOREMS IN CHAPTER 10

R\2Q; . 2LR?

+ (t+9)4/3  (t+9)%

Note that we can write (t +9)2 = (£ + 9)%/3(t +9)%/3 > (¢t + 9)1/39%/3 > 4(t + 9)*/3. Therefore,

Bl ) - 100 < (1 25 ) B0 - 16
2R\/Q + LD?/2
(EORE

Following the induction steps as in (1.22), we have,

o, ( <d/m>1/3) |

E[f(xt) _f(X*)] < (t+8)1/3 - (t+9)1/3

where Q. = max{2(f(xo) — f(x*)),2R/2Q; + LR?/2}.

Proof of Theorem 10.5.2(2). Following as in (1.23), we have,

AV 2er LR2"/t2

WE[G ()] < EIF(xe) = Flacea)| + R iz + =5+
. 2
S B <E [t—;?F(Xt) - ?F(Xtﬂ) + 2F<Xt):| + R(t\{i—?ﬂ/‘? + LR2 B
T-1 7 T+7 V200 LR
= 2B G)]l <B | gFx0) = == Flxr) +Z( } Rersmt o
D ! 3 . V2Qi | LRy
- S Eg )< 5P - 76| + > (5 w0 - Py + R Y2Te oy LD
3 7 H(Q, +rva,
N ;E[g(xt)] R _7F +tz ( 2(t + 8)1/3 * (t+8)
= TE [ _Jmin Q(Xt)] < gF(xo) - gF(x*) + LRMIn(T +7) + w@+ 7213

TP (o) = F(x) | LEPn(T +7) | Qf + RV2Q,

T 2/3
2T T 2T (T+7)

1.3 Proofs for KWSA

Proof of Lemma 10.4.2(3). Following as in the proof of Lemma 10.4.2, we have,

E[|Vf(x:) = de]|?]

< (1= p)’E [|Vf(xe) = VF(xe1)|]
+ (1 _Pt) IE [Vf(xt 1) — dt—ﬂm

+(1—p)°B E [V f(xe—1) — dt71\|2]

L (=p)

PR [V £ () = Vi (xe-)]?]

B

)
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(1.29)

(1.30)

(1.31)

(1.32)

O
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2 (1 — )P L2d

+ pt<1 = B [V f(x) = VF (i)

+ (L= p)E [IVF(xi1) = dia ]

< 2070 + 2picidL?

# (1= o E2E ) B 195000 - V0]

+ (L=pe+ (1= p)?*Be) E IV f(x-1) — dy—a||]

+5a—m)L%
< 2p%0 +2ptcde2
( "’t) )E[||Vf<xt>—w<xt_1>|2]
(- pt 1—pt> ) E [V (1) — des 2] (1.33)

where we used the gradient approximation bounds as stated in (10.15) and used Young’s inequality to
substitute the inner products and in particular substituted 2(V f(x:) — Vf(xt—1), Vf(x¢—1) — d¢—1) by the
upper bound 8[|V f(x¢—1) — di—1|> + (1/B)|IVf(x¢) — Vf(x4—1)||* where B; > 0 is a free parameter.

According to Assumption 2.4.2, the norm |V f(x:) — Vf(x¢-1)| is bounded above by L||x; — x;—1||. In
addition, the condition in Assumption 2.3.1 implies that L||x; — x;—1|| = Ly¢||ve — x¢|| < y:LR. Therefore,
we can replace ||V f(x:) — Vf(x¢—1)|| by its upper bound 7:LR and since we assume that p; < 1 we can

replace all the terms (1 — p;)2. Furthermore, using 3; := p;/2 we have,

E [IIV£(xe) — de]?]

2
< 2p70% + 2picidL? + 42 (1 — py) <1 + p) L?R?
t
Pt 2
+ (=) (1+ 2V E 19/ (xi-1) — dea 2] (1.34)

Now using the inequalities (1 — p)(1 4+ (2/p¢)) < (2/p:) and (1 — pe)(1 + (p:/2)) < (1 — p/2) we obtain

2L2R2 2
E [HVf(Xt) — dtHQ} < 2p20% + 2pscidL? + T%
t
+ (1= Z)E[IVFxem1) = dima ] (1.35)

O

Proof of Theorem 10.5.1(3). Now using the result in Lemma I.1.1 we can characterize the convergence of
the sequence of expected errors E [||V f(x;) — d;||?] to zero. To be more precise, using the result in Lemma
10.4.2 and setting v, = 2/(t +8), pr = 4/(t +8)?/3 and ¢, = 2//d(t + 8)'/3 for any € > 0 to obtain

E[[Vf(x:) - dt\m <

2
(1 - (t+8)2/3> E[|IVF(x¢-1) — di—1]|]
3202 + 3212 + 2L%R?
(t + 8)4/3

(.36)
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According to the result in Lemma I1.1.1, the inequality in (I.18) implies that

ka

E[IV/6e) ~ ] < gy

(1.37)

where
Q = max {4||V f(xo) — do|?,320° + 32L* + 2L*R*}

Now we proceed by replacing the term E [[|V f(x;) — d¢||?] in (1.15) by its upper bound in (1.28) and 741
by 2/(t +9) to write

EU@Hﬁ—ﬂfﬂS(b—)MU@O—ﬂf»

RvQrw | 2LR?

* (t+9)43  (t+9)%

(1.38)

Note that we can write (t +9)2 = (£ + 9)*/3(t +9)%/3 > (¢t + 9)/39%/3 > 4(t + 9)*/3. Therefore,

E [f(xepn) — F()] < (L—Q)mqwa—ﬂf»

t+9
QR\/ ka + LD2/2
t+9)4s

(1.39)

Thus, for ¢ > 0 by induction we have,

* Q &
EU@J—ﬂXH<@+%U3—O<@+%w). (1.40)

where Q' = max{2(f(xo) — f(x*)),2Rv/Qrw + LR?/2}. O
Proof of Theorem 10.5.2(3). Following as in (1.23), we have,

RV Qka LR2’Yt2

ME[G (x¢)] S E[F(x¢) — F(x¢41)] + 'YtR(t 1 8)1/3 2

+

1+ 7 t+8

@E[Q(Xt)]SE[ F(x )—7F(xt+1)+ F(Xt):|+R V2Qkw +LR2%

t+8)173 2

7 T+7 V2Qkw | LRy
+Z< ] (t+8)1/3+ 2 )

V2Qkw | LRy >
2

T—1
F(xo) — fF ] +> < F(x*)) +R(t+8)1/3
T

7 7 ~ [ Qry + BV2Qho
:»ZE[g(xt)]ng(xo)F(x)JrZ( kw F ﬁ*(t%))

2t +8)17°
i T V2w 7y

Ti%_l g (xt)} < —F(x9) — %F(x*) + LR*In(T +7) +
T(F(x0) = F(x") | LR?In(T +7) N Qe + RV2Q1w

57 T o7 (T+7)%3  (141)
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I.4 Proofs for Non Convex Stochastic Frank Wolfe

Proof of Theorem 10.5.3. We reuse the following characterization derived earlier:

Lemma 1.4.1. Let Assumptions 10.4.3-10.5

.1 hold. Given the recursion in (2.18), we have that ||V f(x:) —
d.|? satisfies

E[[IVf(x:) = di|?] <2p70% +4p7 L7

s(d) 1+m

+2L2R2’72 4P
P 2m

(1_7) [V £(xe-1) — i1 ]2 (1.42)

Now using the result in Lemma I.1.1 we can characterize the convergence of the sequence of expected errors

E [V f(x¢) — d¢]|?] to zero. To be more precise, using the result in Lemma 10.4.2 and setting v = T—3/4,
pe =4/ (1+ %)1/3 (t+8)Y/2 and ¢; = 2v/m//M(u)(t + 8)'/* to obtain for all t = 0,--- , T — 1,

5 L2 M (1)

E [va(xt) - dt||2]

2
<(1- E [|VF(x¢-1) — di—1]?
(1= rgyarags) e e
3207 + 6412 + 128 (1 + £)'/° 2

(t+8)
8L2R? (1+ 4)"° 4y 41612
) . (1.43)
Using Lemma [.1.1, we then have,
(d/m)?/3
E[HVf(Xt)—dth]:O((tig))l/Q Nt=0,---,T—1 (1.44)

Finally, we have,

F(xi11) < F(x¢) + y(de, vi — %)
LR%y?
2
< Fx¢) + y(de, argmin(v, VF(x¢)) — x¢)

+Y(VF(xy) —dy, vi — x¢) +

LR?y?
+ ’Y<VF(X,§) — dt7vt — Xt> + 27

< F(x¢) + v(VF(x¢), arggleigw, VF(x¢)) — x¢)

LR?*~?

YVF(x¢) —dg, v — argmég(v, VF(x))) + 5

) LRQ’}/Q

< F(xy) =G (x¢) + 5
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+ Y VF(x¢) = dg, v — argmég(v, VE(x¢)))

=BG (x)] SE[F(x;)] — E[F(x¢41)]

LR2 2
+RE[|VF (x;) - di[| + =7
LR%y?
<E[F(x)] — E[F(x41)] + %Rw& IV P(x) = dulP] + =7
LR?~?

< E[F(x)] ~ E[F(xesn)] + Querpy *R(d/m)'/* + ==

= E [Gmin] Ty < E[F(x0)] — E[F(x¢11)]
T—1
FQurR(dfm) e Y it 4 MU
t=0
E [F(x0)] — E [F(x")]
Ty
T—-1 1/2 2 2
+ ’}/anR(d/m>1/3 Zt_j(lfypt + LgTiZ;:Y
E[F(xo)] — E [F(x")]
T1/4

Qn.RdY3  LR?
T1/4m1/3 2T ’

(L45)

where Gpin = ming—g,... 7-1G (X¢). O
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